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PROCEEDINGS 


OF 


THE PHYSICAL SOCIETY 


OF LONDON, 


I. Observations on the Electric Are. 


By Warrer L. Upson, E.E., M.S., Princeton *. 
[Plates I. & IL] 


ALTHOUGH numerous investigators have studied the pheno- 
mena of the electric arc in air, between carbon terminals, 
and also between metal terminals, yet the use of the electric 
arc in the production of electric oscillations raises some new 
questions with regard to it. 

While I was working in the Pender Electrical Laboratory 
of University College, London, during the present session, 
Prof. J. A. Fleming, F.R.S., suggested therefore to me 
that it would be interesting to make a further examination 
of the arc between metal and carbon terminals, in air and 
hydrogen. 

I am indebted to him for the facilities for carrying out the 
work, and also for many suggestions during its progress. 
The following apparatus was first constructed with the kind 
assistance of Prof. W. C. Clinton, B.Sc. 


DESCRIPTION OF APPARATUS. 


Two upright brass tubes are connected across the top by a 
brass casting through which is bored a hole, to provide a means 
of causing cold water to circulate through a metal electrode, 

* Read June 14, 1907. 
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2 MR. W. L. UPSON: OBSERVATIONS 

From the centre of the casting, extending downwards, is a 
cylindrical piece of copper, which ends in a tip about 4 inch 
diameter, on to which may be fitted the upper metallic 
terminal of the arc. The brass tubes are clamped to a slate 
base, and extend through it. Thus, by connecting the end 

of one of them to a water supply, a steady flow is obtained, 

and this is directed on to the very tip of the upper metallic 
terminal holder (see fig. 1, p. 3). 

Through the centre of the slate base passes a screw of 
four inches’ length, which is capable of being turned by 
means of a milled ebonite head, fixed at its lower end, and 
thus being made to approach or move away from the upper 
terminal holder. This screw likewise ends in a tip, by 
which the lower arc terminal may be held. 

Surrounding the whole apparatus above the slate base 
was placed a bell jar, in the neek of which was a rubber 
cork holding a tube whose end was covered with wire gauze. 

There was also a tube let into the slate base, by which 
connexion could be made to a gas reservoir of any kind. 
The gas thus admitted was expelled through the tube fixed in 
the cork, and could, in the case of hydrogen or coal-gas, be 

made to burn at the end. 

The two terminals of the arc were connected with the 
source of electric supply—usually the street mains at 
110 volts, continuous current—the upper, through one of 
the tubes of the water circulation, and the lower through 
the central screw. Potential leads were connected to the 
other tube of the water circulation, and to the terminal 
leading to the central screw. 

The electrodes used were ordinary solid carbons, 0:47, 0-4, 
and 0°37 inch in diameter, cored carbons 0-47 inch diameter; 
also metal terminals of copper, iron and aluminium, either as 
solid rods about 5 inches long, set into the lower holder, 
or pieces of the shape shown in fig. 2 (p. 4), fastened to 
the upper holder. The solid rods used were of the following 
diameters :—copper % in., iron $ in, aluminium 4 in, 
and 2 in. 

The light of the arc was passed through a double convex 
lens, and projected onto a sheet of squared paper, at such 
a distance that the are length could easily be read off from 
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Fig. 1. 
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the image, in fractions of an inch. The arc was magnified 
to ten diameters. Its length could be kept constant by 
means of the screw holding the ower terminal. 


Fig. 2. 


When carbon terminals were used, the ends were pre- 
viously shaped into the general form they would after use 
have assumed. By this means much time was saved, as it 
appeared that, with a given arc-length and current, terminals 
once shaped do not give variable volt readings according to 
the time the arc has burned, but may be considered in their 
normal state as soon as they have reached their normal 
temperature. 

When metal terminals were used, the ends were rounded, 
but it was found better not to make them too pointed, owing 
to the tendency of the arc to bow out and become of 
uncertain and variable length. 


DESCRIPTION OF ARCS. 


In what follows, the arcs will be designated by the 
chemical symbols of their electrodes, followed by the gas 
in which they occur. Thus, Cu-C in H. The first elec- 
trode is always positive, and, except where carbon, or other- 
wise stated, is the upper terminal, cooled by water circulation. 
Observations were taken on arcs in air and hydrogen, using 
carbon, copper, iron, and aluminium in all combinations, both 
positive and negative; also several of them in coal-gas, 
The following is a summary of the observed phenomena. 


Ares in Air. 
Cu-C and Fe-C arcs are probably more or less familiar. 


Al-C. The characteristic aluminium flame is pale blue, 
being hardly distinguishable from that of iron. The Al 
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was oxidized rapidly, but was only slightly eaten away. 
Very little deposit was left on the globe and framework. 
A strong odour was emitted, however, but a match 
applied at the end of the tube did not light the gas 
which should have been escaping. The arc could be 
lengthened to 0'5 in. with 10 amperes. 


C-Cu. The arc was very steady; of a purple colour, 
except at the point of junction with the copper, where 
there was a small region of green colour. A small 
deposit of carbon quickly formed on the copper. If this 
were not continually removed, the arc soon assumed the 
characteristics of carbon-carbon. The deposit on the 
apparatus was very slight. The carbon terminal burned 
away quite rapidly, assuming a three-stage form, as 
shown in fig. 3. 


Fig. 3. 


C-Fe. This arc continually splutters and hisses, and is 
very hard to measure. It is very bright; more blue 
(from iron) than purple (from carbon). When the iron 
has reached a certain temperature, bubbles form— 
probably magnetite—and the energy consumption 1n- 
creases. The arc, however, now becomes steady. It was 
drawn out to 0'5 in. with 5 amperes and 80 volts 
across the arc. 


C-Al. This arc started more readily than when its poles 
were reversed. There appears not to be any very heavy 


os 
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formation of aluminium oxide acting as an insulator on 
the end of the Al electrode. But once started, the arc 
was not very stable, and would not be drawn out to more 
than 0°3 in. with a current of from 10 to 12 amperes. 
The Al electrode was deeply pitted and very hard, con- 
taining a deposit of carbon embedded in it. The 
apparatus was coated with a light grey deposit of Al, but 
not so thickly as in the case of the Al-C arc in hydrogen. 


The end of the carbon was rounded, and showed in- 
dications of a crater form. A pungent odour was 
emitted as in the case of the same electrodes with current 
reversed. 


Cu—Cu. A steady green arc could be drawn out to 02 in, 
with 2°5 amperes. The terminals were very little affected, 
being somewhat oxidized. A shallow crater was formed 
in the negative, and a small hard bubble of oxide on the 
positive. 
Fe—-Fe. This are is very steady at low currents and small 
arc-lengths. It is blue-coloured, with a yellow aureole. 
As the arc-length and current are increased, yellow 
fumes are given off in considerable quantity, and a 
deposit of yellow-brown powder, no doubt iron oxide, 
covers the apparatus. The terminals, also, begin to boil 
and the arc becomes less steady. When the bubbles 
make their appearance the are begins to hiss, and there 
appears to be an increase in the amount of power con- 
sumed in the arc. The boiling iron disturbs the are, 
making it difficult to get accurate readings. There is 
also a hissing when the arc changes its point of attach- 
ment on the positive electrode. This is accompanied, as 
in the carbon-hissing arc, by a fall in voltage, but is quite 
distinct from the hiss which accompanies the boiling 
iron. 
Al-Al. This are was found to be very unstable. The 
terminals became quickly oxidized where the are is 
formed, causing the latter to travel around continually, 
seeking unoxidized portions, and tending to lengthen out 
and run up the sides of the terminals, finally going out. 


The arc 18 a clear blue colour with a thin yellow aureole. 


-—— 
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On each pole is a bright spot where the arc enters. A 
small grey deposit was formed on the framework. 


Cu-Fe. The arc is bluish, with a yellow aureole. No 
copper-green is visible. The iron bubbles form a con- 
ducting oxide (magnetite), which, when cool, may be 
knocked off the end of the terminal. Also a bubble, or 
deposit of iron is left on the copper if the arc has been 
burned for a little time. There is also some brown iron- 
oxide deposit on the electrodes. 


Fe-Cu. The copper was the upper cooled electrode. Tho 
arc showed a greenish colour, getting stronger at the 
copper electrode. Toward the iron it was blue. On 
knocking off the cap of oxide which covered the end of 
the iron, a heavy deposit of pure copper was found buried 
in the iron underneath. Quite a deep crater was burnt 
into the copper, while in the reverse experiment prac- 
tically no effect was to be observed on it. The whole 
copper terminal was covered with a brown sooty deposit. 


Cu-Al. The aluminium was the upper cooled electrode. 
This arc is more persistent than with the electrodes 
reversed in polarity. It is easily started, but is very un- 
settled in character, emitting constantly a hissing and 
spitting sound, and travelling about, over the surtace of 
the electrodes, tending to lengthen out. But it does not 
go out as easily as the arc between the same terminals 
when the current is reversed. The flame is principally 
green from the copper. Sometimes the whole crater will 
be green with merely a thin aureole of blue. The alumi- 
nium electrode was covered with a golden-brown deposit 
from the copper, and its end was hard and pitted. 


Al-Cu. The arc was blue in colour from the aluminium 
terminal, and green from the copper terminal, about 
equally divided. It was very unstable, and acted much 
like the Al-Al arc, being impeded in starting by the 
aluminium oxide. The arc would continually lengthen 
out until it ruptured itielf. 


Fe-Al. The aluminium was above and cooled. The arc 
is as to be expected, blue with a yellow aureole. It 


8 MR. W. L. UPSON : OBSERVATIONS 


shows the characteristic aluminium tendency to glide 
about and play around the edges of the electrodes. It is 
less steady than the copper arcs. The poles presented much 
the same appearance as those of the Fe—Cu arc. The Al 
electrode was embedded with iron to a considerable depth. 


Al-Fe. The aluminium was eaten into very slightly. The 
iron appeared as in the case of the Cu—Fe arc. 


Arcs in Hydrogen. 

C-C. The arc was pale blue in colour, with a faint purple 
core. Its length was difficult to measure on account of 
heavy carbon deposits. The carbons became shaped so 
that their ends formed parallel spherical surfaces, the 
positive being concave. Around the edge of the negative 
was built up a branching deposit of carbon, extending 
outward about a quarter of an inch. Compare arcs of 
carbon and iron. 


Cu-C. The arc was small and pale, consisting of a central 
core of reddish-purple colour, enveloped by a region of 
green light. It persistently travelled around, finding no 
point of permanent attachment, and wearing a broad 
crater in the positive and shaping the negative to fit the 
crater. The end of the carbon became very hard, with a 
deposit of copper, while around the outside edge was soft 
carbon which easily fell away. The surrounding globe 
was blackened by a fine carbon deposit. 


Fe-C. The arc is blue in colour with a reddish-purple 
core. The iron boils at its point of contact with the arc, 
its surface becoming irregular. A black deposit covered 
the apparatus. A kind of crater was eaten into the iron 
asin other metal positives, but was irregular, owing to the 
boiling which had taken place. The end of the iron was 
found to be so hard that a file would not cut it. 


Al-C. This arc was more unstable than the other metal- 
carbon arcs. The globe and apparatus were heavily 
coated with a grey deposit of aluminium. The are length 
was difficult to measure owing to the deep crater formed, 
and the shifting about of the are. The aluminium wore 
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away rapidly, but did not boil. It looked the same as in 
air, but no non-conducting formation acted to prevent the 
re-establishment of the arc. The arc was greyish-blue in 
colour, with a rather faint purple core. 


C-Cu. This arc appeared brighter than other arcs in 
hydrogen. The carbon was eaten away very rapidly, but 
there was no apparent deposit of material in the globe. 
A grey carbon deposit on the copper terminal tended to 
make the arc one between carbon electrodes. The arc 
was more stable than when the current was reversed. It 
did not travel round on the copper surface and was fairly 
steady on the carbon except as it ate the latter away. 
There was no positive crater formed, the end of the carbon 
being quite irregular. 


C-Fe. There was an intermittent discharge of sparks from 
all over the end of the carbon, and no steady are. The 
discharge could not be maintained for any length of time 
by the currents used, but would constantly go out. A 
carbon deposit gradually formed on the iron, and black 
cobwebs became suspended from the framework and globe. 
(See fig. 4, Pl. I.) On continuing to send the current, 
it became possible to form a steady arc, but it was evident 
that we now had a carbon-carbon arc. On the carbon 
electrode there was built up a deposit of feathery branches 
which extended outward horizontally for 3 inch all round. 
The iron was also heavily coated but not with branching 
deposits. The centre of the carbon was quite deeply 
cratered, the interior being light grey in colour and pro 
bably converted into graphite by the heat. 


C-Al. This arc was extremely unstable. It would not con- 
tinue at less than seven amperes. A small lump of 
carbon deposit appeared immediately on the Al electrode, 
and the carbon electrode burned away rapidly, the arc 
always remaining attached to the carbon deposit on the 
aluminium. There appears to have been no increase in 
the white aluminium deposit on the globe after the arc 
had been changed from Al-C to C-Al. This may have 
been because the arc was not attached directly to the 
aluminium surface.. 
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Cu-Cu. With clean terminals no are could be maintained 
in hydrogen with 110 volts supply and 15 amperes at 
contact, not even the shortest. On drawing the electrodes 
apart, a shower of sparks, or arcs, appeared, but imme- 
diately went out. Previously an are was obtained, using 
a copper rod on which some carbon had been left from a 
former experiment. The arc remained until the carbon 
was exhausted. 

Fe—Fe. No permanent arc could be maintained. The 
spark shower lasted only a little longer than that with 
copper electrodes, but no length at all appreciable could 
be obtained between the electrodes while the sparking 
lasted. The sparks were numerous and gave the same 
hissing sound that usually accompanies æ spark discharge 
in a vessel. The terminals were reversed, but with the 
same result. The sparks were pale blue in colour. The 
lower iron rod presented the same appearance as in the 
jron—copper arc below. The upper electrode was covered 
with a black deposit, but at one spot was a bare globule 
of metal where the contact had been made. 

Al-Al. This gave better results than Fe-Fe, or than Al 
in combination with either Cu or Fe. The arc was 
reddish-purple or magenta coloured, and travelled about 
continuously, finding no point of permanent attachment. 

The metal was eaten into somewhat as in other arcs of 

Al in H. Attempts were made to steady the are by l 
shaping the lower electrode. The worst effect was 

obtained when this was pointed, for the arc stretched 

out to such lengths as to continually rupture itself. The i 
current was also far more variable, in this case, than j 
when the ends of the electrodes were flat and parallel. 

The colour of the arc was found to vary with its length, 


being reddish for short arcs and more bluish as the arc- 
m 5 
length increased. There was considerable dull grey 
= L 
deposit from this arc, and the upper electrode scemed to } 


be considerably built up with aluminium carried over 


trom the lower. R a 
e This was very unstable. It consisted of a shower 
wiley i ing out. There was 

of sparks which was continually going oul. 


some black deposit on the globe. 
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Fe-Cu. This was very little different from the last. The 
iron electrode showed a surface of pure metal surrounded 
by the black deposit which seems characteristic of iron 
arcs in hydrogen. It was only slightly eaten away, but 
in pits of some depth. Some slight traces of copper were 
present on the end of the iron. The copper electrode 
was covered with the black iron deposit. At one point 
only, a small drop of pure metal like iron showed where 
the arc had made contact. On removing the deposit 
quite an amount of iron was found to have been carried 
over onto the copper. Thus we have, as with most of the 
arcs, evidence of the double transfer of material. 


Cu-Al. The arc was a mixture of green and yellowish-red 
colours, and was very unstable. There was no particular 
deposit on the apparatus. The electrodes became rough- 
ened up somewhat, and the aluminium was eaten into 
considerably. The Al electrode was the upper cooled 
terminal. 


Al-Cu. This arc was about as stable and bright as the last. 
The electrodes were burned away considerably, and the 
globe was much blackened. On filing the end of the 
copper, the metal looked like brassin streaks. The alumi- 
nium was covered with a slightly reddish-black deposit, 
and its end was found, on filing, to be porous toa consider- 


able depth. 


Fe-Al. This is a better arc than Al—Fe, being more in 
one place than a general apark discharge over the sur- 
faces of the electrodes. It continually hissed, as is general 
with the metal arcs in hydrogen, but there was no 
accompanying voltage drop. There seemed to be a 
general black deposit. On the end of the iron was a 
metallic globule. The Al electrode was above, and 


cooled. 


Al-Fe. A rotating mirror revealed a broad band of distinct 
sparks. The direct appearance was as though a number 
of arcs were continually jumping across the gap; in 
fact it resembled a medium between the ordinary metal 
arc and the momentary rain of sparks from Cu-Cu in H. 
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The sparks were bluish in colour, accompanied by heat- 
glow from the metal. The iron appeared little atfected 
but the aluminium boiled considerably, and on making 
contact at start the metals tended to fuse together. A 
kind of crater formed in the aluminium. There was 
quite a heavy black deposit on the apparatus. 


Ares in Coal Gas. 


Cu-C. The arc was maintained with much more difficulty 


than in air, and required larger currents. Great quan- 
tities of carbon were deposited on the copper so quickly 
that it was impossible to measure accurately the arc- 
length. The arc was small and dull in appearance. 


Cu-Cu. At about 28 volts and 8 amperes with an arc- 


length of approximately 0-01 in., a discharge took place, 
which in a moment went out. It could not be made con- 
tinuous even with the smallest gap between the electrodes. 
On continuing the discharge for ten or fifteen minutes the 
arc suddenly started and remained steady to a length of 
0:05in. The current dropped considerably below 8 am- 
peres, the arc continuing. The current was raised to 
11 amperes and the arc burned quietly at 0°1 in. length, 
while a heavy deposit formed on both poles much as in 
the C-C arc in H. What really happens seems to be 
this :—With clean copper poles no arc will exist at cur- 
rents up to 15 amperes and higher, as in hydrogen. But 
with a continued spark discharge carbon is separated from 
the coal-gas and deposited upon the poles. When there 
is sufficient carbon, the arc starts, and we really have a 
carbon-carbon arc. There was some copper deposit 
mixed with the carbon on the electrodes, but the latter 
were only very slightly burnt by the arc. 


In general, it may be inferred that coal-gas is unsuitable 


for investigation on the actions of arcs between metal elec- 
trodes, for in a moment the carbon deposit makes the arc 
virtually one between carbon electrodes. The arc itself 
resembles those in hydrogen in brilliancy. 
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Maximum Arc Lengths. 


When the arc took the form of a spark-discharge, as with 
various metal-metal arcs in hydrogen, a maximum possible 
length of 0°05 in. was reached for all such arcs, provided 
both terminals were not of the same metal. This limit of 
0-05 in. was with 110 volts supply and current up to 
15 amperes. When the terminals are of the same metal 
the results vary. Copper and iron give no definite length 
of arc, and aluminium reaches its limit at 0°05 in. When 
carbon is one of the electrodes we have always a continuous 
arc. If carbon is negative there isa constant limit of 0:07 in. 
in hydrogen. But if the arcs are carbon—metal, the limit 
varies as follows :— 


Approximate limit of length 
Arcs in H. (at 110 volts supply and 15 amp.). 
Carbon—Iron...........ece0. 0°05 inch. 
Carbon—Aluminium .......... 0:07 ,, 
Carbon—Copper.............. 013 ,, 
Carbon-Carbon ............ 0:07 ,, 
In coal-gas, Cu-C gave an arc-length of O'l in. at 


15 amperes. 

In air, the arcs may always be drawn out longer than in 
hydrogen or coal-gas. 

Cu-Cu gave 0:2 in. arc-length with only 2'5 amperes, 
which cannot be obtained from carbons with 110 volts 
supply. 

The lowest limits found were— 

for C-A], O3in. at 10 to 12 amperes, 
and C—Cu, 0°26 to 0°34 in. „p 5,6 , 


The following comparisons of maximum arc-length were 
made, showing the effect of reversing the polarity when 
carbon formed one of the electrodes :— 


Are. Max. length. Current. Voltage across Arc. 
inch. 
Al-C eeseeeserse 0°5 10 — 
CAA! 6ses tena ee 0°3 10 to 12 — 
Cu-C .......... 0°6 to 0°8 7 ,, 9°5 70 to 53 
OS 0) eee eee 0:26 „034 5,6 85 ,, 75 


Note-—Cu-C with a length of 0°3 in. at 6 amperes gave only 
47 volts across the are. 
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Volt- Ampere Characteristic Curves of Arcs 0:05 in. 
in Lenyth. 

The length of arc, 0°05 in., was chosen as it was the 
longest which could be steadily maintained for all the ares 
under examination. This length is so short that accurate 
measurements of unstable arcs are extremely difficult, and in 
such cases it is only fair to consider the curves given as gene- 
rally approximate. Fig. 5 (PI. IT.) gives the volt-ampere 
characteristics of the ares in air in which carbon was one of 
the electrodes. It will be seen that when the carbon is 
negative, it makes very little difference what the positive is 
in regard to the general position of the curve, while if carbon 
is positive a great variation occurs according to the material 
of the negative. The arc in which carbon forms both posi- 
tive and negative partakes of the properties of both of these 
groups, occupying its individual position under the influence 
of the carbon negative ; but being little influenced by its 
positive, it keeps the same general shape as the lower group 
of curves. 

Fig. 6 gives this same group of curves for arcs in 
hydrogen. The metal-carbon and carbon-carbon arcs so 
nearly coincide that one curve is given to represent them. 
The real positions of this group may be seen in fig. 10. We 
now have not a difference in curvature, for the curves are 
approximately parallel, but merely variations in the distance 
apart, according to the material of the negative. The posi- 
tion of the curve, therefore, seems to be due to some constant 
of the material—say, its ability to become ionized in the 
particular gas. Saa 

In air there is superposed the active effect of oxidation. 
We may infer that the general shapes of the curves, —or, at 
any rate, variations in shape—are due to the influence of the 
surrounding gas. 

Fig. 7 shows the characteristics of arcs in air when 
both electrodes are of the same metal. That of aluminium 
differs considerably from the other two, and in general 
it was found that where aluminium entered, either as 
one or both of the electrodes, there was apt to be consider- 
able variation, whereas iron and copper kept pretty close 


together. 
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Fig. 8 gives the combinations of the different metals 
in air. Fig. 9 gives them for arcs in hydrogen. It has 
already been mentioned that these arcs bear more resem- 
blance to heavy spark discharges than to genuine ares. But 
the action seems to follow the same general law, in both 
cases. Nome interesting comparisons may be made from 
these curves and those of figs. 5 and 6. 

In figs. 8 and 9 we find the highest and steepest curves 
to be Cu—Al, and C—Al occupies a similar position in fig. 5. 
In figs. 8 and 9, again, the lowest and flattest curves are 
for Al-Fe. The copper and iron curves bear a general 
resemblance to each other throughout, but with a certain 
peculiarity. 

We have considered the relative height of the curves to be 
due, in part, to the effect of the surrounding gas, and in part 
to a specific property of the material of the negative elec- 
trode. There may be other influences, but these two are 
suggested by a comparison of the copper and iron curves in 
figs. 5, 6, 8, and 9. The curves both for Cu-Fe and C-Fe 
are below the curves for Fe—Cu and C—Cu when the arcs 
are in air. But they are above when the arcs are in 
hydrogen. With carbon for the negative, copper’s place is 
seen to be above iron in both air and hydrogen. 

It was desired to obtain a comparison of the slopes of the 
curves for C-C in air and metal—C and C-C in hydrogen, in 
order to show the change in voltage for a given change in 
current in the several cases. All experiments agreed in the 
result shown in fig. 10, namely, that the C-C curve in air 
cuts the other curves in the neighbourhood of 6°5 amperes 
and 47 volts, and is a much flatter curve. In fact, all the 
air-curves derived are flatter than those in hydrogen with the 
exception of that for C-Al. This arc is difficult to measure, 
but very careful observations led to the conclusion that the 
curve was, if anything, steeper than as shown in fig. 5. 

Curves were also taken of the copper—copper arc in air 
under three conditions :— 

(1) + above, and cooled by water-circulation. 

(2) — above, and cooled by water-circulation. 

(3) Arc between two rods of 0°375 in. diam., with 
+ above, and no cooling. 


16 MR. W. L. UPSON: OBSERVATIONS | 


The latter curve lies between the others, but is somewhat 
steeper, as shown in fig. 11. 


Voltage Equations of diferent Arce. 

In determining the equations of differont arcs, the form 
of procedure given by Mrs. Ayrton has been followed. The 
characteristics have first been sketched in according to the 
readings obtained. From these curves were drawn up 
tables of volts, amperes, and watts. The watts were then 
plotted against amperes. This should give straight lines if 
the volt-ampere curves are satisfied by equations of the form 


where a and b are constants, l=length of arc, and A=current 
in amperes. In all cases, the approximation to a straight 
line was so close, that no doubt could be entertained that the 
deviation was due to error of observation. 

From these watt-ampere curves new sets of tables were 
drawn up, giving volts, and from these derived volts and 
amperes the curves shown in the different figures have been 
drawn. The derived curves have in all cases been found to 
satisfy the original points, and may be regarded as more 
nearly the truth than the original curves. From this we 
conclude that, provided the electrodes are of solid materials, 
all arcs of constant length are satisfied by the equation 

b 
V = a+ A 

It is difficult to obtain long enough arcs to prove the 
validity of a like assumption with regard to arcs of constant 
current but variable length, which shall cover the whole 
range of arcs in air and hydrogen. But no case has been 
found where the arc of constant current is not represented 
by the equation 

Va = a+ bl. 
Equations of the general form for variable length and 
current given by Mrs. Ayrton, 
c+dl 
A 


have been derived in a number of cases, as follows. 


V=a+bl + 


ATIONS 


hers, but is somewhat 


rent Åres. 

\ifferent arcs, the form 

ias been followed. The 

hed in according to the 

curves were drawn Up 
‘The watts were then 
ald give straight lines if 
by equations of the form 


ath of are, and A=current 
proximation to a straight 
uld be entertained that the 
vation. 

g new sets of tables were 
m these derived volts and 


different figures have been 
n found 


may be regarded as more 
‘nal curves: From this we 
rodes are of solid materials, 
tisfied by the equation 

b 
zr 


rogen. 
T oorner is not represented 


ON THE ELECTRIC ARC. 17 


For carbon-carbon in air, both solid, positive above, 
() 475 in. diam. ; negative 0*4 in. diam. 


sai en 


A 9 
where Z is given in millimetres. 
For copper-carbon in air, electrodes as described, 
V=1464241+ =. 
For iron-carbon in air, 
Vaire+214 ot k 
For iron-iron in air, the positive cooled, 
18°543°97 1 
eee Ga 


For copper-copper in air, the positive cooled, 


V=17-443°614 18°3 i 3 


V=185 +397 l+ 


For copper-copper in air, the negative cooled, 
8114521 
eg 


For cop er-—co ba : . 
me eres oe in air, both solid rods 0°37 in. diam., 


V=H2224151+ 


V=184 1751+ E, 


For copper-carbon in hydrogen, 
Vm21543:4614 aria 


For alumini 
umınıum—car } 
bon in hydrogen, 


Teori of? — 


Alternating-Current Arcs. 


The carbo i 
Taa POA arc in hydrogen at about 50 volts 
ii ake Ta steady to a length oi 
st making contact, the carbons being iat 
l > 


the are gave 

am 

aif in omentary flash which was repeated at each 
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contact. By ma'ntaining a bad contact for a few seconds, 
until the carbons began to glow, and then slowly separating 
them, the are could be obtained, and was quite steady. It 
could not be drawn out longer than 0:03 in. with 100 volts 
supply. 

Copper—carbon in hydrogen gave no arc at 100 volts, 
15 amperes and 80 cycles, nor again at 100 volts, 20 amperes 
and 50 cycles. The arc apparently started at contact, but 
went out at the first zero of the current after separation of 
the electrodes. 

Carbon—carbon in coal-gas gave an arc of 0-01 in. and 
002 in., the volts and amperes being ahout 38 and 14 
respectively, and the frequency 80. At times the are seemed 
to reach 0-03 in. in length, but it did not appear to draw out 
as long as the same arc in hydrogen. As in hydrogen, the 
arc required a certain amount of previous heating of the 
carbons to start. 

Copper—carbon in coal-gas gave at first no arc with 
120 volts supply, and current of 15 amperes at 80 cycles. 
Sparking and heating, however, gradually produced a de- 
posit of carbon on the copper, arad when this was sufficiently 
thick, it was possible to maintaim an are of exceedingly short 
length. 

Copper—carbon in air. The arc would not start until the 
carbon had been heated to a glow. By this time a deposit 
of carbon was on the copper. The are could then be drawn 
out to 0:05 in., but with some difficulty, and with not less 
than 15 amperes. At 7 or 8 amperes the are would hardly 
form at all. 

Copper—copper in air would not start at all. It seems 
probable that if sufficient heat were concentrated at the ends 
of the poles, the arc could be maintained. 


Interrupted Ares, 


It was desired to compare the lengths of time that various 
arcs could be interrupted without losing the power of re- 
starting themselves when the voltage was again applied to 
their terminals. For this purpose, apparatus was devised in 
accordance with a suggestion by Dr. Fleming as follows :— 

A small electromagnet was fixed so that its armature 
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would have a free fall when the current was switched off. 
When the armature was held by the magnet, two springs 
bore lightly against its sides and, they being in the main 
arc circuit, the current of the arc passed through the 
armature. When the armature wus a'lowed to fall, it was 
guided into another set of spring-contacts in parallel with 
the first set, thus completing the circuit, which in falling, it 
had opened. 

The length of fall could be measured accurately, and the 


time was calculated from the formula =v, where d is 
the fall in feet. 

It was especially desired to compare the carbon—carbon arc 
in air and the copper-carbon arc in hydrogen. With the 
currents used, the spark on opening the circuit was in all 
cases so small as to be of inappreciable length, and therefore 
its effect on the value of ¢ could be neglected. The following 
table is for solid carbons in air, with arc-length of 0°05 in. 


Volts. Amperes. Fall in feet. Time Watts. 
(sec.). 
45 45 03 -0 137 A25 
49 3 0-146 0095 147 
| 43 6 0-541 0-184 258 
4l 75 0-833 0-228 307:5 


40 9 1-44 0:3 360 


Plotting either amperes or watts against time gives nearly 
a straight line (see fig. 12, Pl. TI.). 

Both lines, continued downward, cut through the origin. 
If, instead of curving downward at their upper ends, they 
are more properly straight throughout, we have 


A=at, and W=tlt, 


where A=amperes, W=watts, t=time, and a and b are 
constants. 

Using cored carbons, the arc was fonnd to restart much 
more easily. In fact it was difficult to make the current so 
small that the arc would not restart after a time lapse of 

C2 
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0:3 sec. Observations were taken with constant time of in- 
terruption to find the effect of variations of arc-length on 
the current required to restart. The carbons were cored, 
each 0°47 in. diam. 


Volts. Amperes. Arc Leneth Time Watts. 
(in inches). (in see.). 

47 12 0:02 0:3 56-4 
45 2-5 0-05 03 1125 
49 3:7 0-1 0-3 181 
55 5 0:15 0:3 275 
50 7 0-2 03 350 
55 8:5 0:25 0:3 467:5 


Plotting either amperes or watts against arc-length gives 
practically a straight line (see fig. 13). 

A cored carbon was bored out to a depth of about 
1:5 inches, and packed with powdered potassium sulphate. 
With this as positive and an ordinary cored carbon as 
negative, a very low-power arc was obtained. The arc was 
perfectly steady at 20 volts, 1'1 amperes and 0'05 in. 
length. It was much more difficult to make this arc restart 
than the preceding. The results agreed fairly well, however, 
when the amount of energy consumed was the same. 

The following observations were taken with this arc. 


Volts. Amperes. | Are Length Fall Time Watts. 
(in inches). | (in feet). | (in sec.), 
12°5 5 0°05 0:125 0:089 62:5 
12 6 0-05 0:416 0 162 72 
12 8 0-05 0-916 0:239 90 
11 10 0:05 1-44 03 120 
12 12 Ol 1-44 0:3 lif 


Fig. 14 shows the variation of amperes and watts for 
both fall and time. In the curve of amperes against time 
there appears to be a lower limit of about 4 amperes under 
which the are of 0°05 in. length will not restart. This 
accords with experiment. 
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A copper—carbon (solid) are in air would not restart with 
an interruption of 0'072 sec., when the readings for the 
are were 22 volts, 12°2 amperes, and 0°03 in. arc-length. 

A copper-carbon (cored with K,SQ,) are in air restarted 
as follows :— 


| Volts. Amperes. Are Length Fall Time 

| (inches). (feet). (seconds). 
| a 13 005 0-083 | 0:072 

| 125 

| 


12:5 0:03 0125 | 0088 


A carbon(cored with K,SO,)—copper are in air would not 
restart with an interruption of 0-072 sec., when the readings 
were 17 volts, 13 amperes, and 0°05 in. length. 

A copper-carbon (solid) arc in air could not be made to 
restart with the smallest obtainable interruption, 0°051 sec., 
when its readings were 19 volts, 12°5 amperes, and 0-02 in. 
length, It did restart, however, when the arc-length was 
reduced to about 0-01 in. 

A copper-carbon (solid) are in coal-gas could not be made 
to restart at 23 volts, 14 amperes, and 0°01 in. length, in the 
shortest obtainable time of interruption. Even after running 
it some time, to obtain a good deposit of carbon on the copper, 
It would not restart. 

copper-carbon arc in hydrogen could not be made to 
restart at all, Its readings were as follows :— 


a tn et ee ee et 


| | 
Volts, Amperes. Arc Length Time of Interruption 
(inches). (seconds). 
32 12 002 0'056 
a 13 001 0-051 
| 3 1 4 0-005 (approx.) 0-04 


tn Conclusion, the author wishes to express his indebted- 
ness to Dr, J A. Fleming, F.R.S., and to Mr. W. C. Clinton, 


a for their kind assistance during the progress of this 
ork, 
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DISCUSSION. 


Mr. W. DUDDELL said the paper was a most interesting one. He 
asked if the author had noted the character of the differeut arcs which 
he had used. The characteristic curves for arcs in coal-gas or hydrogen 
were steeper than those in air; and therefore arcs in coal-gas were more 
suitable for the production of oscillations. He asked if the curves 
remained steep when the current was quickly changed. He had noticed 
the phenomenon of an arc between two cored carbons relighting, and 
said that on high-voltage circuits the length of time was considerable 
and amounted in some cases to seconds. 

Mrs. AYRTON said the paper was a valuable one, but she was sorry 
the author had not given a careful description of the appearance of the 
arcs and carbons under different conditions, and also the observations 
upon which the curves were founded. It was difficult to arrive at any 
general conclusions from the author’s curves. The steep parts depend 
not only on the composition of the electrodes but on their size and on 
the length of the arc. The author had only used short arcs which with 
carbons only gave the flat part of the curve. With metal-carbon you 
get the steep part. Mrs. Ayrton also expressed her interest in the 
relighting experiments shown by the author. 

Mr. A. CAMPBELL asked if the characteristic curve of a mercury arc 
was similar to that of the other metal arcs investigated. He pointed 
out that the use of unscientitic units (inches and feet) in giving the 
results of such interesting researches was most deplorable. In all 
standard work on the subject the lengths of arc are always given in 
millimetres, and even in commerce the diameters of carbons are similarly 
expressed (e. g. 12 mms. and not 0°47 inch). 

Mr. ALEXANDER RUSSELL stated that Mr. Upson’s paper would be 
extremely useful to all engaged in research in connexion with the electric 
arc. He agreed with the author that coal-gas was very unsuitable for 
experiments with the arc. He had recently been experimenting with 
high-voltage alternating arcs in coal-gas, and in most casea the enclosing 
vessel was soon filled with black cobwebs. When, however, the high- 
voltage high-frequency arc between iron-iron electrodes was shunted by 
a Leyden jar in series with a small coil of wire the discharge between 
the electrodes became simply a torrent of sparks and no appreciable 
quantity of soot was formed. The difficulty the author experienced in 
certain cases in obtaining an arc was due probably to the low voltages 
used. When high voltages are applied it is easy enough to maintain an 
arc. More experimental research was wanted on the upper part of the 
statical characteristic curve of the arc. A good deal of exploration has 
already been made in this direction in Dr. Simon's Laboratory at 
Gottingen with the help of a motor generator from which three or four 
amperes of direct current can be obtained at 5000 volts. The results 
already obtained were of great importance. The success of the statical 
characteristic method as an instrument of research was mainly due to 
the care with which Mrs. Ayrton had specified the method of obtaining 
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the curve. He hoped that Mr. Upson would make further researches at 
high voltagea. 

Dr. FLEMING congratulated Mr. Upson on his paper, and said that it 
represented a considerable amount of careful work, and even if all the 
conclusions to be drawn from it were not yet absolutely clear, it would 
furnish a statement of facts which would assist in future theorising. 
He said that the interesting part to him at the moment was the dit- 
ference between the form of the volt-ampere characteristics for the 
carbon-carbon arc in air and the metal-carbon arc in hydrogen, but on 


that matter he would defer his remarks until he had shown some other 
experiments. 


Mr. Upson, in reply, stated that the primary object of the paper was 
to compare metal arcs with carbon arcs. He had also performed some 
experiments with charges of voltage and variations in the length of 


burning of the arc, and he hoped to carry out a series of experiments 
using high voltages. 


II. Some Observations on the Poulsen Arc as a means of 
obtaining Continuous Electrical Oscillations. By J. A. 
Fiemine, M.A., D.Sc., F.R.S., Professor of Electrical 
Engineering in University College, London *. 


THE interesting discovery of Mr. Poulsen that an electric 
arc between a carbon and a metal electrode formed in an 
atmosphere of coal-gas and traversed by a magnetic field, 
when shunted by a condenser and inductance, as in the 
Duddell musical arc, furnishes a means of obtaining undamped 
electrical oscillations, of much higher frequency than with a 
plain carbon arc in air, has attracted much attention from its 
technical application in wireless telegraphy. Having made 
a careful examination of the matter during the last six or 
seven months, the record of some of my observations in 
connexion with it may be of interest to other physicists who 
are studying the arc method of exciting oscillations. The 
apparatus with which I have worked, constructed on the same 
lines aa that of Mr. Poulsen, consists of a stout brass cylinder 
14 cms. in diameter and 19 cms. long, which is soldered 
across another brass box 7 inches by 18 cms. by 25 ems. 
high, the cylinder being open at both ends (see fig. 1). 
The interspace between the cylinder and the containing box 
serves as a water-Jacket, and through it cold water is made 


* Read June 14, 1907. 
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to flow by inlet and exit pipes. The ends of the cylinder 
are closed gas-tight by marble plates, and these are pierced 
by holes in which brass sleeve tubes are fitted. 

The cylinder has also inlet and exit pipes for coal-gas. In 
addition, a pair of brass tubes pass through the sides of the 
box and the cylinder, and in these are fitted soft iron rods 
4 cms. in diameter and 20 cms. long. The inner ends are 


Fig. 1. 


about 3 to 4 cms. apart. In the chamber so constructed an 
electric arc is formed between the edge of a stout cylindrical 
carbon rod 2°5 cms. (1 inch) in diameter, which passes 
through the sleeve in one marble end. This carbon is kept 
in slow rotation by an electric motor geared to it so that it 
makes one rotation in about 2 or 3 minutes. In apposition 
to this carbon is a hollow brass tube closed at both ends, 
having cold water circulating through it. This passes through 
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the other marble end, and it is terminated by a copper beak. 
The electric arc is formed between this beak and the sharp edye 
of the rotating carbon. The copper electrode can be moved 
to and fro by an adjusting screw, and is so set that the 
arc is formed in a magnetic field between the soft iron pole 
pieces. The magnetic field is created across the are by 
setting the brass box upon an electro-magnet and joining its 
poles to the two iron cylinders by suitable soft iron con- 
nectors. With this apparatus it is possible to create an 
electric arc of suitable length in an atmosphere of coal-gas, 
the arc being also traversed by a magnetic field. The 
carbon is the negative and the copper beak the positive pole. 
The field used did not exceed 1000 c.a.s. units in strength, 
and generally was about 600 units. This field was so directed 
as to cause the arc to spring between the upper edge of the 
carbon and the copper beak, and be forced upwards in an arch. 
Using a direct current supply at a pressure of 400-500 
volts with a suitable rheostat interposed, it is easy to form an 
arc having a potential difference between the carbon and 
metal electrode of 300-350 volts and taking 5-10 amperes. 
These electrodes are then connected by an oscillatory 
circuit consisting of a condenser made with metal plates 
separated by sheet ebonite, the whole being immersed in an 
insulating oil. The capacity of the condenser generally used 
by me was 0°00289 microfarad. In series with the condenser 
was an inductance consisting of a coil of insulated copper 
wire No. 7/22 wound in square form over a wooden cross so 
as to make a circuit 60 cms. in the side, having 8 turns. 
The inductance of this coil for high-frequency currents was 
116,200 centimetres. An additional sliding inductance was 
used consisting of bare copper wire wound in a spiral on a 
wooden rod 1} inch or 3:2 cms. in diameter, having 8 turns 
to the inch. Two such spirals were placed on a support 
parallel to each other, and cross-connected by a sliding copper 
saddle, so that by moving the saddle, more or less inductance 
could be thrown into the circuit without interrupting it. 
The full inductance of the double spiral was 200,000 centi- 
metres. If then an arc is created between the electrodes 
and adjusted to be of such a length as to take about 8 amperes 
with 300-350 volts between the carbons, then powerful 
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oscillations are set up in the square circuit in series with the 
condenser. A hot wire ammeter inserted in this circuit 
indicated a current of about 5 amperes. If an electrostatic 
voltmeter is joined across the terminals of the condenser, 
we find a potential difference of 1200 to 1500 volts (R.M.S. 
value), vastly exceeding the steady potential difference of the 
are electrodes. 

The existence of a powerful oscillatory current in this 
square circuit may be shown by holding near to it a circular 
coil of about 30 turns, 30 cms. in diameter, formed of well- 
insulated wire, to the ends of which a 50-volt carbon filament 
glow-lamp is attached. When this round coil is held near 


Fig. 2. 
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and parallei to the square coil, the lamp lights up brilliantly in 
consequence of the secondary current induced in the lamp coil. 

It is, however, seen that the lamp often flickers a good 
deal, showing that the primary oscillation current is not 
absolutely constant, and this flickering varies with the ad- 
justment. It is, however, possible to adjust the arc so that 
the glow-lamp remains fairly steady, and if its incandescent 
filament is examined in a revolving mirror, its image will be 
seen spread out into a uniform band of light. 

This, however, is not an absolute proof of the uniformity 
of the oscillatory current. To the above-mentioned condenser 
circuit, I then attached a long helix of fine silk-covered 
wire (No. 30 S.W.G.) wound in one layer of closely 
adjacent turns on an ebonite tube (see fig. 2). The length 
of this helix was 210 cms., its diameter 4°78 cms., and the 
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number of turns 5470. This helix was supported horizontally 
on insulating stands about 45 cms. above the table, a sheet 
of zinc as long as the helix being placed on the table to act 
as an earth plate. This earth plate was connected to tlio 
metallic electrode of the arc and the helix to the junction 
point between the condenser and inductance coils in series 
with it. N 

The far end of the helix was provided with a number of 
needle-points formed by a bunch of sewing-needles attached 
to a wire. 

On adjusting the inductance in series with the condenser 
so that the whole inductance in series across the arc terminals 
had a value of about 215,000 cms., powerful stationary 
oscillations were excited in the helix. Under these conditions, 
vivid blue electric brushes 1 or 2 cms. long appear on the 
needle-points at the far end of the helix, thus showing that 
the potential at that end has been increased by resonance to 
many thousand volts. These brushes are not of the same 
harmless character as the ordinary electric brush of an 
electrostatic machine, but are veritable flames or arcs 
taking place into the air. They are very hot and will melt 
sealing-wax and set fire to paper, and inflict the most painful 
burns if incautiously touched. They make a rushing or 
whistling sound and are of a strong blue colour. 

If the inductance in the condenser circuit is varied even a 
little, the brushes disappear. The above described helix 
considered simply as an open circuit oscillator, has a natural 
time period of electrical oscillation of very nearly 5 one- 
millionths of a second, or a frequency of 0'197 x 10°. This 
value had been exactly determined in previous experiments 
witbit*. As the value of the capacity in the condenser circuit 
is 0°0029 microfarad, and the total inductance in series with 
it 215,000 cms., the time period T of the condenser circuit is 
given by : 

0:0029 x 215000 a 
T=A/ -5033x100 7 Iu Dany 
and this shows that to obtain the brush-discharge effect the 
condenser circuit has to be exactly tuned to the period of the 
fundamental electrical oscillation of the helix. 
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The effect of these oscillations in the wire is to create an 
intense electric field round the helix extending in all direc- 
tions for a distance of nearly a metre. Vacuum-tubes of all 
kinds glow brilliantly when brought near the helix. Espe- 
cially brilliant is the glow in the form of Neon tube I employ 
with my cymometer, which, as I showed some three years 
ago, is extremely sensitive to a high-frequency electric field. 
The form of tube I use is of the spectrum type, the straight 
part being a glass tube with a bore of 1 mm., and the 
enlarged ends cylinders of about 1 cm. diameter and 5 cms. 
long. 

The beautiful discovery made some time ago by Sir James 
Dewar that Neon and other rare atmospheric gases can be 
separated from the commoner constituents of air by means of 
charcoal cooled to very low temperature, renders it possible 
to fill spectrum vacuum-tubes with nearly pure Neon, and 
such tubes are of very great utility in high-frequency 
research. When filled with Neon at the proper pressure they 
glow with an intensely brilliant orange-red light in a high- 
frequency field. If one of these tubes is held near the helix 
when in action, it shows by its glow that there is an electric 
field increasing in intensity all the way up the spiral to the 
free end. 

But more, the Neon tube shows us that the oscillations are 
not perfectly continuous. If the tube is waved rapidly to 
and fro in front of the spiral, by the persistence of vision its 
image is expanded into a fan-shaped area of light. Ex- 
amining this, we see it crossed vertically by narrow or broad 
lines irregularly placed. This indicates that the tube is ex- 
tinguished at intervals, and this is because the electric field 
disappears and the oscillations are interrupted. Not only 
Neon tubes, but all other vacuum-tubes show this effect pro- 
vided they are narrow tubes. If a wide tube is used, the 
effect is not seen because the intermittent images of the tube 
overlap each other. The phenomenon is well shown by 
rapidly rotating a Neon tube near the spiral. The tube must 
be fastened by silk threads to a strip of ebonite held on an 


è See J. A. Fleming, “ On the Propagation of Electric Waves along 
Spiral Wires,” Phil, Mag. ser. 6, vol. viii. p. 434 (October 1904). 
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ebonite axle, and this rapidly rotated by a turn-table (see 
fig. 2). 

The intermittency is always most marked when the arc is 
first started and then diminishes, but it is always present 
more or less, and it shows that the oscillations, even if un- 
damped, are not absolutely continuous, but are cut up into 
irregular groups. It seems to be caused by the arc changing 
its point of departure on the carbon electrode. It is increased 
if the rotation of the carbon is irregular, but I have never 
been able to abolish it altogether. Another proof of the same 
fact is derived as follows :— 

The helix is removed and another square coil of 12 turns 
or so of insulated wire wound on a frame 60 cms. inside is 
placed parallel and at a distance of 2 or 3 metres from the 
similar coil in the condenser circuit (see fig. 8). This 


Fig. 3. 
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secondary coil is tuned by a condenser to the same frequency 
as the arc condenser circuit. Across the terminals of the 
secondary circuit another circuit is joined which consists of 
the oscillation valve or glow-lamp wireless telegraph detector 
devised by me four years ago, and already described*. This 
valve stops all movement of electricity in one direction, and 
in series with the valve is placed a telephone. On listening 
to the telephone when the arc is in operation and is quite 
steady, a crackling sound is heard, which is not sufficiently 
regular to be called a musical note. If the oscillations in the 
arc circuit were continuous and absolutely persistent, they 

* See J. A. Fleming, “ On the Conversion of Electric Oscillations into 


Continuous Currents by means of a Vacuum Valve,” Proc. Roy. Svc. 
Lond. vol. lxxiv. p. 476 (1805). Also Phil. Mag. May 1906. 
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would induce similar secondary currents, and my oscillation 
valve would separate out all the unidirectional constituents, 
and send through the telephone a perfectly steady continuous 
current. But this is not the case. The telephone yields a 
sound which shows that the continuous current through it is 
interrupted irregularly, and this can only be because the 
oscillations in the arc circuit are interrupted. If the telephone 
is not inserted directly in circuit with the valve, but is in- 
serted in the primary circuit of an induction-coil, or air-core 
transformer the secondary of which is inserted in series with 
the valve, the sound in the telephone is still more increased. 

We have therefore strong indications that the arc method 
of exciting undamped oscillations gives rise to irregular 
groups of oscillations which are separated by short intervals 
of time. 

In order to be successful at all in producing high frequency 
oscillations by the arc method, I find it essential to pay 
attention to a number of details. One important condition 
of success is, as Mr. Poulsen has already pointed out, that 
the carbon electrode should be kept in slow rotation. If 
the carbon is not rotated, a bulbous deposit of carbon soon 
grows on the electrode and builds up a beak or pimple of 
carbon which makes the arc irregular and soon puts it out. 
The end of the round carbon shoul! be cut off square to 
begin with, but it soon gets rounded off and a little corru- 
gated or milled, and seems to work better when it has been 
used for a short time. Hard arc carbons are better than soft 
for producing oscillations. Secondly, as regards the gas. 
Pure hydrogen works with difficulty. Coal-gas is better, 
but the coal-gas cannot be used over and over again, as 
it is altered in composition by the arc, and this seems 
to create a difficulty in the use of the Poulsen arc as a 
transmitter in wireless telegraphy on board ship. The 
deposit of soot in the chamber is sometimes excessive. The 
coal-gas must be passed through quickly, but not too quickly, 
and my experience is that if the sides of the containing 
chamber are not kept cool, the deposit of soot is greatly 
increased. The more enriched the coal-gas is the worse 
becomes this trouble. I find it necessary in any case to 
clean out the chamber after a few hours of continuous use. 


MEANS OF OBTAINING ELECTRICAL OSCILLATIONS. 31 


In the next place, the magnetic field required careful ad- 
justment. If it is too strong, the arc cannot be maintained 
without constant interraption. If too weak, the oscillations 
are feeble. 

The various factors—gas, field, arc-length, rotation of 
carbon and water cooling—all require exact adjustment to 
obtain the best result. In laboratory or in lecture expe- 
riments, when effects are only required for a few minutes, 
this is not difficult; but if the apparatus is used as a trans- 
initter in wireless telegraphy, it must be possible to maintain 
constant for hours together the produ tion of the oscil- 
lations, and so far [ have not found that this is a very easy 
thing to do. I have tried many methods for making the 
arc self-regulating as to length, but without success. The 
best plan is hand regulation by a skilled assistant. There is 
a particular length of arc which for given current and 
voltage produces the oscillations most effectively, and this 
length has to be maintained constant. 

When employed as a wireless telegraph transmitter, the 
question which presents itself for consideration is the efficiency 
of the arrangement as an energy transformer. We supply 
the arc with continuous current power, and we create by it 
high-frequency persistent oscillations in the antenna. There 
are several sources of energy dissipation. In the first place, 
the arc must be arranged in series with certain regulating or 
ballast resistance to permit of adjustment. I have found 
that very good effects are obtained when working off a 
400-volt pubic supply of direct current or from a 5U0-volt 
continuous current 5 k.w. dynamo. Then from 50 to 1u0 
volts may be dropped in the regulating resistance when 
working with an arc of 8-10 amperes. 

In the next place, there is a large production of heat in the 
chamber containing the arc, the greater part of which is 
removed by the cooling water. We have then a portion of 
the power converted into high-frequency current in the con- 
denser circuit, and this dissipates itself partly as heat in the 
inductance and condenser, and only a fraction of this power 
is radiated by the antenna. We are not really concerned to 
know the manner in which these heat losses are distributed. 
We cannot subject the matter to mathematical discussion 


32 DR. J. A. FLEMING ON THE POULSEN ARC AS A 


unless we make certain assumptions as to the form of the 
curve representing the oscillations, which form has not yet 
been determined. I have found by experiment that the power 
factor of the are when working is not far from unity, and 
hence the power given to the arc in the form of continuous 
current can be very approximately determined by the product 
of the arc current and the supply voltage. For instance, in 
one case the potential difference of the arc electrodes was 
found to be 320 volts and the arc current 8'4 amperes, whilst 
in two separate measurements with the wattmeter the power 
taken up was found to be 2632 and 2674 watts. The product 
of amperes and volts is 2688, and hence the power factor hy 
these measurements is 0°98 or 0°99, or practically unity. 

If the current through the are can be kept sufficiently 
constant, which is rather difficult, the power radiated may be 
also measured by the wattmeter. For suppose that we have 
a direct-coupled antenna joined at some point to the con- 
denser circuit, we may then take wattmeter readings with 
and without the attached antenna, and the difference will be 
the power radiated. 

In the case of the long helix above mentioned, the power 
given to the arc when the helix was attached to the condenser 
circuit was 2674 watts, as measured by the wattmeter, and 
with the helix removed it was 2632 watts, the arc current 
remaining constant at 84 amperes. Hence in this case it 
appears that the radiation and power consumption due to the 
attachment of the helix is 42 watts. The measurements, 
however, cannot be made very accurately in the case of small 

ower radiation. 

In the case of a direct-coupled antenna which is emitting 
a wave-length corresponding to its fundamental oscillation, 
the radiation can be approximately calculated from a formula 

iven by Hertz. Hertz shows that in the case of a dumbbell 
oscillator having an electric moment Q, the energy E 
radiated per period is given by the expression 
E = I ergs per period, 
where 2 is the wave-length of the radiation. l l 
If C is the capacity of one-half of the oscillator with 
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ates other, and V is the maximum potential differ- 
ce of the parts during an oscillation, and / the effective 
length, then Q=CVI. 
If Lis the maximum val i i 
E EAE ue of the current in the oscillator 
ISSY and Q? = PPAR, 


where n is the frequency. 


Accordingly, 
Ba An?]?l2 
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is the velocity of radiation. 


In th ; ‘ 
aian equation, I is the maximum current in 
sure. If A is the ampere value of the same 


current, th A! 
» then 7, = 7 If, then, the oscillations are persistent 


and with fre uence . 
fa aca a y n, the energy in ergs radiated per second 


~ Bex ergs per second ; 


= 4n?u a 2 
300 22 A? ergs per second ; 


2 


For an ‘ 

effective eid a, the ratio of wave-length A emitted 
practice for sin om iy fixed quantity and approxim es si 
fore, this curio pie antennæ® to 2°5. We hay pak 
pranoni mea hash result which does not seem to ‘tis there- 
aR iced, that the power radiated in w nee been 
W =64A? oe of any length is given by ri is from a 
lodin a r A is the maximum value of t apran 
e base of the antenna. If (A) is mA current 
Current 


J 2? = 128(A)’ watts, 


Thus, if such a hot-w 


VOL. XXI, ire ammeter showed an anit 
enna 
D 


34 DR. J. A. FLEMING ON THE POULSEN ARC AS A 


current of 1 ampere (R.M.S. value), the radiation would be 
128 watts, and for the same current is quite independent of 
the height of antenna or the frequency. 

Seeing, then, that open antenne have such enormous 
radiative power, we can in practical radiotelegraphic work 
employ very small antenna currents when using persistent 
oscillations. 

A complete explanation of all the phenomena involved in 
the Poulsen arc can hardly yet be said to have been reached. 
It has been shown by experiments made under the Author’s 
direction in the Pender Electrical Laboratory of University 
College, London, by Mr. W. L. Upson, that the charac- 
teristic curve or volt-ampere curve for a carbon-metal arc in 
hydrogen is a curve falling down with a much steeper slope 
than the characteristic for a carbon-carbon arc in air. 

Also that the time during which the electromotive force 
can be removed without permanently extinguishing the arc, 
is very much shorter in the first case than in the second. 
Both these facts undoubtedly contribute to enable the pro- 
duction of oscillations of a higher frequency to be obtained 
with a carbon-metal arc in coal-gas, as compared with those 
which can be reached with a carbon arc in air. 

In order that oscillations may be produced when a con- 
denser circuit is shunted across the are electrodes, the 
condenser, during its charge and discharge, must cause a 
variation of current through the arc, and this in turn must 
cause a variation in the potential difference of the electrodes 
in such direction as to assist the charge or discharge. Thus 
when the condenser is robbing the are of current and so 
decreasing the arc current, this must automatically raise the 
potential difference of the electrodes, and when the condenser 
is discharging it must decrease the potential difference. The 
greater this P.D. variation for a given current decrement or 
increment, the greater will be the energy conveyed to the 
condenser circuit, 

In the case of a carbon-carbon arc worked at 10 amperes 
and say 60 volts arc P.D., the characteristic curve is rather 
flat. Hence, if we employ a small capacity in the shunt 
circuit we have very little variation of arc current and arc 
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P.D., and little or no energy in the condenser-circuit 
oscillations. We can, however, obtain more energy by 
using, as Mr. Duddell originally did, a condenser of rather 
large capacity, say 1 to 5 microfarads. Moreover, the carbon 
arc has a persistence which renders it irresponsive to very 
rapid variations of current. Hence with a large current 
carbon-carbon arc in air, we can only obtain rather slow 
oscillations. 

If, however, we employ a carbon-metal arc, carbon nega- 
tive and cooled copper, positive electrodes in hydrogen or 
coal-gas, we then have an arc with a very steep characteristic 
curve, and one which responds to exceedingly rapid variations 
of current through it. We can, therefore, employ in the 
shunt circuit a condenser of small capacity, and yet convey 
to it a considerable amount of energy owing to the large P.D. 
variation in the arc caused by a small arc-current variation. 
Hence we can produce oscillations of high frequency. This 
theory is confirmed by the observation that in the case of the 
carbon-carbon arc in air for small currents, and in the case 
of the carbon-aluminium arc, the characteristic curve is 
nearly as steep as for large current carbon-metal arcs in 
hydrogen ; and with these particular arcs, viz., the small 
current carbon arc in air and carbon-aluminium arc in air, 
we can obtain oscillations of high frequency. 

Much farther investigation is, however, necessary to enable 
us to state precisely the action of the surrounding medium, 
hydrogen, or better coal-gas, in producing this steep charac- 
teristic volt-ampere curve for the carbon-metal arc in these 
gases. 


DISCUSSION. 


Mr. W. DUDDELL expressed his interest in the experiments, especially 
those in which it was shown that the oscillations were broken up into 
groups. He pointed out, however, that it was possible to obtain con- 
tinuous oscillations with a musical are using high frequencies. The 
question as to the measurement of the power put into the Poulsen Arc 
was of great interest, as also was the question as to the amount of power 
which could be taken from the secondary without stopping the arc. He 
questioned Dr. Fleming’s statement that the power put into the arc was 
equal to the product “AV,” and said that the power should be measured 
with a wattmeter. 


D 2 
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Mr. A. CAMPBELL remarked that Mr. Altberg in Odessa had lately 
shown that sparks of high oscillation frequency produce actual air 
vibrations of the same frequency, and by measuring the wave-lengths of 
these air vibrations by diffraction methods he had been able to determine 
the high frequency. 

Dr. FLEMING, in reply, said he was prepared to accept Mr. Duddell’s 
criticism that the power put into the Poulsen Arc should be measured 
with the wattmeter. The really important matter, however, was the 
reason why the metal-carbon arc in coal-gas could produce oscillations 
of so much higher frequency than the carbon arc in air. This he thought 
was intimately connected with the slope of the characteristic curve. 


III. A Form of Cosine Flicker Photometer. 
By J. S. Dow, A.C.G.1., B.Sc." 


[Plate IIT.} 


Tue illumination of the white surface employed in any 
I cos 0 
d? 
of the source illuminating the surface, d the distance of 
this source from the surface, and @ the angle between the 
rays of light striking the surface and a normal to the 

surface]. 

Hence, when measuring the intensity of a source of light, 
we may either vary “d,? in which case we utilize the 
inverse square law, or 0, in which case the cosine law is 
utilized. 

While the inverse square law is almost invariably utilized 
in photometric measurements, this method is inconvenient in 
one respect. In order to vary “d” the photometer is usually 
moved to and fro between the two sources of light to be 
compared. The observer is therefore obliged to be continually 
moving his head in order to follow the motion of the photo- 
meter, and this is particularly distracting when theeyeis applied 
to a telescope. In order to avoid this necessity, many workers 


photometer is equal to 


, [where I equals the intensity 


* Read June 28, 1907, 
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prefer to keep the photometer stationary and to move one of 
the sources of light. But in the case of gas-lamps and 
many other sources of light, this method is obviously unsatis- 
factory, and, even in the case of glow-lamps, is sometimes 
inconvenient. 

The utilization of the cosine law is advantageous in this 
respect, for the photometer may then be kept stationary and 
the illumination of the photometrical surfaces adjusted in the 
photometer itself. The type of instrument about to be 
described by the author, and shown in fig. 1 (P1. III.), has this 
advantage. Indeed, while it is desirable that such a photometer 
should be mounted on a photometrical bench in the usual way 
for accurate work, the author has used the apparatus shown 
in the Plate for many purposes, such as the comparison of 
the results obtained by the methods of flicker and equality of 
brightness, without employing a photometrical bench at all. 
Also it is evident that the convenience of an instrument of 
this type is independent of the distance between the sources 
of light, provided the illumination of the photometrical 
surface is not too low. 

The general principle of this instrument is shown in fig. 2. 


Fig. 2. 


Sios View 


Fron? View 


The two sides of the rectangular Ritchie wedge, W, are 
illuminated by the two sources A, B. Above the wedge a 
45° mirror, M, is placed so that the observer’s eye at E sees 
an image of the illuminated surfaces reflected in this mirror. 
The wedge is arranged to rotate about the line of intersection 
of the photometrical surfaces as a horizontal axis. To the 
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observer, therefore, this line appears stationary as the wedge 
is rotated. 

Suppose now that the two sources A, B, are equidistant 
from the wedge. 

Then, if the intensities of the two sources are the same, 
photometrical balance is obtained when the wedge is placed 
symmetrically about a vertical axis, as shown. If, however, 
A, say, is the brighter of the two sources, the wedge must be 
rotated in a clockwise direction, so that the rays from A strike 
the surface presented towards A more obliquely than before, 
while, conversely, the rays from B strike the surface presented 
less obliquely. 

Hence let a represent the inclination of either surface to 
the vertical, when the wedge is in its symmetrical position. 

Let I,, I, represent the intensity of A and B respectively. 
I, cosa 

d? ` 
Similarly, the illumination of the surface facing B is 
I, cos a 

d? 
minated and we obtain photometric balance, with the wedge 
in its symmetrical position. 

Suppose now that I, is greater that J,, and that it is 
therefore necessary to rotate the wedge through an angle 0 
in a clockwise direction, in order that the illuminated surfaces 
may appear equally bright. 

The illumination of the surface presented to A is now 
I, cos (a + 0) 
ds 
to B is a =o ‘ 

( 


The illumination of the surface facing A is then 


; hence if I,=I1, the surfaces appear equally illu- 


, and the illumination of the surface presented 


Therefore I, _ cos (a— 0) 
I, cos (a+@)° 


The ratio d corresponding to each value of @ is therefore 
2 


known. In this case the angle a was made 45° for, by so 
doing, the maximum angular range of photometrical reading 
is obtained, 
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Fig. 8. 


r 
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A lever, rigidly attached to the wedge and utilized by the 
observer to rotate it, also served as a pointer indicating the 


: ae | cos (45—6@) 
l 1 
value of 6 and the corresponding ratio i, — cos (45 +0)’ on 


a scale attached to the instrument. 

This arrangement is shown in fig. 1. 

The scale is also diagrammatically exhibited in fig. 3 (p. 39). 
The most serviceable portion of this scale lies in the 
neighbourhood of 0:2 to 550. Outside this range the values 

p £28 (45—6) 
©" cos (45 + 8) 
of 0, for satisfactory readings. At the extreme ends of the 
scale, too, the rays necessarily strike one of the photometric 
surfaces very obliquely, and therefore emphasize any in- 
equalities or roughness in texture of the surface and reduce 
the sensibility of the instrument. 

At present fine plaster of paris has been used by the author 
to secure white matt surfaces. Under these conditions, the 
theoretical readings on the scale deduced from the cosine law 
agreed very closely with those obtained experimentally and 
assuming an inverse square law. 

Between the limits 0°2 to 5 the agreement was within 
3 per cent., and probably the substitution of perfectly ground 
photometric surfaces for those prepared by hand would result 
in still closer agreement. 

Beyond these limits, however, the agreement was naturally 
less satisfactory. Hence it seems desirable, when using an 
instrument of this type to assign convenient distances to the 
sources of light and to utilize the most open, central, portion 
of the scale. 

When using a photometer with inclined photometric sur- 
faces such as occur in the Ritchie wedge, attention must be 
paid to the possibility of “ angle-errors,”’ t.e. errors introduced 

by uncertainty as to the exact angle at which the rays of 
light strike the illuminated surfaces. In this case a consider- 
able rotation of the photometer, as a whole, about a vertical 
axis will alter the illumination of both surfaces equally and 
will, therefore, not affect the photometric result. But if the 
two sources are not in true alignment with the photometer, 


change too rapidly with increasing values 


+ 
— ai a 
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or if the photometer is tilted slightly about a horizontal axis, 
the illumination of the photometric surfaces may be differently 
influenced thereby, and errors may result. 

Suppose, for instance, that we are comparing the intensities 
of two glow-lamps each half a metre distant from the photo- 
meter. Then, if the centre of illumination of one of these 
sources is raised say, one centimetre, the angle at which the 
rays from this source strike the surface presented to it is 
altered by about 0°6 degrees. This corresponds to an 
alteration of illumination of about one per cent., when the most 
open, central portion of the scale is used. 

It is desirable, therefore, that the sources of light should 
be distant not less than, say, 1 metre from the photometer. 
It should then be possible to adjust the alignment of tho 
lamps with sufficient exactitude to avoid appreciable error 
from this source. Indeed, in making accurate experiments 
with any photometer, it is desirable that the distance of the 
sources from the photometer should not be less than this value. 
Otherwise the inverse square law cannot be rigidly applied 
owing to the fact that the centres of illumination are rarely 
correctly located *. 

A tilt of only one degree of the photometer, as a whole, 
about a horizontal axis would cause an error of about 4 per 
cent., even when the most favourable portion of the scale is 
used. It is, therefore, desirable that no appreciable tilt of 
this character should be introduced either by inequalities in 
the level of the bench or undue play in the carriage of the 
photometer. 

Yet, it may be pointed out that the “double comparison 
method,” now almost invariably used when careful photo- 
metric tests are attempted, eliminates all want of photometric 
symmetry in a stationary photometer and would completely 
eliminate the above source of error, if the same portion of 
the scale was used in both experiments. 

This instrument can be utilized either on the Equality of 
Brightness or Flicker principle. 


è í Electrician, Sept. 14th, 1906, for some notes by the author on 
this point. 
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This is accomplished as follows. 


Fig. 4. 


The image of the wedge, as formed by the mirror M, is 
outside the focal length of the convex lens L, and this 
together with the lens L, forms a real image of the illuminated 
surfaces in the plane of the aperture at A. The eye of the 
observer applied to the third lens L; sees a magnified image 
of the aperture and the illuminated surfaces—both simul- 
taneously in focus. 

If, now, an observer is comparing, say, a red source with 
a green one, the field of view appears to him as shown in 
fig. 5a, when the lens L, is stationary. He then adopts as 
photometric balance the position of the photometer-wedge in 
which the red and green fields appear equally bright. 

The element of flicker may, however, be introduced by a 
modification of the method due to Rood *. The lens, Ly, is 
mounted on springs and attached to a cord passing over a pin 
mounted eccentrically on the pulley ofa small electric motor. 
When the motor is caused to rotate the lens oscillates to and 
fro and the boundary between the photometrical surfaces 
appears to oscillate with it. A band of flicker is thus pro- 
duced, and the field of view assumes the appearance shown 
in fig. 5. 

* Amer. Journal of Science, 1899, p. 194. 
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The observer may then judge the position of acon 
balance by observing the cessation of flicker in t e ban i is 
he may drive the motor so fast that all flicker cape Laster - 
the intermediate band merely assumes a colour pee ae 
between that present in the two adjacent portions of the e 
of view. He may then use this intermediate colour to assist 
him in his decision as to the exact point when all three 
sections of the field of view appear equally bright. 


Fig. 5. 
(@) 


(b) 

The question may now be raised whether, when using this 
instrument, the results of using the Equality of Brightness 
and Flicker methods is the same. 

The author has found that for widely different colours and 
for certain portions of the retina this is not the case *. Under 
the conditions present in this instrument, however, the agree- 
ment was very close unless the colour difference was very 


marked indeed. This is illustrated by the results shown 
in the following :— | 


Nature of Lights Results by Flicker Result by Equality of 
compared. method. Brightnees method. 
nsn 
White to White ........ 1031 1-034 
White 8 etal ; 0:911 0-906 
White to deep Green ... 1-21 1-08 
White to deep Red ...... 2:23 2-09 


a E S, 


* Proc. Phys. Soc. vol. xx. 


Digitized by 
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W hen comparing lights of the same colour the sensitiveness 
of the photometer seemed to be very much the same for both 
methods, but when the comparison of sources of light differing 
widely in colour was attempted, the Flicker method gave rise 
to the most consistent results. 

It seems possible that the sensitiveness of a photometer of 
this type might be improved by introducing the element of 
contrast in the manner shown in fig. 6 (PI. III.) 

Each of the photometrical surfaces is shown divided into 
3 equal and similar portions. The portions 2 and 5 are 
intended to be as white as possible. The portions 1 and 6 
are tinted with a neutral wash of such depth as to reduce the 
coefficient of reflexion from the surface by say 4 per cent., 
while 3 and 4 are intended to be intermediate in shade 
between l and 5 and 2 and 6 respectively. 

Now if the Equality of Brightness method is used, the 
observer attempts to set the wedge so that 3 and 4 appear 
equally bright. The contrast in light and shade exhibited 
between 1 and 2 and 6 and 5 respectively should then be 
the same. 

If, now, the wedge is rotated slightly in a clockwise 
direction, the contrast between 1 and 2 becomes more marked 
but that between 6 and 5 less marked than before. 

We have thus a double change such as occurs in the 
Lummer-Brodhun contrast photometer and a corresponding 
gain in sensitiveness. If the Flicker method is used a corre- 
sponding effect will exist. 

The author has endeavoured to facilitate the comparison 
of heterochromatic sources of light by applying Crova’s 

method. 

As the temperature of an incandescent solid is raised, the 
luminous radiation in the form of waves of short wave-length 
increases more rapidly than the luminous radiation of great 
wave-length. 

According to the principle discovered by Crova*, however, 
the luminosity in the spectrum of such a source in the neigh- 
bourhood of ¥=0°582u is a measure of the total luminosity 
of the source. Crova therefore proposed to view the surfaces 


æ Comptes Rendus, vol. cxix. no. 16, p. 627. 
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illuminated by two heterochromatic sources through a 
solution allowing only rays in this portion of the spectrum 
to pass. This solution was composed of :— 


Anhydrous ferric chloride, 22°32 gms. 
Crystallized nickel chloride, 27°19 gina. 
Distilled water, 100 ce. 


It must be noted, however, that the principle on which 
Crova’s method depends, only applies rigidly to an incan- 
descent body yielding a continuous spectrum. 

In the case of a luminescent vapour yielding a spectrum 
in which the luminosity is concentrated in isolated bright 
lines, the method is inapplicable. 

Yet, since the portion of the spectrum which Crova’s 
method proposes to utilize is by far the most valuable portion 
from an illuminating point of view (i.e. the portion which, 
for a given expenditure of energy, produces the greatest 
sensation of brightness), the method may prove satisfactory 
even in many cases of this character. 

The chief difficulty which the author has found in applying 
this method lies in the fact that, if a sufficient depth of 
solution is employed to restrict the light passing to a very 
narrow region of the spectrum, and hence to render the 
colours of the two illuminated surfaces identical, the lumi- 
nosity of the surfaces becomes, as a rule, inconveniently low. 
The only case, in fact, in which the author succeeded in 
obtaining an apparently perfect colour match without undue 
loss of illumination, was when comparing an arc lamp against 
an incandescent mantle. 

When a flicker was utilized, however, it was found that a 
depth of 3 millimetres of solution, which, while most trans- 
parent to yellow rays, actually allowed rays from X=0°52 to 
A=0:68u to pass, rendered the comparison of most sources 
distinctly easier. 

The following are a few cases in which this method was 
applied. 

Carbon Glow-lamp compared with Nernst lamp. 

Argand Gas-burner is » Incandescent Mantle. 

White Arc-light j „ Incandescent Mantle. 

White Arc-light i „ Argand Gas-burner. 


Flame Arc-lamp (Excello carbons) compared with Argand Gas-burner, 
Flame Arc-lamp (Bremer carbons) , „ Argand Gas-burner. 
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In all these cases the means of a set of photometrical 
results obtained with and without the Crova screen agreed 
very closely, in the first two cases within 2 per cent. 

The unsteady nature of the arc lights rendered very exact 
comparisons with these lights impossible, but in this case also 
the difference seemed to be, at any rate, less than 5 per cent. 

All these sources of light, however, yield a continuous 
spectrum. It is true that some isolated bright lines, super- 
imposed over the main spectrum of the arc, serve to increase 
the efficiency of the flame carbons. Yet the brightest of 
these lines were congregated in the yellow and orange and 
would, therefore, not seriously affect the applicability of 
Crova’s method. 

Quite otherwise were the results obtained when comparing 
a mercury-vapour lamp against a carbon-filament glow-lamp. 
The luminosity of this lamp was concentrated in three isolated 
bright lines in the yellow, green, and violet respectively, 
practically no red rays being present. 

It was found that the depth of solution utilized in the 
experiments described above not only failed to very notice- 
ably improve the colour difference between the sources but 
also seriously affected the photometric results obtained. 

The use of yellow screens in order to facilitate the photo- 
metric comparison of heterochromatic sources of light is 
certainly only justifiable in the case of illuminants yielding 
continuous spectra. 

Even in this case it is essential that the yellow screen 
should exhibit absorbing properties similar to those of Crova’s 
solution, namely minimum absorption in the neighbourhood 
of X=0°58y, and a uniformly increasing absorption on either 
side of this point. 

DISCUSSION. 


Mr. PATTERSON complimented the author upon his paper and experi- 
ments. With reference to the cosine instrument he asked if the cosine 
law was trustworthy at very acute incidence of the light. The unequal 
sensitiveness of different parts of the retina accounted for the fact that it 
was possible to obtain different balance-points by fixing attention on the 
different sides of a Ritchie wedge. 

Mr. J. S. Dow, in reply, said he had only worked with photometers 
with wedges of 90°, but he was certain that the cosine law would not hold 
at acute incidence on account of the large amount of regular re flection. 
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1V. On Magnetic Oscillators as Radiators in aheu 
Telegraphy. By J. A. Furmixe, D.Sc., F.R.S. 


AN oscillator of the open or Hertzian type 18 — 
called an electric oscillator because the effects produce 
in the external field are to a large extent determined by 
the potential of the free electric charges which n 
make their appearance on the open ends. If, however, the 
oscillator consists of a metallic circuit completed by a con- 
denser, the plates of which are very near together, the effects 
in the external space are mostly or entirely determined by. 
the current in the circuit and little if at all by the con- 
denser-plate charges, because these being of opposite sign 
end near together neutralize each other’s effects in the field. 
Such a closed or nearly closed circuit is called a magnetic 
oscillator, In the case of an open oscillator or simple doublet 
Hertz showed that if ġ is the maximum electric moment, or 
product of the maximum static charge on each end and the 
distance between them, and if > is the wave-length of the 
emitted radiation, the energy radiated by the oscillations in 
ergs per period is given by the expression 
1671r‘¢? 
E=- pot. e e ee, a 


This expression can be reduced to a more convenient form 
for practical measurement as follows :— 


Let C be the capacity in microfarads of each sphere or 
half of the oscillator with respect to the other, and V be 
their maximum potential difference in volts before discharge, 
then 9x10 CY /300=3000 C V is the maximum value of 
the charge in electrostatic units. 


- Hence if 1 is the length of the oscillator in cms., we have 
for the electric moment, 


>= 3000 C.V... . ~ + (2) 


Let the current at the centre of the oscillator have a 
maximum value A reckoned in amperes, and let a be 


the 
* Read October 25, 1907. 
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root-mean-square or effective value in amperes as measured 
by a hot-wire ammeter. 

Then, if the oscillations are sinoidal in form, undamped or 
persistent, and of frequency N, we have 


A=2r N C V/10, . © 1... (3) 
A 

——“———. e ° ° e ® e e e 4 

/2 ($) 


Hence the energy E radiated per period in ergs 1s 
given by 
3 


[2 
E=47? 10° x3 N?’ e e e e » (5) 
and the power W in watts by 


W=40r gA. a n (6) 


Remembering that 7?=9-87 and INA=3 x 10", we can write 
the above formule in the convenient form 


/? 
E=0:2632 — a, TEPE TE 


2 
Ge es 8) 
The value of the ratio l/A can be determined experiment- 
ally for any oscillator. For a simple linear oscillation it 
approximates in value to 0'4. Hence for such an oscillator 
radiating undamped waves, the power radiated in watts is 
given by the expression W=126a?. Thus, for instance, if 
the effective value of the current at the centre of the 
oscillator is 2 amperes, the radiation will be half a kilowatt. 
If we then consider the case of a perfectly closed oscillation 
circuit having an area S and traversed by undamped or 
persistent oscillations which have @ maximum value A and 
R.M.S. value a reckoned in amper œs, it can be shown that 
such a closed circuit also radiates e mergy, and we can derive 
a similar formula for the radiations to that given by Hertz 
for the open circuit. The author has shown that if M is 
the maximum magnetic moment of such a closed circuit ig 


W =789°6 


* See ‘The Electrician,’ vol. lix. p. 936 (1907). A series of articles on 
“The Elementary Theory of Electric Oscillators,” by J. A. Fleming. 
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viz., the product of its area S and the maximum value of the 
alternating current (reckoned in electromagnet measure) in 
it; and if A is the wave-length of the radiation emitted by it, 
and E the radiation in ergs per period, then for the magnetic 


oscillator we have 
169r4M? 
E= ee ee ee OY 


But by definition M=AS/10, and if the current is sinoidal 
a=A/,/2, hence we have 
82a? 


E=104—57- © > © © © œ (10) 

Furthermore, if the oscillations are persistent the power in 
watts W radiated is given by 

W =31,200 


S23 
Me 
The formule (8) and (11) can be written in the form 


u = (open or electric 
WSR LOSE ae oscillator), (12) 


oe ee we OD) 


W= 4x 10-8 S2u2N! (closed or magnetic 
oscillator). 

These last two formulz show us that in the case of the 
open or electric oscillator the power radiated varies as the 
square of the current in it, and as the square of the frequency, 
whereas in the case of the closed or magnetic oscillator it 
varies as the square of the current but as the fourth power of 
the frequency. Accordingly, in the case of tho magnetic 
oscillator the radiation is small unless the frequency is very 
high. 

For the purposes of theory, it is most convenient to consider 
a closed oscillatory circuit as made up of a series of Hertzian 
or dumbbell oscillators placed in series with their electric 
poles of opposite sign overlapping. We can then easily 
determine the nature of the electric and magnetic field 
produced by it by the summation of those due to the 
elementary oscillators. As the writer has given lately in 
another place a discussion of the problem and furnished the 
expressions for the electric and magnetic forces at any point 
in the field of such a closed oscillator and the derivation of 
the formula (10) for the radiation, it is unnecessary to go 
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over the ground again here. (See * The Electrician,’ vol. 59, 
p- 936 et seq.) 

The object of the following experiments was to obtain 
actual distance-effects of closed 
oscillators of certain dimensions, and to ascertain whether 
true radiation was at all influential in producing the inductive 
action of one closed oscillatory circuit on another at moderate 
distances, or if the whole of the action could be accounted for 
by ordinary electromagnetic or Faradaic induction. 

The following circuits were employed for this purpose :— 

Two pair of square circuits were constructed by winding a 
few turns of highly insulated copper wire round a wooden 
cross. 

One pair had sides 8 feet in length, each frame carrying 
two coils of 5 turns of 7/21 stranded insulated copper wire. 
These will be referred to as the °° large square coils.” 

One pair had sides 2 feet in length, each frame carrying 
one coil of 8 turns of the same sized wire. These are 
referred to as the “small square coils.” 

The experiments consisted in setting np continuous or 
undampe oscillations in one of these coils by means of a 
Poulsen are and then measuring the current create! in the 
corresponding coil placed at a distince by means of the 
Author’s oscillation-valve or clow-lamp detector. The two 
coils were plaved at various distances and in various respective 
positions, The coils themselves were erected or placed in 
the large quadrangle of University College, London. As the 
are apparatus had to be placed indoors in the Electrical 
Laboratory it was necessary to connect the coil used as a 
transmitter or primary coil with the oscillation-producing 
apparatus by means of a long pair of insulated parallel 
copper (7/21) wires 14 cms. apart and 274 feet or 836 cms. 
long. 

The first step was to measure the inductance of these wires 
for high frequency currents. Andferson’s bridge method was 
employed with a commutator as described by the Author *. 


some information as to the 


# See J. A. Fleming, “A Note on the Measurement of Small Inductances 
and Capacities,” Phil. Mag. May 1904, p. 586. 

See also J. A. Fleming and W. C. Clinton, “On the Measurement of 
Small Capacities and Inductances,’ Phil. Mag. May 1908, p. 493, 
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The inductance of the parallel wires or tails above men- 
tioned was found to be 59,910 cms., and that of one large 
coil of 5 turns on the 8-foot square together with the tail 
(L) was 310,740 cms. Hence the inductance of the coil 
itself of 5 turns was 259,830 cms. The inductance of the 
two coils each of 5 turns in parallel was 198,350 cms., and in 
series 779,300 ems. 

The inductance of each of the small or 2-foot square coils 
was in the same manner found to be 116,200 cms. 

In series with these coils was placed a condenser having 
a capacity (C) of 0:0026 mfd. and the coil and condenser 
shunted across a 400-volt Poulsen arc. 

The are current was generally about 8 amperes, thie 
potential difference of the arc terminals (V,) 260 volts 
(continuous). The potential difference (V,) (R.M.S. value) 
of the condenser terminals was 1580 volts as measured 
by an eilectrostatic-voltmeter and the R.M.S. current (a) in 
the square coil was 4°22 amperes as measured by a hot-wire 
ammeter. The frequency N of the oscillations is given by 
the formula N=(5-033 x 106)/ VCL. Hence if C=0-0026 
mfd. and L=310740 cms., we have N=177,100. If the 
R.M.S. current (a) in the coils were strictly sinoidal in wave- 
form, the value should be calculable from the formula, 

2T i, 
a= 10° CVN 
where V= VV/—V,?= /(158U)?—(26U)?=1560 volts. 
Hence we should have 
44 26 


a= 7 X po x 1560 x 177100 = 4:52 amperes. 


The actual measured value was 4:22 or 7°3 per cent. less, 
which may be accounted for by the known fact that the actual 
wave-form of the current in the coilis not by any means truly 
sinoidal. 

The wave-length A corresponding to a frequency of 
177100 is nearly 169,000 cms., or rather more than 1 mile 
in length. 

The total area S of the large coils using the 5-turn 
circuit is 5 x (243:2)? cms.=295,731 sq. cms, and the value 

E2 
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of S%a? is therefore (295731)? x (4°22)?=156 x10". Also 
(177100)? =554523 x 101%. For a closed square radiator tne 
energy in ergs radiated per period is given as already men- 


tioned by the expression 


S24? 
E=10:4 te 


Hence we have in this case for the power W radiated in ergs 
per second, 
w — 10-4 x 156 x 177000 


551593 = 522 (nearly) 


or about 52 microwatts. 

This is the energy sent out per second through the surface 
of a sphere described round the oscillator the radius of 
which is large compared with the wave-length of the oscil- 
lator in question. 

It is evident therefore that the true radiative power of a 
closed circuit of the above dimensions is extremely small 
compared with that of an open oscillator of the same order 
of linear dimensions. 

Hence when a closed circuit traversed by a high frequency 
current acts to produce secondary currents in another similar 
circuit at less than a wave-length distance from it, the chief 
part of the effect cannot be due to true radiation or detached 
energy but is the result of ordinary electromagnetic induc- 
tion, or the creation of secondary currents produced by the 
ebb and flow or pulsation of the lines of magnetic force per- 
manently connected with the primary circuit *. 

Nevertheless experiment shows that such circuits may act 
appreciably upon one another at very considerable distances, 
when the primary circuit of one is traversed by a high 
frequency current, and the circuits are in resonance with 
each other. 

The old form of wireless telegraphy based upon such 
mutual induction between closed coils, as in the arrangement 


* Moreover, just as in the case of the Hertzian oscillator true radiation 
or detachment of energy only takes place about 4 or 3 a wave-length 
from the oscillator, so in the case of the closed or magnetic oscillator true 
radiation effects can only be produced at a similar distance from it. 
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suggested by Trowbridge and Stevenson, or the parallel wire 
method of Preece, Rathenau and others, employed relatively 
low frequency currents because the receiver used was the 
telephone, and the frequency was therefore limited by the 
range of audition. Even when tho circuits were put in 
resonance, as by Lodge, the difficulties connected with the 
disturbance of commercial telephony restricted the possibilities 
of its use apart from other considerations. 

One object of the present experiments was to obtain data 
for an opinion whether such inductive wireless telegraphy 
could be improved by the use of electric oscillations of high- 
frequency in completely non-earthed circuits so that no 
disturbance of telephones or telegraphs could possibly arise 
combined with the use of a suitable oscillation detector. 
With this end in view, a closed primary-circuit bad created 
in it continuous or undamped electric oscillations, and its 
inductive and radiative effect upon a similar closed receiving 
circuit was measured by means of the Oscillation Valve or 
Glow-Lamp Detector first described by the Author in 1904. 

It consists of a 12-volt carbon filament glow-lamp with a 
metal cylinder surrounding the filament sealed into the bulb. 
The cylinder is carried on a platinum wire sealed through 
the glass. The filament is incandesced by a 6-cell secondary 
battery. If the terminals of a condenser inserted in an 
oscillatory circuit are connected, one to the cylinder and one 
to the negative terminal of the lamp filament, and if an 
ordinary movable coil galvanometer is inserted in this 
circuit, then when oscillations occur in the condenser the 
glow-lamp acts as an electrical valve and the galvanometer 
is traversed by a continuous carrent which bears a definite 
relation to the potential difference of the condenser terminals 
and therefore to the current into it*. 

* This glow-lamp detector or oscillation valve was first described by 
me in a British Patent Specification, No. 24,850 of 1904, and in 
a Paper to the Royal Society (see Proc. Roy. Soc., vol. Ixxiv. p. 476) 
in February 1905. Also in a United States Patent Specification, 
No. 803,684 of 1905, and in a Paper to the Physical Society of London 
(see Phil. Mag. May 1906), as well asin a book on the Principles of 
Electric Wave Telegraphy, pubished in May 1906. These publications 


apparently failed to make it known in the United States, for in October 
1906 Dr. Lee de Forest described to the American Institute of Electrical 
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To calibrate the valve the following arrangement was 
employed. An oscillatory circuit was arranged consisting 
of one of the small square coils L (see fig. 1) and a condenser 
or Leyden jar Cin series with it. In this circuit at one point 
was inserted a fine constantan wire having a thermo-junction 
(T) of iron and bismuth or bismuth and tellurium in contact 
with it. The arrangement actually employed was either the 
thermo-junction usəd with the Author’s Cymometers or else 


Fig. 1. 


the thermoelectric receiver described some time ago* (see 
hg, 1). 

The galvanometer A associated with the junction was a 
5-ohm single-pivot Paul galvanometer. The arrangement 
was calibrated by first passing measured continuous currents 
through the constantan wire and observing the corre- 
sponding scale-readings of the Paul galvanometer. The 
curve plotted out proved to be very approximately a parabola, 
the galvanometer deflexion being very nearly proportional 


Engineers precisely the same device, viz., a carbon filament glow-lamp 
having a plate sealed into the bulb as a detector for electric oscillations, 
as his own invention and re-christened this two-year old appliance an 
audion. No re-christening, however, affects the fact that the appliance 
had been in use by me long previously and especially described as a 
receiver for wireless telegraphy. 

* See “ Radiation from Bent Antenne,” by J. A, Fleming, Phil. Mag. 
December 1906, p. 592. 


Digitized by Google 


AS RADIATORS IN WIRELESS TELEGRAPHY, 55 


to the square of the heating current sent through the con- 
stantan wire. When electric oscillations were set up in the 
circuit they heated the constantan wire and caused a 
deflexion of the Paul galvanometer from which by the 
previous calibration their mean-squre value could be deter- 
mined. In addition the oscillation valve V joined in as shown 
in fig. 1 passed a continuous current through the galvano- 
meter G in its circuit, and readings were taken of this current 
in microamperes corresponding to various measured values 
of the oscillatory current in the square circuit which passed 
through the constantan wire. 

Tne object of this calibration was to be able to use the 
valve subsequently as a means of measuring the oscillatory 


Fig. 2, 


pe 
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current induced in the circuit when it had a value less than 
that which could be easily measured by the thermojunction, 
for when associated with a suitable mirror-galvanometer it 
provides the means of measuring a high frequency current 
of a few microamperes. Moreover it does not introduce 
any extra resistance into the circuit, as would have been the 
case if the constantan wire and themojunction had been 
permanently inserted into the circuit. Observations showed 
that the galvanometer current did not increase proportionately 
to the condenser plate potential difference, but tended to a 
“saturation” value as shown by the curve in fig. 2. 
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The large (8-feet) Square coils were then set up in the 
quadrangle of University College, one being used as a trans- 
mutter and the other as a receiver circuit, ü 

The transmitter coil, in series with a suitable condenser, 
was connected by the long parallel wires or tails with a 
Poulsen arc in the adjacent electrica] laboratory, and per- 
sistent oscillations excited in it. The similar receiver circnit 

ata distance had a condenser of equal capacity in series with 
it and a variable inductance for tuning. The oscillation valve 
had its terminals connected to the receiver circuit condenser- 
plates and wires taken from jt to a mirror calvanometer 
placed in a distant room. The transmitter coil had then 
persistent oscillations set up in it by the arc, and the trans- 
mitter and receiver coils were placed at various distances and 
in various relative positions, and the current created in the 
received circuit was in each case measured by the galvano- 
meter and valve. 

When either of the square coils were placed with their 
planes normal to the line joining their centres and vertical 
to the earth surface, we shall call this position A. When 
either of them were placed with plane parallel to the line 
joining their centres and vertical to the earth we shall call 
the position B, and when they were placed with plane parallel 
to the surface of the earth we Shall call this position C, 
Thus if we represent the coils as seen in plan or looking 
down on them from above we can denote these Positions ag 


follows: — 
A | e © 090o @ e | A 


B anor © o 0 09 o em, 


o [pe] ¢ 


The dotted lines represent R Joning their centres, 
The following experiments were then made ;— 


Expr. I. £jfeet of varying ee Seek of the coils.—The two 
D. e a e 7 ?: se | 

ot coils of 5 turns oe t mage wee centres 60 fect 
8-fee ansmitter current was 5.4 amperes. The 


Tbe tr 


apart. 
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i e receiver 
capacity in the transmitter circuit 0:0026 pean with the 
was tuned to a frequency of 164,000 in sy et up in the 
transmitter and undamped oscillations ted to keep a 
latter by the arc. The electric arc was aadjus! tter circuit of 
constant high-frequency current in the transm Eats 
őt amperes, The arc current itself was 8 ampe 
P.D. from 260 to 320 volts. l a B, and 
The transmitter was put successively in positions As anA; 
C, and in each case associated with receiver in p 


in milli- 
. rrent in 
B, and C, and the receiver or secondary cu 
amperes being measured. 


The results are tabulated in 
Table I, 
TABLE Í. 
ea ea a o AAE a a 
i dary Ourrent 
Transmitte Receiver Secondar 
Position. Position. in milliamperes. 
> 
a | 4 
r B 
9 C 
p À 
99 B 
” C 
f A 
” B 
ih) C 
When the coils 


were in position C their planes were 6 inches 
above the ground. 
The figures in T 


; able I. show that when both coils were in 
position C the receiver 


current exceeded that in any other 
Position, and that although the receiver current was small 
with the coils in the rains of zero mutual induction, 
viz. (A.B.), (B.A), or (C.A.), it was not small in the 
Position (A.C). 

In the case of two small coils placed at a distance large 
compared with their dimensions the magnetic induction for 
a steady field should by theory be twice as great in the 
position (A.A.) 


as in the Position (B.B.), and should be the 


a 
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same in positioa (C.C.) as in position (B.B). Also zero 
in the 6 positions (A.B.), (B.A.), (C.B.), (B.C.), (A.C), 
(C.A.). 

But when using the high-frequency primary current 
the secondary current is still large in the cases (A.C.),( B.C.), 
and (C.B.), viz., when either the receiver or transmitter coil 
‘has its plane parallel to the earth’s surface. 

Subsequent results showed that the height of the coils 
above the ground affected this result considerably. Never- 
theless the exalted effect in pugition (C.C.) is interesting and 
convenient because it is easy to construct large circuits out 
of doors in positions (C.C.) and very much less easy without 


the aid of tall masts to make them in the positions (A.A.) 
or (B.B.). 


Exp. II. Efect of varying distance. Coils vertical.—The 
same pair of coils were set up on positions (A.A.) and their 
distances varied. The receiver circuit was tuned to a frequency 


of 162,000, and the primary current was 4'7 and 5'4 amperes 
in two sets of observations respectively. 


TABLE [I.—Coils in position (A.A.). 


ee a ae eae 


Distance of Centres} Primary Current Secondary Current 


in feet. in amperes. in milliamperes. 
78:0 5'4 137 
123:5 ji 6°46 
170:5 j 1:17 
237:0 ji 0:12 
36:2 4°7 41:9 
88:0 l ii 6:99 
123:2 s 305 
169:7 a 1-01 
237-0 vs Oil 


fe es aa a 


The results are plotted in the curve in fig. 3. 
The curve shows that the inductive effect decreases at 
first very rapidly with the distance, less rapidly than the 


e ll 
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i f the 
inverse cube but rather more than the inverse square o 
distance. 


Fig. 3. 


Receiver Curren? in milliamps. 


100 
Distance in feet. 


Ca II. Effect of varying distance. Coils honzontal.— 
The same coils were set in positions ((.C.) with centres 
6 inches above the ground. The receiver circuit was tuned 


to a frequency of 162,000, and the primary current was 
S4 amperes, 


Taste I1I.—Coils in position ((.C.). 


ie EE Fe ge ee ee 


Distance of Centres | Primary Current | Secondary Current 
In feet. in amperes. in milliamperes. 

Pe a a 

33 54 531 

68 ü 41-4 

121 X 124 

175 3 0°57 

236 P 0-28 


Rc nae the current falls off at a rate between the 
aig ae and inverse square, but the secondary current 
much greater absolute value for the same distance than 
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with the coils in positions (A.A 
the curve in fig. 4 
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Exp. IV. Efect of varying d 
aud 6 inches above the ground 
ments were made with the sr 

having 8 turns on each coil. 
amperes. The receiver circuit 
214,400 in syntony with the tr: 
The coils were placed at vari 

currents measured. 

TABL 


Distance of Centres Primary 


in feet. in anı 
20 : 5 
35 , 
55 > 
80 os 
105 - 


t 
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The same iaw of variation holds good in this case also as 


shown by the curve in fig. 5. 
Fig. 5. 
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Exe. V. Efect of varying height above the ground. Coils in 
position (A.A.) vertical._—The large coils were employed and 
raised step by step to various heights above the ground. The 
primary current was 5'4 amperes. The receiver was tuned 
to a frequency of 162,000. The distance of the coils was 
68 feet. The coils had their planes vertical and parallel to 
each other except in the last case when they were placed 
horizontal or in positions (C.C.) for comparison. 


TABLE V. 
Height of centre | | 
of Coil above | Receiver Current | Coil Positi 
ground, in feet and in millismperes. | eee ae 

inches, | ' 

ft. ins. | | 

4 10 20:98 Cvils vertical (A.A) 
7T 2 21:76 Š 5 j 
9 0 21°50 LAJ 9 99 

10 10 16°84 n a = 
0 6 31-08 


| Coils horizontal (C.C.) 


Here again is shown the improved effect of placing the 
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coils with their planes parallel to the earth’s surface. These 
observations are plotted in the curve shown in fig. 6. 


Fig. 6. 
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Exp. VI. The same measurement was made with the small 
coils 2 feet square of 8 turns, placed at a distance of 60 feet. 
The primary current was kept at 5'4 amperes. The receiver 
was tuned to a frequency of 214,000 and the secondary 
current was measured for various heights of the coils above 
the ground, the coils being vertical and in positions (A.A.). 


TABLE VI. 


| Height of centre of 
Coil above the ground, 
in feet and inches. 


Secondary Current In 
milliamperes. 


ft. ins 

0 0:166 
1 4 0:460 
1 8 0-452 
2 3 0515 
3 2 0:570 
5 3 0 327 
T 2 0:176 
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The results of the last two experiments is to show that 
for constant primary current the receiver current is a 
maximum for a certain height of the coils above the earth's 
surface. The observations are delineated in fig. 7. 


Fig. 7. 
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It is obvious, however, that all the measurements in which 
the coils are placed horizontal and at varving heights above 
the ground need caution in interpreting them. When the 
coil is placed with its plane parallel to the earth, currents 
must he induced in the soil, and the effective inductance of 
the ccil and therefore the frequency of the current must 
be altered. The nearer the ground the less is the effective 
inductance of the coil, but on the other hand the capacity is 
increased. Hence, even if the primary high-pressure current 
is kept constant, there will be variations of frequency which 
affect the inductive action of the primary on the secondary. 
That such is the case was shown by the results of a further 
set of measurements with the large coils, the power taken up 


in the arc and its power-factor being observed at the same 
time. 
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Exp. VII.—Large square coils placed parallel to the 
earth. Distance 68 feet. Receiver tuned to a frequency of 
162,000 approximately in syntony with the transmitter. The 
coils were raised to various heights above the ground and 
the secondory current measured. The transmitter current 
was kept constant at 5'4 amperes. 


TaBLeE VII. 


Height of Coils 


above the ground, Power taken | Power factor | Gocondery 
ed fasia in watts. of Are, milliamperes. 
ft. ins 
On ground 1:0 458 
0 2 091 47°4 
0 6 
0:89 277 
1 7 0:92 22:5 
2 2 0:93 16:0 
4 0 | 1:00 5:18 
6 0 | 0-98 8:03 


The above observations are reduced to graphic form in fig. 8. 


Fig. 8. 
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They show how much the receiver current varies with the 
height of the coils above the ground, the maximum value 
being reached when the coils are about 2 inches above the 
surface. Also they show that when the coils are laid flat on 
the ground there is a great increase in the power taken up 
by the arc. 

Raising the coils from 6 inches to 6 feet above the ground 
decreased the secondary currents to one-fifth. 


Exp. VIII. Comparison of coils of diferent areas—The 
two large or 8-feet coils were compared with the two small 
or 2-feet coils, In both cases the distance between primary 
and secondary was 79 feet, and the coils were parallel to the 
earth and at 6 inches above the surface. In both cases the 
primary current was 5'4 amperes. 

The small coils had 8 turns and were tuned to a frequency 
of 214,400. 

The large coils had 5 turns and were tuned to a frequency 
of 162,000. 


Tagg VIII. 


Secondary 
Coils used. Number Frequency. Current in 
of turns. a 
inilliamperes. 
| 
, Small. 
' 2 feet in side... 8 214,400 0-082 
Large. 
8 feet in side... 5 162,000 27-4 


the small coil. 


Exp. IX. Comparison of the same coils with different 
numbers of turns.—The two large coils were wound with 
two circuits each of 5 turns and they could be joined in 
series so as to make a coil of 10 turns. The coils were placed 
parallel to the earth and at a distance of 6 inches above it. 
The primary current used in both cases was 5'4 amperes. 
The inductance of the primary circuit was 380,000 cms., and 
when 10 turns were used it was 1,000,000 ems. The power 
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taken up in the arc therefore was not the same in the two 
cases, 


TABLE IX. 


Number Power taken Frequency Secondary 

of turns up in Arc of Current in 

on Cuil. in watts. Oscillations. | milliamperes. 
5 | 2495 162,000 27°4 


10 | 1537 99,600 21:4 


mmm _— 


The increase in the number of turns by increasing the 
inductance lowers the frequency of the oscillations, and this 
lowers the power taken up in the arc, and therefore the 
secondary current is reduced roughly in proportion to the 
decrease in frequency. In all the above experimenis the 
Poulsen arc was used as a generator of undamped oscillations. 
It was considered desirable, however, to compare the effects 
obtained in this case with those when using a spark method 
of exciting intermittent oscillations. 

The large square coils were placed vertical and facing each 
other in positions (A.A.) and at 68 feet apart. They were 
tuned to a frequency of 162,000. Oscillations were then 
excited by an arc and a spark and the primary and secondary 
currents measured and volt amperes given to the generator 
in each case, as follows :— 


TABLE X. 


Volt Primary Secondary 
Generator. | Volts. | Amperes. | |) og | Currentin | Current in 

oe amperes. milliamperes. 
Spark ......... 


12:2 2:6 317 2:15 0:56 
E 8:0 


2080 


Roughly speaking, therefore, 70 times more power was being 
expended on the arc than on the induction-coil used to 
create the spark, but the secondary current only increased 
some 38 times. 
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This seems to indicate that the intermittent spark method 
of exciting the oscillations is not inferior but rather superior 
in efficiency to the arc method, for the particular purpose 
here considered. 

The conclusions to be drawn from this preliminary set of 
experiments are that the inductive effects observed between the 
closed oscillatory circuits used are in the main due to electro- 
magnetic induction and not to true radiation. Secondly, that 
the most advantageous position of the coils is with the plane 
of the coils parallel to the earth’s surface and at a small 
distance above it. Thirdly, that the increase in the area of 
the coils is especially advantageous, and that therefore the 
coils used should consist of single turns of wire enclosing as 
large an area as possible. Fourthly, that the inductance and 
capacity of the circuit must be kept low to keep up the 
frequency. Lastly, the spark method of exciting the oscil- 
lations can be advantageously employed. 

The best method, therefore, for constructing and using 
such closed circuit antenne for high-frequency closed circuit 
wireless telegraphy which seems to be indicated by the 
foregoing experiments is as follows :— 

In some large field set up a namber of short wooden posts 
having telegraphic insulators attached tothem. Round these 
lay a number of wires, which may be bare copper wires, so 
as to form a closed circuit of one turn of a number of parallel 
wires, the circait being say a foot or two from the ground, or 
if cows, horses, or sheep are kept in the field it may be better 
to keep it up 7 or 8 feet from the ground. Complete this 
circuit by a condenser and spark-gap and make provision 
by a high-tension transformer for exciting oscillations in the 
circuit. 

In a similar distant and syntonised circuit include any of 
the receiving devices now employed in radio-telegraphy, and 
signals can be transmitted and received without high antenna 
and without interruption to commercial telephonic circuits. 
Such closed horizontal receiving circuits will not pick up 
signals from the vertical antenna transmitters commonly 
used. 

The method suggested is in fact the old form of magnetic 
induction space-telegraphy, but conducted with electric 

F 2 
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oscillations in place of the low-frequency currents obtained 
by an ordinary alternator or interrupted battery-current. 
On the other hand, direct experiment with low-frequency 
alternating currents of 5'4 amperes passed through the small 
coils used in these experiments, showed that no inductive 
effects detectable at more than a few yards at most were 
apparent when using an ordinary telephone as a receiver. 
Even if the whole of the inductive effect is due to simple 
electromagnetic induction, the use of high-frequency currents 
is a distinct advantage. 

The experiments here described are mercly a preliminary 
to large scale experiments in actual closed circuit telegraphy 
the writer hopes to be able to try later on. 

One drawback to the magnetic induction form of telegraphy 
is the rapid rate at which the effect falls off with the distance. 
In the case of true radiation at long distances the forces vary 
inversely as the distance, but a more rapid rate of decay, 
something between the inverse cube and inverse square, holds 
good for the inductive effect at least at short distances. 
Hence the use of magnetic oscillators as transmitters is never 
likely for this reason alone to rival the electric or open 
oscillator, but there may be circumstances under which it 
is possible to use them with advantage. In conclusion the 
author desires to mention that the actual measurements 
recorded in this paper were taken by his assistant, Mr. G. B. 
Dyke, B.Sc., with the kind help of Mr. K. W. McMillan, 
and to these gentlemen i is due an acknowledgement of their 
share in the work, in making these observations with much 
intelligence and care. 


DIscvusstown, 


Mr. A. RrssELL thanked the author for his clear exposition of the 
theory of electric oscillators and for the valuable formulz he gave for 
magnetic oscillators, The experiments described were exceedingly 
interesting and instructive. It was, however, difficult to interpret some 
of the resulta obtained. He asked whether the author had been able to 
find a position for the secondary coil in which no current was induced 
in it. Possibly buried pipes or metallic conductors, iron girders in 
adjacent buildings or iron railings in the neighbourhood, might have had 
some influence in modifying the inductive effects between the coils. 

Mr, TAYLOR said that the Post Office had tried arrangements similar 
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t the 
to those described for magnetic space telegraphy, and had found tha 


: ; ected 
closed circuit method was inferior to that in which earth-conn 
vertical coils were used. Th i 


using an earth-connected aud a closed circui eee’ thod 
to one, and he thought the improvements in the ee sane? 
would have to be very great to make it equivalent to the eart 

method, 
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1. Introductory. 


THE accurate measurement of small self inductances and 
capacities has of late years assumed an increased importance 
Owing to its direct practical application in connexion with 
wireless telegraphy ; and much important and interesting 
ae been done on the subject especially as regards 
ae he culation and measurement of seif inductance. For 
in Faina past I have found that suitably designed mutual 
a mera of the greatest assistance in such measure- 
tei p incline to think that by their use some of the 
Miss aitt ae inherent in other methods are avoided. 
era any nara here described was designed for the 
heinctea) asad the small self inductances (1 to 200 micro- 
ea ae nelly telegraphy, and it has proved most 
aa a ties - Before I proceed to describe the 
oe methods of use which I have found valuable, 


relati ae rand compare mutual and self inductances in 
on to their capabilities in practical use. 


* Read October 25, 1907. 
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2. Mutual versus Self Inductance. 


For a number of reasons mutual inductances are more 
easily dealt with than self inductances. Those of invariable 
value, when properly designed, have the following 
advantages :— 

(a) The absolute values can be calculated with much more 
certainty from the geometrical dimensions, since the formulas 
for mutual inductance are of high theoretical accuracy while 
those for self inductance are much less satisfactory *. 

(L) Unless the conductors are highly stranded, the current 
distribution varies with frequency and in general the self 
inductance will also vary. By keeping the two circuits at a 
relatively large distance from one another the mutual induc- 
tance is practically free from this effect. 

(c) The effects of distributed capacity are probably less in 
mutual than in self inductances, In all cases the distributed 
capacity of one of the two coils can be made very small by 
sufficiently decreasing the number of turns in it (or opening 
them apart) while increasing the number in the other coil to 
keep the M constant. 

When the mutual inductance is of the variable type, it can 
always be designed so that its value can be varied continuously 
from negative to positive through zero. This is a very great 
advantage, for with variable self inductance standards the 
incapability of reaching a zero value is a distinct drawback. 


3. Construction of Variable Mutual Inductances. 


For short range standards the construction used by Lord 
Rayleigh may be employedf. In this the primary coil is 
inside the secondary and can be rotated round a common 
diameter as in the Ayrton-Perry variable self inductances, 
and the whole positive range is comprised within 90° of 
turning, which gives a scale not nearly open enough for 
high accuracy. I have therefore designed a different and 


æ For example see Rosa, Bull. Bur. Stands. vol. ii. p. 161 (1906) ; 
and Strasser, Ann. der Phys. vol. xviii. p. 763 (1905). 

+ Phil. Mag. vol. xxii. pp. 469-500 (1886); Collected Papers, vol. ii, 
p. 155. 
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more elaborate arrangement which gives a much more 
extended scale. I proceed to describe the first model, which 
has been in use for a considerable time with most satisfactory 
results, 

The general arrangement of the apparatus is shown 
diagrammatically in figs. 1 and 2, which are plan and side 


Fig. 1. Fig. 2. 


ree aot eas 2 


View respectively. The primary * circuit consists of two 
equal coaxial coils C and C’, which are connected in series, 
their windings being in the same direction of turning. The 
Secondary consists of the coils D and F in series. Of these 
coils, D is movable, being mounted on an excentric axis Q 
% as to be free to turn in a plane parallel to those of C and 
Cand midway between them. Rigidly connected with the 
movab'e coil is a pointer H which moves over a circular 
‘ale of about 180° in extent and graduated to read directly. 
e coil F is subdivided into ten sections, which are in 
“Ties each of them being 0°1 millihenry, and their junctions 
“Te brought to a set of separate terminals or studs with a 
hing head. The range of the moving coil extends from 
~0-002 to +0°11 millihenry. This gives a continuous range 
Tom 0 up to 1 millihenry, readable near zero to 0:02 micro- 
enry, to 1 part in 500 at 0-1 millihenry, and to 1 in 5000 
at 1 millihenry. The subdivision of the coil F is easily 
‘arried out by the following artifice. The coil is wound 
With uniformly stranded wire of ten insulated strands, all 
the strands are connected in series, and the whole adjusted 


S Itis only for convenience of description that the circuits are here 
distinguished as primary and secondary. T hey are really quite inter- 
changeable, 
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to give 1 millihenry *. If the stranding has been properly 
done, it will be found that no one of the sections differs from 
its neighbours by more than 1 part in 1000, and each is 
0:1 millihenry. The placing of the movable secondary coil 
midway between the planes of the two primary ones ensures 
that small axial displacements shall have very little effect on 
the mutual inductance. 


4, Adjustment and Calibration of Variable Mutual 
Inductances. 


The equality of any pair of sections can be tested by con- 
necting them in series with their windings in opposition in 
circuit with a ballistic galvanometer and reversing the current 
in the primary. It should be noticed here that, if a primary 
coil have any number of secondary circuits, the mutual 
inductance to all the secondaries in series is equal to the 
algebraic sum of their separate mutual inductances (+ or — 
according to the direction of the winding). Owing to this 
very important property we can build up and step down in the 
values as easily as if we wera dealing with resistances, and 
there is the further simplification that we can subtract as 
well as add the values. The marking of the scale and the 
setting of the coil F are done by comparison with a fixed 
standard mutual inductance such as I have described else- 
wheref. The comparison may be made by Maxwell's method f, 
using a sensitive ballistic galvanometer or a vibration galva- 
nometer as detector, When a vibration galvanometer is 
used as in fig. 3, it should be remembered that, for a 
balance, two conditions must be satisfied, viz., 


M,/M,= R,/R, 
and L/L; =R,/R,, 


where R, and Rg include the resistances of the secondary 
coils. In order that the second condition may hold, it is 


è Mutual Inductances with stranded wires were used many years ago 
by Prot. Brillouin (Thèses presentées à la Faculté des Sciencea de Paris, 
1882). 

t Phys. Soc. May 1907 ; Phil. Mag. [6] vol. xiv. p. 494, Oct. 1907. Also 
see Proc. Roy. Soc. A, vol. Ixxix. p. 428, June 5, 1907, 

t Maxwell, Elect. and Mag. 2nd edition, ii. § 755. 
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necessary to introduce into one of the secondary branches a 
coil a whose self inductance can be continuously varied ; by 
alternate adjustments of R,/R, and the self inductance of this 
coil, a balance is easily obtained. The fact that R, and R, 
are partly of copper coils is apt to introduce some inaccuracy. 
The copper resistance, however, can usually be largely 
swamped without losing too much of the sensitivity. 


Fig. 3. 


In connexion with this method I may mention that it is 
Perfectly applicable to the case of comparing the mutual 
'Nductances between one primary circuit and two separate 
Secondaries. This case is shown in fig. 4. 


By this means a thorough intercomparison (or adjustment) 
“n be made between the various sections of a subdivided 
Mutual inductance. By further sets of secondary coils for 
higher multiples (10, 100, and so on) any desired range may 
be obtained. By stranding (or otherwise subdividing) the 
primary coils as well as the secondary ones a multiple-range 
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inductance is the result. In all cases the subdivision can 
he effected by other means than stranding the wires, which 
is merely used to avoid the separate adjustment of the 
sections. The main objection to the subdivision by stranding 
is that it increases the distributed capacity of the coils. 
With coils of many turns this might be a serious drawback, 
but with the relatively few turns required for 1 millihenry 
the effect can only be very small and I have not yet noticed it in 
practice. It should be kept in mind that, as in all standard 
inductances, eddy currents should be prevented by using only 
highly stranded wire for the winding of every section and by 
avoiding the use of any metal parts near the coils. 

By varying the relative dimensions and positions of the 
two fixed primary coils CC’ (fig. 2) and the movable 
secondary D, the scale can be considerably modified, and can 
be designed to suit special purposes. The most generally 
useful type of scale becomes more and more open as the 
readings approach zero, for this gives good accuracy of 
reading even at very low values. Fortunately in the present 
instance this tvpe of scale can readily be attained. Further 
discussion of this point will be found in an Appendix. 


5. Employment of Variable Mutual Inductances. 


Variable inductances of this type may be used for several 
purposes. Their most obvious application is to the calibration 
of ballistic galvanometers for magnetic testing; and I have 
found them of the greatest value for quickly adjusting a 
galvanometer circuit to read B directly for any given iron ring. 
I need not dwell on this application at present, but proceed 
to describe several methods to which they are applicable. 


6. Measurement of Mutual Inductance (Method A). 


Any unknown mutual inductance, whose value lies within 
the range of the variable standard, can be at once determined 
by connecting the primaries of the unknown and the variable 
in series to B (fig. 5), a source of alternating or intermittent 
current, while the secondaries, with their windings in oppo- 
sition, are connected in series to a vibration galvanometer G. 
The variable M is then adjusted to bring the deflexion to 
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Fig. 5. 
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~ ba not apply to mutual inductances higher than 

on um value of the variable standard ; for these 
er method will be described below (see § 8). | 


T. . 
sf Measurement of Self Inductance (Method B) 
n i 
De E ai Ee mutual inductance M whose primar 
network, as a ivided coil be connected into a ie lanes 
a ee own, along with a self inductance Lis; Let 
nees of the arms be P, Q, R, and $ ATA i 
? $ e y, 


Fig. 6. 
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i inductan 
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the instantaneous values of the currents 
be i, i and ¿ as marked. Let p= 
frequency, and for convenience of w 
denoted by æ, so that a®’=—p%, The 
may be made positive or negative ac 
which the coils are connected; and i 
might write + M for M throughout. V 
shows a balance, =v, and the insta 
current through G is zero. 
Also ee ee 
=i i. 


Accordingly we may write 


(P + Lia)jiıi—Mai=(Q +I 
therefore 
[P+ (Li +M)a]i=[Q+( 
also Ri, =S, 
Hence 


S[P + (Lı +M)a]=R[Q+ 


Equating the real and imaginary p: 
SP=QR, 


and S(Lı + M)=R(L,- 


Exactly the same equations hold > 


source and the galvanometer are int 


The most useful case is when th 
made equal, ¢. e. S=R; then (1) an 


P=Q, 


and L =, Ly = 2N 


This case gives an extremely com 


small self inductances, which is a 
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æ (Nov. 22, 1907.) I E 
that P Equation (2) has s 2 
manner by Gratz (Wied. Ann. : 
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inductive rheostat r. Inthe arm AC is placed a“ balancing ” 
coil b also of self inductance L and of resistance equal to or 
slightly greater than that of b. By adjusting r the bridge 
will balance when M=0. The small self inductance N to be 
measured is now inserted in series with coil bin arm AC, 
and a balance obtained by altering r and M. Then, by (3), 
N=2M. Thus N is found directly from the reading of M, 
and the range of values that can be measured runs from 0 up 
to twice the highest reading of the variable mutual inductance. 


Fig. 7. 


[For values of N above this range the more general case 
(equations (1) and (2)) may be used.] The L’s of the coils 
“and b should be adjusted to equality once for all by putting 
at zero and setting one of the coils. An exact setting is 
“Onvenient, but not necessary, for if Laand Ls differ slightly, 
they can be balanced (without N) by a small reading M, If 
M be the reading for balance when N is inserted, then 
N =X(M—M,)*. 
Even if a and bare well matched, it is always well to begin 
y reading their difference if any. 
It will be noticed that the method is really a differential 
One; when N is introduced into the arm AC no alteration has 


è (Oct. Ist, 1907.) If, instead of the coil N, a condenser K with 
Series (absorption) resistance g be added, then 


1/p?K = 2M, 
and q=change in r. 
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to be made in the other arms except to increase the resistance 
of AB by an amount equil to the resistance of the coil N. 
But although it has all the advantages of differential mea- 
surement, the reading can be made to give N directly without 
having to take a difference at all. This is due to the use 
of the inductive balancing coil b *. 

The method has the advantage that it does not require the 
knowledge of the absolute value of any resistance. The non- 
inductive bridge arms must be equal; to check the equality 
they can be interchanged. For the noninductive adjustable 
resistance 7 I usually employ a special rheostat consisting of 
two slightly flattened thin wires running parallel to one 
another at a few millimetres distance, with a sliding contact 
piece across them to complete the circuit. The inductance 
of such a rheostat can be approximately calculated, and 
may thus be allowed for when measuring very small self 
inductances. The inductance of the part added to com- 
pensate for the introduction of N has merely to be subtracted 
from the result. 

In practice the method proves very convenient; with the 
variable mutual inductance described above, self inductances 
of any value from 0-1 microhenry up to 2000 microhenries can 
be measured directly without the bridge being altered in any 
way except in the rheostatr. In a later model shown in the 
accompanying Plate IV. the whole scale of the movable coil 
corresponds to 20 inicrohenrics, and at this value it can be read 
to lor 2 in 1000—at 200 microhenries to 1 or 2 in 10,000. 
All the resistances of the coils are very low, and the sensitivity 
can be considerably increased by using M. Wien’s method 
of connecting the vibration galvanometer to the bridge by 
means of a transformer of suitable ratio (n/n small). The 
method will also give the difference between two unknown 
self inductances introduced into AB and AC. 

The addition of a condenser to Method (B) gives an inter- 
esting corroborative method (Method C). If (fig. 8) the 
condenser K is in shunt with S, 


æ If coil 6 be made noninductive we revert to Maxwell's method of 
comparing the M of a pair of coils with the L of ons of them. 
Equation (2) then reduces to L/M= -= (1+ R/3). Maxwell, ‘ Elect. & 
Mag.” 2ud edit. vol. ii. § 756. 
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it may be shown that, for a balance, 

SP—RQ=p*RSK(L,;,—M), ... . (4) 
and S(L,—-M)—R(L,+M)=QRSK. . . . (5) 
When R=S and L,=L,=L, 

P—Q=p*’RK(L—M), ..... . (6) 
and IM SHOR Kes Gc ew ea we SE Se, OT) 


Fig. 8. 


Equation (7) gives a check of K against M without having 
measure the frequency. The adjustment is dependent on p, 
owever, and therefore a steady frequency is necessary, which 
18 hut required in Carey Foster’s Method. 
From (6) and (7) we get 


Q(P—Q)=2p"M(L—M). . . . . (8) 


&. Measurement of Mutual Inductance greater than 
Standard (Method D). 


When the unknown M is beyond the range of the variable 
Standard the following method is applicable. 

Let the primaries of the variable standard and the unknown 
T be connected up as in fig. 9, adding to the latter if 
Necessary a coil ¢ of sufficient self inductance to make N 
COnsiderably greater than L. Let a balance be obtained 
(by Maxwell’s Method) and hence 


. PS=RQ, .... 2... (9) 
and NS=LR. (10) 


e 
a . 
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Now, without altering any other branches, let the secondary 
coils be introduced (in opposition) into the galvanometer 
circuit as shown in fig. 10. 


If a balance be now obtained by adjusting the variable M, 
then it is easy to show that 
(P+R)M,=(Q+S8)M, > o è © (11) 
and PS—p’M,.(L—M,) =QR—p?M,(N—M,). . (12) 
Since (9) and (10) still hold, these equations both reduce to 
RMjeSM, è ata d @ OD) 
which gives M, immediately in terms of the reading M, and 
the resistances R and § (neither of which include copper 
coils). The self inductance of the added coil c need not be 
known, but if R and S have not a slide wire between them, 
c ought to be slightly adjustable, which is easily arranged by 
having part of it a small coil of a few turns that can be 
shifted about over the remainder. 


9. Measurement of Capacities (Method E). 
As in fig. 11, let the primary P of the variable standard 


Fig. 11. 


be connected in series with a condenser K to a periodic 


Jigitized by Google 
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source H, while the secondary Q is connected to a vibration 
galvanometer as shown. Let M be adjusted until the galvano- 
meter gives no deflexion, in which case we have 


ee ae 
+Ma= y- i, now ae’ do ta, es (LA) 


or +pMK=-—1. 


The secondary must be connected in such a direction that 
the lower sign is taken, and thus 


peMK=1, ... .... (15) 


where M is in henries and K in farads. 

Itisinteresting to notice that this formula is similar in form 
to that for resonance with a condenser and self inductance, 
viz. pLK=1. With self inductance we usually tune to get 
a maximum current through the galvanometer; with mutual 
Inductance, on the other hand, we tune for zero current. 

Mis in henries and K in microfarads, equation (15) gives 


159°2 
nee (16) 
and if M and K are known, the frequency can be determined. 
If the frequency is not fairly high, the product MK 
“Comes inconveniently high, e. g. M=1 henry, K=10 mfds. 
gives n= 50 ~ per sec. In contrast, n = 10,000 for 256 
™crohenries and 1 mfd. 

e following is a practical example of the method :—The 
“rece was a microphone hummer for 2000 ~ per sec. and 
the detecting instrument a tuned telephone. A balance was 
tained for K=10:06 mfds. and M=0°626, millihenry, 
Whence the frequency was found to be 2004~ per sec. 

Ath another condenser (a carefully calibrated subdivided 
e), capacities of 1:000, 0°900, 0:800, 0°701, 0°601, and 
0551 gave 


n=1999, 2005, 2009, 2001, 2004, and 2001 ~ per sec. 


respectively; the variable M was not, however, so accurately 


readable in this case. 
In this method it is very important that the insulation 
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resistance S of the condenser shall be high. If the leakage 
is not negligible, equation (14) becomes 
À So. 
T Mai = I+ S Ka 2 
_S(1—SKa) 


T I+ pK? le à e . e (17) 


Putting the real part equal to zero we have 
l 1/(1 + p?S?K?) =0, 

showing that an exact balance can only occur when 
p'’S?K? =æ. In practice the insulation resistance of a good 
mica condenser is quite high enough to give a good balance ; 
even a good paraffined paper condenser will work fairly well, 
but an ordinary one gives only a minimum deflexion on the 
galvanometer *, 

The application of this null method to the high frequencies 

used in wave telegraphy is made difficult by reason of the 
coexistence of two frequencies in the waves used. 


APPENDIX. 


Scale of Excentric-Cotl Variable Mutual Inductance. 

The problem of finding the mutual inductance between 
two circles (thin circular coils) not in the same plane and 
whose axes are parallel has not yet been solved, as far as I 
know. For any particular case the result may be calculated 
by quadratures as follows. 

In fig. 12 let the two circles be H and G, of radii a and A 
respectively, b being the distance between their planes, and 
q the distance between their axes. Let the circle H’ be the 
projection of H on the plane of G, and let BCD be an 
elementary strip concentric with H’ of radial width Or, where 
O’B=r. Let CO'B=0. Then the M between circle H and 
strip BCD 


(M of circle H and annulus TBD) 


m 


0 = 2 2 
= oe [-4amn, va (t= k) Fi + Ea} 10-* |ð, 


* This may, however, be due more to absorption than leakage. 
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or 


_ 9 2mnm 10- EN? 
M= VTP {20 (F,-E,)— (r—a)(;) E, bar, 


where . . ve (18) 

k=2 Var] y (a+r)? +0 = siny, 

k= cosy, 
and F, and E, are complete elliptic integrals to modulus k, 
-Also ; 

O= coat tI“ 
2rq 
Fig. 12. 


Thus when a, A, b, and q are given, by calculating 9M 
by (18) for a series of equally spaced successive values of r, 
m r=g~ Atog+A, and adding in the usual way, the 
lue of M can be approximately found. By this process, 
"hich is rather laborious, the following approximate 
Yalues were found, when A=20, a=10, b=5cm and 
™ n= 100,000 :— 


an millihenries. 
0 9°3 
5 9°7 

10 9°9 

15 6°7 


It is interesting to notice that the maximum value of M 
G2 
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does not occur when the axes of the coils are coincident 
(g=0). To avoid the labour of the calculation by quadra- 
tures, some rough experiments were made with coils of finite 
section (about 0°6 x 0°6 sq. cm.). From one set of these the 
series of curves shown in fig. 13 was obtained. The coils 
were of mean radii A=10, a=5 cm. respectively, nı n3 
being 100,000, and g and b were given various values. It 
will be seen that for 5=2°6 the maximum M does not occur 


Fig. 18. 


l 1—0 — 
2-6 b <5 > 
3S 
1 
A a 10, as 5 Con 
54 Nj = 10 0000 
78 
ISS 
m 
Mikleksarui. 


at the symmetrical position (just as in the case calculated, 
above). For equal coils, however, the coaxial position gives 
the maximum M. The curves also show that the value of q 
for which M vanishes and changes sign becomes greater and 
greater as the mean planes of the coils are set at greater 
distance from one another. The ratio of A/a has been made 
2 in this example, as that isa suitable proportion for use in a 
practical instrument. Having now the curves connecting M 
with q, the distance between the axes of the two coils, it is 
easy to investigate the variety of angular scales obtainable 
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by turning one of the coils round an axis parallel to its own 
axis. 

Let a definite value of b be taken, say 5=5, which is 
convenient in practice, and in fig. 14 let the smaller coil be 


Fig. 14. 


movable about an axis perpendicular to the plane of the 
paper at Z, and let the radius ZQ=p. Let the distance ZO’ 
of the axis Z from O’ (the point where the axis of the other 
coil cats the plane of the paper) be h. Let the angular scale 
reading YZQ=$¢. 

Then by choosing various values for p and h we can get a 
wide variety of movement of the centre Q (of the movable 
coil) relatively to O’, and hence a variety of scale calibra- 

2 2 2 

tions. Since cos ġ = eles La “Hee , the angle ¢ corresponding 
toa reading M can be got from q, h, and p. The scale can 
be most easily set off by the following geometrical con- 
struction. Draw a circle with centre Z and radius p, and 
make ZO’ equal toh. Then find on the (6=5) curve in fig. 13 
the q corresponding to a particular value of M. With this 
value of q as radius,a circle with centre O’ will cut the 
circle X at the point of the scale required. By taking suc- 
cessive values of M the direct-reading scale can be set off 
round the circumference of the circle X. 

As an example, in fig. 15 are given three scales for h=5'5, 
p=55; h=Z7, p=7'2; and h=10, p=4'2 respectively, when 
A=10, a=5, b=5, and nı n, = 33,000. 

Although these scales give very different ranges, the 
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general characteristic of all three is an openness at both 
ends; no proportions that I have tried tend much to make 
the scale uniform throughout. The openness at the lower 
values is a distinct advantage, however, when dealing with 


Fig. 16. 


125 


100 


small inductances; but care must be taken, when marking 
that purt of the scale, that the subdivisions shall be accurately 
marked and not put in merely by interpolation. 

Scale (2) in fig. 15 is the best of the three and is nearly 
that which I have used in practice. 


In conclusion I desire to express my best thanks to 
Dr. Glazebrook, for his kind encouragement and valued 
advice. 

Sept 21, 1907. 
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Discussion. 


Dr. Femina asked the author how his method compared in accuracy 
with the Carey Foster method, using a commutator to add up the 
impulses. He had frequently measured mutual inductance by deter- 
mining the self-inductances of the primary and secondary joined in 
seriea, with the windings first helping each other and then opposing each 
other. He asked if the author’s methods were applicable when dealing 
with the high frequencies used in wireless telegraphy. 

Mr. A. RUssELL agreed with the author in thinking that mutual 
inductance was sometimes easier to calculate and easier to measure than 
self-inductance. The variable mutual inductance standard shown was 
very compact, and would be a great acquisition to a physical laboratory. 
In calculating self-inductance the variable current density over the 
cross-section of the wire sometimes brought in serious difficulties. The 
measurement of self-inductance in these cases might possibly be made 
by Mr. Campbell's method, but the limitations introduced into his 
formule by the assumption that the back E.M.F. was proportional to 
the rate at which the total current was changing would have to be 

considered. 

Mr. CAMPBELL, in reply to Dr. Fleming, said the methods of mea- 
suring mutual inductance described in the paper were more convenient 
and direct reading than that of Carey Foster, although they were not so 
absolute. They were of higher accuracy than the difference method, in 
which the primary and secondary were put in series and their combined 
self-inductance measured both with the windings helping and opposing. 
In reply to Dr. Fleming and Mr. Russell, the methods of measurement 
described were not intended, in general, for use with high frequencies of 
the order of those used in wave telegraphy, where resonance methods 
appear to be the only ones available. Mr. Campbell mentioned that the 
correction for the small inductance of the rheostat in method (B) could 
be gut rid of by making the rheostat of constant inductance, this being 
attained by running a manganin and a copper wire side by side with o 
travelling contact across them, the current entering by the copper at one 
end and leaving by the manganin at the other. 
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VI. A Freehand Graphic way of determining Stream Lines 
and Equipotentials. By L. F. RICHARDSON * 


[Plate V.] 


SCHEME OF PAPER. 


I. On the need for new methods. 
II. The first idea of freehand solution and confirmation of its 
accuracy. 
III. The conditions which the solution of V?V=0 must satisfy in 
order that it may be determinable by a single graph. 
(a) When the guiding lines are normal to a family of surfaces. 
Possible ty pes—test cases. 
(b) Thin shells. 
(e) Screw symmetry—example. 
IV. Points and lines of equilibrium. 
V. Equations other than Laplace’s— variable conductivity. 
VI. Boundary conditions. 
VII. Miscellaneous notes on draughtsmanship. 
VIII. Estimation of errors. 


I. The Need for New Methods. 
Tue Laplacian differential equation 
dV E V BV 
de ta tar T 
has received an extraordinary amount of attention during the 
last century owing to the great number of physical quantities, 
the space distribution of which can be determined from its 
integrals. The analytical integrals hitherto obtained by such 
means as Fourier series, Bessel functions, spherical and other 
harmonics make it possible to determine the distribution when 
the boundary conditions bear relation to certain simple types 
of surface, such as parallelipipeds, cylinders, spheres, ellipsoids, 
anchor rings, &e. 

Now for physical research this is well enough. It is 
usually possible to arrange the instruments so that the parts 
involved are of these simple forms. The wires may be wound 
in circular rings of small cross-section, as in Helmholtz’s 
valvanometer. The pieces of substance for the measurement 


= 0 


* Read November 8, 1907. 


OF DETERMINING STREAM LINES AND EQUIPOTENTIALS. 89 


of specific properties may be shaped into square bars, as in 
Forbes’s experiments on the flow of heat. Or, as in Kelvin’s 
attracted disk electrometer, parallel plates may be made 
practically infinite by his device of the guard-ring. 

But for the purposes of the engineer this is of very limited 
application. If he is to handle partial differential equations 
freely, they must be applicable to bodies of most various shapes, 
such, for example, as the toothed core-plates of dynamos, the 
water surrounding ship shells and screw propellers, the space 
between turbine blades, and a host of other forms, too irregular 
to be readily described. 

Farther than this, the method of solution must be easier 
to become skilled in than are the usual methods with harmonic 
functions. Few have time to spend in learning their 
mysteries. And the results must be easy to verify—much 
easier than is the case with a complicated piece of algebra. 
Moreover, the time required to arrive at the desired result 
by analytical methods cannot be foreseen with any certainty. 
It may come out in a morning, it may be unfinished at the 
end of a month. It is no wonder that the practical engineer 
is shy of anything so risky. 

Harmonic functions have, however, one very strong point 
in comparison to the methods put forward in this paper, and 
that is their accuracy. Once we have determined V as an 
infinite series of harmonic functions, it is usually not much 
more labour to obtain an accuracy of 1 in a million than of 
1 in ten. 

Now it is true that in the determination of absolute electric 
standards measurements are made to 1 in 100,000 or to an 
even greater refinement. But for most chemical and physical 
work 1 in 1000 is more like the limit attained. And in any 
new branch of research, two, five, or even ten per cent. are 
very welcome. The root of the matter is that the greatest 
stimulus of scientific discovery are its practical applications. 
And here, in the design of machinery for example, cost rules 
everything, and this can seldom be foreseen as near as 
1 per cent. 

To sum up. The existing methods of solving Laplace’s 
equation are susceptible of great accuracy, but they are slow 
and uncertain in time and, most serious of all, they can only 
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be applied to very special boundary conditions. There is 
obviously a demand for a method of solving that group of 
partial differential equations—of which we may regard 
Laplace’s as the simplest type—which shall, if necessary, 
sacrifice accuracy above 1 per cent., to rapidity, freedom 
from the danger of large blunders, and applicability to more 
various forms of boundary surface. 


Il. The First Idea of Freehand Solution. 


The real simplicity of the space distributions of electric 
and magnetic phenomena,—so much disguised in the algebraic 
integrals of the differential equations, but rescued from con- 
fusion and clearly set forth by the vector analysts, Heaviside, 
Walker and others,—leads one to hope for equally simple 
methods of calculating their numerical values with reference 
to any boundary whatever. 

The beautiful figures of stream and equipotential surfaces 
published by Maxwell, Lamb and others as the result of 
harmonic analysis, and by Hele Shaw as the result of experi- 
ment, suggest that by imitating their characteristic properties 
frechand we may, in some small part, attain the result 
desired. 

Maxwell in § 92 of his ‘Elementary Treatise on Elec- 
tricity and Magnetism’ speaks of tentative methods of 
altering known solutions of the Laplacian equation by drawing 
diagrams on paper and selecting the least improbable. The 
object of the present thesis is to point out that this method 
ean do far more than merely alter known results, and that it 
may be so far from tentative as to yield an accuracy of 
one per cent of the range. 

This method of treating potentials, although still far from 
combining all desirable qualities, and suffering from the 
restriction to certain types of symmetry, yet from its great 
freedom within those types may, it is hoped, supply to a 
certain extent the demand we have indicated. 

On turning to Maxwell’s figures and picking out those in 
which V is independent of z so that we have 
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it will be seen that while the curves are of the most various 
shapes yet the chequerwork of all the diagrams possesses 
these two properties in common :—(1) the corners are 
orthogonal, (2) when the chequers are small enough the 
ratio of their length to breadth is the same in all parts of 
the field. 

The proof of this follows most conveniently from the con- 
sideration of the motion of a liquid when the lines of flow 
lie in parallel planes and the motion is the same at all points 
of any normal to these planes. Draw three adjacent stream 
lines defining two adjacent tubes of flow. 

Take two points A and B on the mid line of one tube, and 
from A and B draw normals to the direction of flow cutting 
the mid line of the other tube in D and C respectively. 


Fig. l. 


Halfway between AD and BC draw a line PQS normal to 
the direction of flow so that PQ is the width of one tube and 
QS of the other. Now if the fluid is incompressible and we 
have drawn the tubes so that the flow in each is the same, 


then the respective velocities are to one another inversely as 


ve k k 
PQ and QS. Let the velocities be Pa and Os: Next let 


us take the line integral of the velocity round the small 
rectangle ABUD. The sides AD and CB are normal to the 
flow and so contribute nothing. The sides AB and CD 
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contribute 


k DOxk AB DC 
AB x ~~ ~~ =k PQ” OS ° 


Now PO is the ratio of the length along the flow to the 


breadth across the flow of the small chequer which has A, Q, 
B, P, at the mid points of its four sides. It will be convenient 
to have a special name for this quantity, and I propose to 
call it the “chequer ratio” with the understanding that 
length along the flow is always in the numerator, and that 
the chequer is so small that its size no longer causes an 
appreciable deviation from the accuracy obtained by using 
infinitesimals. Then we have :— 


, Difference between successive 
Line integral of the velocity around ABCD=kx chequer ratios in a direction 
perpendicularly across tlow. 


Now the curl of the vector velocity is defined as the line 
integral round a small circuit divided by the area of that 
circuit—that is in this case by the area ABCD which will in 
the limit be equal to the mean of the areas of the two 
adjacent chequers. So that we have :— 
difference of successive chequer ratios in a direction 

perpendicular to velocity 


curl of the velocity =k os 
mean chequer area 


If the velocity has no curl the chequer ratio must not vary 
along any line normal to the flow. It may vary from one 
normal to another, but if on the other hand we prefer to make 
it constant all over the field, then at any point the distance 
between successive normals will be inversely as the flow, so 
that these normals will be contours drawn at equal intervals 
of a velocity potential. 

To return: since the fluid is incompressible the condition 
for the existence of a stream function is satisfied, and since 
the stream-lines are drawn so that the flow between each 
successive pair 1s the same, it follows that these stream-lines 
are the contours drawn at equal intervals of a stream 
function y. Now it is proved in works on Hydrodynamics 


2 2 
that ae + y is equal to the curl of the vector velocity. 
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Therefore :— 


: difference of successive chequer ratios in a direction 
re) ay + oy k perpendicular to the contours of y 


mean chequer area 


And since y may be any one-valued function of position on 
the plane, it is seen that all hydrokinetical considerations have 
been eliminated from the above equation, which is purely a 
proposition in differential geometry. The only implication 
being that contours are drawn at equal intervals of ẹ what- 
ever be its physical meaning. 

To draw chequers freehand so as to satisfy a difference 
relation of this sort between the chequer ratios is likely to be 
toilsome, and we will here consider only the case when 
V’y=0. 

Fig. 2. 


We 
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Supposing then that a chequerwork has been obtained in 
which the chequer ratio is everywhere the same and in 
which the given boundary conditions are satisfied, then by the 

2 
uniqueness of the solution of a +% =0 this chequer- 
work gives us what we want. ; 

It remains to be shown what accuracy may be expected 
from the freehand method. This is of course largely a 
personal matter. I exhibit my own handiwork. Others will 
doubtless obtain greater precision. Throughout this paper I 
have chosen test cases in which the analytical verification 
should not be too difficult. Hence the diagrams look rather 
stiff and formal and do not in any way do justice to the 
freedom of this graphic method. 


V oe 
Example of the solution of si +o =0.—Along one 


pair of opposite edges of a square V =1, along the other pair 
V=0. Find V atal] points inside. By symmetry V will be 
equal to 4 along the diagonals. And again by symmetry, 

the lines joining mid-points of opposite sides will be normal 

to the contours of V. So that it is only necessary to find V 

in half one-quarter of the square. Further, by symmetry, ata 
corner of the square the contours drawn at equal intervals of 
V must make equal angles with one another. One starts 
then by ruling out an accurate square, putting in the 
diagonals, joining the mid-points of its sides and setting, off 
the equal angles with a protractor. It is convenient to 
divide the range of V into ten equal parts. Waving thus 
prepared the paper, lines were sketched and amended wntil 
further improvement became very slow. The penci)-lines 
were then firmly fixed in ink. Coordinate lines were drawn 
in and the values of V at six points were read from the 
diagram and are given in parenthesis in the accompanying 
table. The whole work from the beginning of the drawing, 
took two or three hours. 
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| | | | 
| (-47) 
5 
466 
(40) | (365) 
1:0 5 
396 364 
(307) | (23) | (20) 
1:0 5 
300 293 202 


Not until this had been done did I look up the correct 

values which had been computed from the analytical solution 
m-l 
V= t= (- 1) a sech all cos mæ . cosh mz. 

These are given in the table beside the numbers read from 
the graph. From these we find the errors +007, +007, 
—:002, +°004, +:001, +:004. Treating these as all of the 
same sign, their mean is ‘0042. 

The error of a graph may well be compared with the total 
range of V within which the determination was made 
freehand. In this case the range was 0°5 so that the mean 
error was 0°84 per cent. of the range, a degree of accuracy 
which would be sufficient for many purposes. 

Having shown that the freehand method is a practical one 
in a plane, it will be well next to enquire to what types of 
symmetry it may be extended. 


II. Possible Types of Symmetry. 


Inasmuch as a single chequerwork is to determine the dis- 
tribution in the whole of the space considered, we are confined 
to two coordinates. The freehand method at present offers 
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nothing to compete with the analytic forms in which three 
coordinates appear, such as : 


V=2 (A „sin me + Ba cosmr)(C, sin ny + D, cosny)(Feq ¥m?tn?.2 + Get vmt+n?. 2), 


V=} e**(A,, cos mo + By sin md) J,,(tr), 


k 
j (Whittaker, ‘ Modern Analysis, p. 318) 
V= C,r"(A, cos nọ +B, sin ng) (sin 6)", cr 
cae (Byerly, ‘ Fourier’s Series,’ p. 196) 
or others like them. 

The expressibility of V in terms of two coordinates implies 
that V is constant along a certain family of lines in space, 
namely, the intersections of the surfaces over which the said 
two coordinates are respectively constant. Any particular 
type of symmetry is most conveniently distinguished by 
specifying the family of lines along each of which V must be 
constant. 

As it will frequently be necessary torefer to these lines 
and to distinguish them from the normals to the surfaces 
V =constant, I propose to call them the “ guiding lines.” 

It is indeed conceivable that by adding together several 
space distributions in each of which V is constant along a 
different family of lines, we might attempt the solution of 
problems which it may be impossible to treat by two co- 
ordinates directly, such for example as the motion of a perfect 
fluid past a three-bladed screw-propeller, or the electrostatic 
field due to a ring of electrons. It may even be possible to 
treat the most general distributions by means of sections of 
the potential surfaces drawn on the leaves of a book of tracing- 
paper. But these extensions must be left to those who desire 
the results. This paper deals only with two coordinates. 

Case (a). The guiding lines are everywhere orthogonal to a 
family of surfaces.—Let these be the surfaces over each of 
which y=F;(.c, y, z) is constant. 

Then choosing a particular surface, say y =Y, we wish to 
draw thereon a chequerwork of orthogonal lines, and we wish 
this chequerwork, by the motion of each point of it along the 
guiding line at that point, to sweep out two families of surfaces 
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In space, in sucha way that one family may be equipotentials 
and the other stream-surfaces. This requires that these two 
families, which we may denote by 


a= F(x, y,z)=const. B=F,(.x, y, z)=const., 


should be everywhere orthogonal. Therefore the surfaces 
a, 8,y are mutual orthogonal, and consequently the surfaces y 
must satisfy the condition necessary in any member of a triply 
orthogonal system (Salmon, ‘ Geometry of Three Dimensions,’ 
Ath ed. §§ 476 to 486). 

But more than this. For we wish to be unrestricted as to 
the direction of the orthogonal traces of a and 8 drawn upon 
the surfaces y. Therefore, since three mutually orthogonal 
surfaces necessarily intersect in their lines of curvature 
(loc. cit. § 304), it follows that at every point of the surfaces y 
there are lines of curvature in every direction. The only 
form which possesses this property is the sphere or its limit 
the plane. Therefore the surfaces y are either spheres or 
planes. This is necessary. We have not proved that it is 
sufficient. As frequent reference will be made to the theorems 
proved in Lamé’s Leçons sur les coordonnées curviligneg, it will 
be convenient to employ expressions such as (Lamé, § xi. 15) 
to indicate equation 15 of § xi. of this treatise. The relation 
of our notation to Lamé’s is that his p p, p; are replaced by 
a R y and that a y are used as subscripts respectively 
instead of absence of subscript, 1 and 2. Otherwise the 
notations are the same. 

In particular, if F is any function of position, we will 
denote by lp the quantity 


dF, (oF, (oFY 
V(32) +(39) G) 
which is the reciprocal of the space-rate of F along the normal 
to the surface F =constant. 

Consider the lamina bounded by the two spheres y and 
y+éy. The thickness of the lamina is H òy. Ifa=V=the 
potential, then the surfaces 6 = constant are surfaces of flow. 
Denoting in like manner the distances between two adjacent 


surfaces of these families by H,da, Hg58, we see that H.éa 
VOL. XXI. H 
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and H,08 are the length and breadth of a chequer traced on 
the surface y. 
A tube of flow is bounded by the four surfaces 8, 8 + 8B, 
y, y+5y. And its cross section is therefore Hg. H, . ô£ . ôy. 
Now if the flux has no divergence, then along a tube of 
flow magnitude of flux multiplied by cross-section =constant. 
But the magnitude of flux is equal to the negative space-rate 


of the potential æ along the line of flow, and this is — 
H,. H, 


Therefore along a line of flow =H 58 . dy must be con- 


stant in order that the vector space-rate of the scalar a—the 
Hamiltonian YVa—shall have no divergence. Or equivalently 
the condition that 

Via =0 is 9 (72) =0. 

Now we may by freehand trial and amendment so arrange 
the orthogonal lines on the surface yy that the above relation 
shall hold true on the surface yọ; but we must further 
enquire what conditions the spheres y must satisfy in order 


that 2 (Fr r) =0 shall be true for all values of y when 


it is true for one Y; and this moreover when «æ and £ are 
otherwise undetermined. 

At this stage the fact that the surfaces Y are spheres makes 
a remarkable simplification. For supposing for a moment 
that they did not possess this property and that 7% and 74 were 
their principal radii of curvature at any point, then by 
(Lameé, § xxx. 24) 


1 hy : Ols 
r% la OY’ 1 lg dy’ 


where h,= a and similarly for 8 and y. 


Equating the two curvatures, 


Now 
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and therefore vanishes; so that the chequer ratio 7 is a 
function of a and B only. d 
As has already been stated, to make Y?a =0 on the surface 


Yo we must have 
2 (ina 
da\ H J” 
which may conveniently be arranged by making 
H. 
H,” t Hr 


where k, is a constant, so that the chequer ratio is given as a 
function of position on yy. This is more than sufhcient in 


that it makes 

K) (=E) 

O8\ Ha 
vanish as well, but the loss of generality involved is found 
not to matter, while the simplicity gained is a great con- 


venience. Next, because 7 is independent of y it follows 
B 


that on any other surface y, we still have 


Ha 
H; = ko Hyo 


But if V%a=0 is to be satisfied on this second surface we 
must there have 


where k, is a second constant. Therefore regarding yo as 
fixed and y,= as movable we have Hy = Hy, xa function of 


y only. 
But Hy, is a function of a and 8 only. 
This relation is equivalently expressed by the two equations 
ò’ ò’ 
T (log H,)=0, yog8 Hy) =0, 
whence by (Lamé, § xxx. 24) 
ò (l \= 8 (_ Lz )= 
aa ahir) 


But if the surfaces y are planes, then by the equations 
H 2 
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(Lamé, § xxx. 24) already quoted 


S(r aaa S(r) 


and consequently = and ea are independent of y. Butit 


is shown by Lamé (§ xxxviii.) that the curvature of the arc 
of intersection of the surfaces æ and B is equal to 


/1\2 ,1\3 
a (2) + z) 
a B 


So that if the radius of curvature of this arc be p then p is 
independent of y. But p is equal to the length of the normal 
from the point considered onto the line of ultimate inter- 
section of two consecutive planes of the family y which pass 
one on either side of the point considered. As the plane 
moves this length must remain constant. And as this is to be 
true for every point in space, it is easy to see that if the 
surfaces y are planes they must intersect in a common axis. 
We have in this case symmetry about an axis. Or if the 
axis be at an infinite distance, the planes are parallel, and we 
have V independent of one of the Cartesian coordinates 
z, y, z. But if, quite generally, the surfaces y are spheres 
we have only i independent of y and therefore “3 inde- 
pendent of y. If the centres of the spheres y lie in a erai 
line, then since the orthogonal traces of the surfaces a and 8 
on a sphere y may turn round anyhow, we may choose for 8 
the planes intersecting in the line of the centres of the 
spheres y. Then r¥=0, and consequently r¥ is independent 
of y so that the traces of a=const. on the planes 8 are 
circles. This is the system of toroidal coordinates which has 
been treated by Professor Hicks in Phil. Trans. 1881, 
Part II. Now the above reasoning would lead us to expect 
in these a type of symmetry which can be dealt with by two 
coordinates—other than symmetry about an axis. But on 
referring to Hicks’s formule it is easy to show that this is not 
possible, for if V be made independent of either of those two 
of his coordinates which determine position in a plane passing 
through the axis, then the other of these two will not divide 
out of the equation Y? V =0, so that all three coordinates 
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must still be present in the integrals. Clearly then, our 
deductions, though necessary, are not sufficient. I have little 
doubt that the omission lies in this: that to leave us unre- 
stricted as to the direction of the orthogonal traces of a and 
8 upon the surfaces y, it is not sufficient that the surfaces y 
should be spheres. For the curves normal to y which we 
have called the “ guiding lines” must be such that they form 
one set of lines of curvature of any surface whatever passing 
through them. To satisfy this condition it seems likely that 
except when the radius of the spheres y is infinite, the 
guiding lines will have to be straight and the spheres con- 
centric. This is the symmetry when V is independent of the 
radius in spherical coordinates, but may vary anyhow with the 
latitude and longitude. 

The only case remaining uninvestigated is that in which 
the surfaces y are spheres with centres which do not lie on a 
straight line. 

By this application of Lamé’s formule, aided by those due 
to Hicks, we have discovered no new type of symmetry 
which allows two coordinates to be used instead of three. 
We have proved that within the stated limits the well- 
known types are the only possible ones. A summary of 
these may be useful. 


Summary of Types of Symmetry when the guiding lines are 


orthogonal to a family of surfaces. 


BG v’V is made equal rae i 

E ‘ to AV, a, B) over one nalytica 

Guiding lines, Chequer ratio. surface y, its value metuods, 
on the others will be 


a a A e ——— [mMM 
l Deea a ee a A A A ES 


Parallel straighta. Constant, v?V=/(V, a, B). rae ee 


Zonal harmonies 
Circles with their 


of the 
eentresonacom-! Proportional to cylindrical, 
mon axis and distance v7V=((V, a, B). spherical, 
their planes nor-| from axis, spheroidal, 
mal thereto. and toroidal 

systems, 
V, a, 
Badii from a com- vey = LW, a8) 

mon point, Constant. 


where r is the distance 
from the radiant point. 
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Example of Symmetry about an Axis.—Byerly in his 
‘Fourier’s Series and Spherical Harmonics,’ p. 230, sets 
the following problem :—“ A cylinder of radius one metre 
and altitude one metre has its upper surface kept at tem- 
perature 100°, and its base and convex surface at the 
temperature 15°, antil the stationary temperature is set up. 
Find the temperature at points on the axis 25 cm., 50 cm., 
and 75 cm. from the base. and also at a point 25 cm. from 
the base and 50 cm. from the axis.” To solve this the first 
thing necessary is to prepare a chart bearing chequers of the 
appropriate shape for each distance from the axis. The 
graph of any solution of V?V=0 symmetrical about an axis 
would serve this purpose. For example several of the figures 
out of Maxwell’s ‘ Electricity and Magnetism’ would do. But 
I preferred to prepare a standard chart by ruling equidistant 


parallel equipotentials normal to the axis of revolution, and 


then stream-lines parallel to the axis at distances from it 
proportional to the square roots of the natural numbers 
0, 1, 2, 3, 4, 5, &. The cross section of the cylindrical 
shell enclosed between successive stream-lines is then the 
same for every pair, and the chequer ratio proportional to 
the distance from the axis. This having been done in red 
ink, a sheet of tracing-paper was pinned over it, the section 
of our given cylinder was drawn in black and equipotentials 
and lines of flow were drawn in pencil. These were then 
rubbed out and amended with the aim of making the pencil 
chequers everywhere very similar to the red rectangles 
underneath. When improvement became slow, the blurred lines 
were made firm and definite with ink and the chequers con- 
sidered individually and marked as to whether they were too 
square or too thin. The lines were then drawn on a clean sheet 
of tracing-paper, the chequers again examined individually, 
and finally the lines fixed in ink (see fig. 3). Coordinate lines 
were then ruled and the values of V at their intersections were 
read from the graph. This process, from the ruling in of 
the given contour to the determination of V in numbers, 
took me four hours. The analytical method would perhaps 
have been more rapid in this case; but for an irregular 
shaped contour with an irregular boundary distribution 
the freehand solution would still take about the same 


eee 


OF DETERMINING STREAM LINES AND EQUIPOTENTIALS. 103 


time, while analytical methods may be almost indefinitely 
tedious. 
Fig. 3. 


The results are tabulated below :— 


Distance from base of cylinder .... 25 650 75 25 cms. 
axis n... 0 0O 0 50 ,, 
38 


n 99 e 
Potential read from the graph as | . 
decimal of unit range. ( 175 G4 14 


Last multiplied by the actual range ; : . ; 
(007 iao) l 149 823 544 119 
Last +15°=actual temperature .. 299 473 694 26:9 


Not until these numbers had been written down did I look 
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at the correct values found by Byerly from the Bessel function 
series, namely :— 
296 476 712 258 
Errore of freehand determination.. +3 —3 —8 +411 


Disregarding signs the mean of these errors is ‘63 
which is equal to 0°74 per cent. of the range of 85°. 

Example of the type of symmetry when V ts independent of 
the radius in spherical coordinates.—“ On a uniform spherical 
shell there are equal sources at the north and south poles 
and equal sinks at the extremities of a diameter lying in the 
equatorial plane. The sources and sinks send out and receive 
uniformly in all directions. The flux has no divergence except 
at the sources and sinks and no curl anywhere. Find the dis- 
tribution of potential onthe surface.” Todo this we might draw 
orthogonal lines on the surface of a globe so as to make the 
chequers ratio constant. Or because, in Mercator’s projection, 
any small part on the globe transforms into a small part of 
the same shape on the map, we may transform the boundary 
conditions and obtain the required solution by drawing 
chequers of constant chequer ratio on the map. Blank 
Mercator projections suitable for this work may be obtained 
from George Philip & Son, Fleet Street. In the present 
example the lines of flow radiating from the pole become lines 
straight, parallel and equidistant at infinity. And as the 
praph progressed it was found that by their symmetry 
with the sinks on the equator, the foregoing condition must 
be very nearly satisfied at 10° from the poles, a region which 
is within the confines of the map. Again, in this case it is 
only necessary to determine V in one octant of the sphere, 
and symmetry helps us in other ways. The accompanying 
graph (fig. 4) is the best of four or five separate attempts. 
The time taken to make these was collectively four hours. 
Special attention was given to the equipotential curve which 
passes mid-way between the two equatorial sinks, and as the 
result of the aforesaid trials it was found to pass through a 
point 44° due north of the sink on the equator. This suggested 
that the true value should be 45°, and on looking at a sphere 
this is seen to follow from symmetry although it was not 
obvious on the map. Thus again we have a confirmation of 
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the passable accuracy of the graphic method—the error here 
is 1 degree in 90 or 1'1 per cent. of the range. 

So far we have only treated the problem as relating to a 
spherical shell. But we may next suppose the sphere solid 


Fig. 4. 
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and V to be independent of the radius. We will then have 
a solution of Laplace’s equation in space. Since the chequer 
ratio is constant, the magnitude of the flux is inversely pro- 
portional to the linear dimensions of the chequer (on the 
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sphere not on the map) and is consequently proportional to 
I along any guiding line, r being the radius. But if we draw 


any small cone enclosing the polar axis—which is now a line 
source—we see that the outflow between two spheres r and 
r+òôr is proportional to ôr x (magnitude of flux) x (peri- 
meter of the trace of the cone), and by the above this is pro- 
portional simply to ôr. Therefore the polar axis must be a 
line source of uniform strength and similarly for any other 
source or sink when the guiding lines are straights passing 
through a common point—the strength must be independent 
of the radius. 

Case (h).—General method for conduction in a thin shell 
of any shape, the thickness and conductivity being any given 
functions of position on its surface, and all conditions being 
constant throughout the thickness of the shell at any point of 
its surface. Take a solid bounded by a surface of the shape 
of the shell and draw small rectangles at numerous points of 
the surface, so that their chequer ratio= e el 
is directly proportional to the product of the thickness and 
conductivity at each point of the shell. For then the flow 
through each chequer will be the same. Suppose that these 
standard chequers are in some distinctive colour, say red. 
Now lay off in black the boundary conditions of the special 
problem and draw a black chequerwork to have the same 
chequer ratio as the red at each point, much as was done for 
symmetry about an axis. The standard red chequers need 
not be connected so as to form two systems of orthogonal 
lines but may be scattered anyhow over the surface, all that 
is necessary is that they should be sufficiently small and 
numerous. 

Or it may be convenient to use a projection of the surface 
as was done in the case of the spherical shell above. 

Case (c).— When there exists no family of surfaces normal 
to the guiding lines. Without pausing for generalities we 
will proceed at once to :— 

Screw symmetry about an axis ——Lot us discuss this with 
the aid of cylindrical coordinates r, ġ, z. Ata point P on 
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vase mc let a perpendicular be drawn extending to 
side d á 18 perpendicular, which is to project only on one 
slide alo e ri 18 imagined to revolve round the axis and 
ene ng h same with proportional velocities. In one 
a round the axis let it move l along the axis. Then 

ine sweeps out a surface, at all points of which the 


expression z = — ġ i 
Xpression z zÊ is constant. Let us put z — = p=. 


coe w varies we pass from one of these screw surfaces 
iy +3 formed by shifting the first parallel to z. The 
i à 5 an coordinate » is from 0 to l. The intersections 

=const. wit i = i 
SRT eA h the cylinders r=const. are a family of 


Let dn be an element of distance measured along any 
Screw guiding line, so that A = length of ty —— o! borèw ve 


~ 


a functi b , 
unction of r only, And let us make V a lineir function of 
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n, d , and i ic i : 
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And so 
ov_! ð ov) = l be 0,07 3)\aV 
de? 2r dp\dw/ 2r\ dp do dP On Ow 
P dy 
poy 


Now substitute these values o 5:2 and 2 T; in the ex- 
pression for V?V in rion coordinates, and we have 
1 gr 2 \ aV 
2 De 
Ve Ta it; or t (1+ I?) Ja? 
which contains only two coordinates r and œ. So that if we 


make V?V=/(V, r, w) over any surface the same will be 
true throughout the whole region filled by the screw-threads 


passing through the surface, provided that A is such as to 
? 1 ƏV ae 

make 52 ee va constant along every guiding screw. 

One way of satisfying this is to make V increase by the same 

amount per turn of the screw, along every screw-thread and 


: 
so that a and A are both constant along every guiding 


screw. 

In the following pages, except where specially indicated, 
we will] consider only the case 37 =0. 

As this result does not appear to be given in the text- 
books, it may be well to confirm it by a slightly different line 
of reasoning, as follows. The tangent of the angle between 
the tangent to any screw-threads and a plane normal to the 
axis of symmetry is arp 

Therefore the first space rate of any function of position 
V along the tangent to a screw-thread is 


i ò 
yro dy HB 


If ov =a function of r only, along every screw-thread 
V 9V 
ò$ dz 


then we have a function of r only +27— 
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throughout the whole region. Therefore this last equation 
will still remain true after differentiation by $ or by z, thus 


ma Aon 
l òp O¢dz’ 
PV 1V 


2 
Eyuating the two values of CAS thus obtained we have 
dv v 
DP 42? Oz?’ 
which on substitution in the expression for V*V gives 


òV = 10V P \ oV 
d trar t (1+ ia) 3 l 

But it is now to be observed that if the distribution of V 
on any plane passing through the axis of symmetry is known, 
then V is determined everywhere. And on such a fixed 
plane the contours of z are identical with those of œ. So 
that we may replace z by œ in the last equation, and the 
previous result is confirmed. 

We have shown that if we make V?V=/(V, r, w) over 
any surface intersecting all the screw-threads, the same will 
be true throughout the whole region, with the stated pro- 
visions as to the value of oe . The geometrical meaning of 
this result is that if we draw any infinitesimal rectangle 
normal to one of the screw-threads and draw screw-threads 
through each of its four corners, then the infinitesimal tube 
thus formed will be everywhere rectangular in normal cross 
section, and more than this, the rectangle will have the same 
ratio of length to breadth and will be of the same size at all 
points along the tube. For if we consider one pair of opposite 
faces of the tube as equipotentials and the other pair as 
lines of flow, then these properties are scen to follow 
from the fact that V?V is constant along a screw-thread 
when V is constant along the same. And indeed these pro- 


perties are immediately obvious from the appearance of the 
system. 


VV = 
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Consequently, if we take any family of surfaces a passing 
through the guiding screw-threads, there will always be an 
orthogonal family of surfaces £, also passing through the 
screw-threads. If the surfaces æ are the contours drawn at 
equal intervals of the potential V the surfaces 8 are stream- 

Ha 
surfaces. And go may be named the “Chequer Ratio’ 
° ‘ B 
consistently with what has gone before. If Va is to vanish 
we must have 


H, 
j= 


Oz x (length of portions of successive screw-threads intercepted 
between two streani-lines lying on the same stream-surface) 


Since the screw system is uniform the length of the 
portions of successive screw-threads intercepted between two 
stream-lines lying on the same surface 8 can be proportional 
to nothing else than the length of one turn of the screw- 
thread at the radius considered. For the two stream-lines 
in question must by symmetry make equal angles with planes 
normal to the axis of the screw, at each pair of points lying 
on the same screw-thread. So that the projection of the 
distance between the said pair of points onto the axis of 
the screw will be always the same fraction of l as the points 
move from one screw-thread to another. 

Now the length of an arc ds of a screw-thread being 


peas 7) 
V dz? + 77d? nila = +°, 


the length of one turn is 


0=2r 
Jes "MV Tre t” oP es 
0=0 
Therefore we may satisfy the equation YV°a=0 by making 


PEN 

H proportional to / 1+ = as the radius varies. A 
ET 

table giving the values of a/1+ E for a number of 


r. 
values of 7 is annexed. 
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4n?r3 For standard chart. l 
T lt [è 2rr 
imes this equals are uals tangent of angle 
T oae ur oF thread. Ha Hg. Da A Gon helix and circle. 
1-0000 ‘5507 1:8157 a) 
10482 5639 1:7735 3:1831 
11811 "5985 1:6707 1:5916 
1:3741 6456 1:54! 1:0610 
1:6060 6979 1:4328 "F908 
2:1338 8045 1:2430 “ABNAL 
27049 "9058 1:100 *397TRO 
3:2969 1-0000 1:0000 B1831 
3:9003 1:0877 9194 2652A 
4:5105 1:1697 8550 2736 
5:1251 1:2468 8021 1994 
57426 1:3198 7577 17684 
6:3623 1:3892 7199 15916 
9'478 1-6955 5898 10610 
12-606 1:9554 5114 7958 
15740 2:1850 "4577 06366 
18:876 2:3928 *4179 05305 
22:014 2-5840 ‘3870 04547 
re © 0 


It is hoped that these values are correct to less than 
half a unit in the last place, 


As there is no surface normal to the screw-threads, it is 
not possible to draw standard rectangles of the appropriate 
chequer ratio for each distance from the axis. But as the 
whole distribution of V is determined when the section of it 
by a plane passing through the axis of the screw 


is known, 
we may draw on this plane the sections of tubes 


formed by 
the surfaces æ and Bin such a way that E is proportional to 


VA 


e tubes will in general not be rec 
and ratio of sides of the che 
and 8 on the plane } 


SOW depend on the orientation of the c 
Its distance from the axis. 


The sections of thes 
In fact, the angles 


tangles; 
by the traces of a 


quers formed 
ears will both 
| equer as well as on 
It will therefore be necessary 
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to make a chart of standard chequers in various orientations 
at a number of distances from the axis. Plate V. is such 
a chart. The rectangles in the right-hand margin represent 
normal cross sections of the tubes formed by the surfaces 
a and 8. Ina line with each of these are five sections of a 
tube of the same size and shape by the plane of the paper, 
when the angle between one face of the tube and the normal 
to the axis of the screw is successively 0°, 22°, 45°, 673°, 
90°. In order to be clearly visible these parallelograms are 
drawn quite large. What each really represents is the 
shape of an infinitesimal chequer situated at the central 
point of the large one. Practically the difference will not be 
important. 

Now this standard diagram can be covered by a sheet of 
tracing-paper, and two intersecting families of lines drawn on 
the tracing-paper in such a way that the parallelograms formed 
by them are everywhere similar to the chequers underneath, 
which have the same distance from the axis and the same 
orientation on the paper. Then if this tracing-paper plane 
rotate round the axis and slide along it so as to follow the 
guiding lines, the equipotential lines on the paper will 
sweep out the contours at equal intervals of V in space in 
such a way that V?V=0 and the other family of lines will 
sweep out stream-surfaces. 

A quantity which it is frequently necessary to determine 
is the magnitude of the flux 


= J (32) + (By) + (Be) =a 


Since Ha L AAJ 1+ n 
H, l 


where A is an absolute constant, we must have 


So that £ is a stream function analogous to the forms in use 
when the guiding lines are parallel straights or circles with 
their centres on, and their planes normal to, a common axis. 


iiam eae 


— 
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In types previously studied, when the graph pa j 
on a surface normal to the guiding lines, H, an ae 
proportional to the length and breadth of a chequer 8 
could be measured directly. But here we must first comp i 
the linear dimensions of a freehand chequer with pu = 
the standard oblique section of the tube bounded i Ae 
stream-surfaces and two equipotentials, and then refer de 
normal section of the same tube in the right-hand margin o 
the 

“oe chequers were obtained in the following 
manner :— 


— 4m 
nt being equal to constant x Ns 1+ m arome other re- 
8 


lation is necessary to determine H, and H separately. re 
relation H, x H a = 1 was chosen for this purpose, as is 
gives a neat appearance to the standard chart. It was also 


Hs _ 
found convenient to make the constant such that H =1 


when 5 =0°5. The values of H, and H, were calculated 


and are given in the accompanying table. The sides of the 
rectangles in the right-hand margin of the standard chart 
were drawn proportional to 2H, and 2H,- 

To obtain the slant section, the tangent of the angle 
between the tangent a guiding-line and the plane normal to 
the axis of the screw, was first calculated. It is equal to 

l 


Imp Md is given in the table under that head. The rect- 


angles were then projected with ruler and compasses in a 
manner which js perhaps sufficiently indicated by fig. 5, 


Which shows the construction when ; =0°05 and the angle 
between a radius from the axis of sy 


mmetry and the tangent 
Plane to the surface a=constant meeting at the point con- 
sidered is 45°. 


Of the innumerable solutions of V?V=0 
symmetry of the sort 


Possessing screw 
the aid of this stand 


described, which may be obtained by 

ard chart, perhaps the simplest is the 

field due to a helical line source, such for example as the 

distribution of temperature in a mass of electrically insulating 
VOL, XXI, 


I 
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Fig. 5. 


material which encloses a helical copper wire carrying an 
electric current. To avoid the introduction of a difficulty 
not characteristic of screw symmetry, I have assumed a core 
of non-conducting material in the form of a circular cylinder 
surrounding the axis. This relieves us of the necessity of 
considering the axial line of equilibrium, which would other- 
wise have to be treated by an extension of the method in 
Section IV. The external surface of the medium is also 
taken as a circular cylinder and is assumed to be at constant 
temperature, Consistently with our boundary conditions 
we may suppose that A =0. Now symmetry will help us 
in several ways, for since the chequer ratio on the standard 
chart is the same whether any particular half-turn of the 
screw passes over or under the chart, one sees on beginning 
to make the drawing, that the two surfaces œ = const., which 
pass respectively through the electric current and half-way 
between two adjacent turns of the current, must be surfaces 
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of flow. Again, very close to the electric current the flow of 
heat will be nearly the same as that due toa straight current 
tangential to the helix, that is to say, the lines of flow will 
be normals to the helix and the isothermals will approximate 
to circular cylinders concentric about the tangent. 

The particular dimensions chosen were “=0°05 for the 


core, 0'3 for the source, and 0°5 for the outer cylinder. 


Fig. 6. 
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ae Ving to orientation of the chequer affecting its shape 
BN raph took twice or thrice as long to adjust as did the 
he Srs in this paper. Its errors are discussed in Section VIII. 
Teafter, 

The magnetic field due to the helical current may doubt- 


less be determined in a very similar manner. Here gt will 


th a Constant other than zero and the cyclical properties of 
® field will add a further complication. 
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IV. 


We have hitherto passed over without mention the pecu- 
liarities relating to points of equilibrium—these are points 
at which the first space-rate of the potential vanishes in 
all directions. In the neighbourhood of these the chequers 
become unusually large, and if any chequer goes right up to 
an equilibrium point it will not have the shape characteristic 
of its neighbours, but will take a peculiar form of its own. 

There are several diagrams of this in Maxwell’s ‘ Electricity 
and Magnetism.’ See, for example, vol. ii. fig. xvii. 

Now if V be expressed in terms of rectangular coordinates 
u and v lying in the plane of the graph with their origin at 
the equilibrium point, then linear terms in V must vanish, 
and we have 


V= Ar + Bo + Co? + Eu? + Fu?v + Gu? + terms of higher 
degree. 
Now lct us make V?V vanish. 
For guiding lines parallel straight and normal to the plane 
of the graph 
av dV 


ria 


When the graph is on a plane passing through an axis about 
which there is symmetry of revolution and u is normal to 
this axis, we must add to the above value of V?V the term 
LOV o"A+ "B43 E 
r Ou r r r 
where r is distance from the axis. 

Now when the point considered is not on or close to the 
axis, it will be possible to put in so many chequers that the 
first two chequers in any direction from the equilibrium 
point require for their measurement so small a range of u 


2(A +C) +u(6E + 2G) +0(2F 46H). 


and v that the fractions =, s, &c., will be small, and therefore 


the additional terms which come in for symmetry about an 
nxis may be neglected, and we have the same form for V?V 
in both cases. 
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Further, since Mercator’s projection does not alter the 
shape of any small pieces, V?V will have the same form in 
the neighbourhood of an equilibrium point on the Mercator’s 
plan of the distribution on a sphere. 


This being so, the general form of V in all three cases is 
V=a(u?—v?) +b. uv + glu? —3ur”) + hv —3u?v) + higher terms, 


where a, b, g, and h are arbitrary constants. When the 
ratios of a and b to the succeeding coefficients do not vanish, 
then the first two terms are all that we need consider. Now 
it may easily be shown that by a proper rotation of the axes 
of reference, so that wv tranform to uw, the sum of these 
two terms may be transformed into either of them separately 
We need therefore only consider one, say buvi. The con- 
tours of this function are hyperbolas and are orthogonal to 


those of a(u2—v,2). The ratio 7 is determined by the chequer 


ratio in the neighbourhood of the equilibrium point. 

A graph of this function for the special case of unit 
chequer ratio is given in Webster’s ‘ Dynamics,’ p. 525, and 
shows that two equipotentials meet at right angles at the 
equilibrium point, and that two stream-lines also pass through 
the same point and bisect the angles between the equi- 
potentials. The eight curved chequers which meet in the point 
each have consequently three corners of 90° and one of 45°. 
A graph of this function may be used as a “ standard equili- 
brium point” to keep the eye informed of the necessary 
Proportions of the first and second ring of chequers sur- 
rounding the point. 

If, however, the coefficients a and b vanish, while g and h 
do not, then the terms of the 3rd de 
important. 

By rotating the axes the sum of the two terms of the 3rd 
degree may be reduced to either separately. A rough graph 
of the contours of these functions is given by Fiske in 
Merriman & Woodward’s ‘ Higher Mathematics,’ p. 248. 
Here three equipotentials intersect in the equilibriu 
And three stream-lines bisect the angles of 60° 
formed in this way. 


gree become all 


m point. 
which are 
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Now when a graph has to be drawn and is found to contain 
an equilibrium point, the general arrangement of the potential 
will give us the clue as to whether two, three, or more equi- 
potentials intersect in the equilibrium point. And this being 
known, we have only to draw in the standard type at the 
proper dimensions and chequer ratio. 

When the graph is drawn on a plane passing through an 
axis about which there is screw symmetry of the sort described 
in Section III c, then the appearance is different, for we 
have to add to the value of V?V for circular symmetry about 
an axis the term 


(2 dV [2 


do? . Bu = 43,2 (20+ 2uG+6vH). 
And therefore writing 
P — |)? 
1+ Ga ah 


we have 
=a(R?u?— v?) +b . uv + g(R2u3 —3uv*) +A —3R?u?v). 


A phan way of looking at the matter is to consider a tiny 
plane element normal to the guiding screw which forms the 
line of equilibrium. The normals to the surfaces w=const. 
lie in this plane. If dÑ, distance along such a normal, then 


dazas „y (82) +(127 +(192) = IS\/14+ 55 


Substituting this in the expression of V?V in terms of r and 
w we have 

òV 

os.” 


just as if S was z in circular symmetry about an axis, 
From this we sce that the appearance of the equilibrium 
point on a small plane element normal to the guiding screw 
will be exactly similar to the forms already dealt with. Its 
appearance on a plane which passes through the axis of the 
screw may be sketched without much difficulty by comparing 
the chequers in the right-hand margin of the standard chart 
with their projections as drawn in the middle of the chart. 


dV 1aV 


ViV= or ror F 
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V. Equations other than Laplace's. 
It has been shown above that in order to solve the equation 


eV, ov _ iven function of V 
SF +y = any given function of V, z, y, 


a relation between differences of chequer ratios has to be 
satisfied. And the same will be found to be true for the 
other forms of the equation V’V = a function (of V and of 
position) which can be treated by two coordinates. A 
difference relation of the sort referred to would involve the 
comparison of each chequer with a standard set having 
graded chequer ratios, followed by the calculation of V°V by 
arithmetic. And although it would doubtless be possible to 
carry out the necessary operations, yet it would almost cer- 
tainly be quicker and more accurate to use arithmetical finite 
differences altogether, writing in the numerical values of V 
at a set of points on the paper and adjusting these numbers 
until the finite difference equation is satisfied, —in a manner 
which may be described in a future paper. In view of this 
I will not attempt to elaborate frechand methods for V?V= 
a given function of V and of position. 

There are, however, certain common space distributions 
which may be treated graphically with simplicity although 
they do not satisfy V’ V =0. 

Firstly, when the conductivity is a continuous function of 
position, and the direction of the flux is normal to the contours 
of a potential, and the magnitude of the flux is the maximum 
space-rate of the potential multiplied by the conductivity, 


and the flux has no divergence. For example : the flow of 
heat and electricity in isotropic but non-homogeneous bodies 
or the soakage of water in a sat 


urated subsoil the upper 
layers of which are more porous than those below. Let K 
be the conductivity and suppose that it is constant along each 
omen es but varies from one such line to another 
en, when the lines have a family of surf 
them we must have =n eee 


d (Hp. Hy.K\_ 
Sa\ Ha *)=0 
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in order that the flux shall not diverge. This is very easily 
assured by preparing the paper with standard chequers 


having their chequer ratio aE proportional to H,.K. In 
B 


fact, we have an example of this in Section IIIa above; 
for circular symmetry about an axis may be regarded for 
this purpose as flow between parallel planes in a medium 
having conductivity directly proportional to the distance 
from the axis. And reciprocally. 

Similarly in the case of screw symmetry, standard chequers 
are to be prepared having 


= proportional to Ky / 1 PTL, 

Two other cases can probably be treated freehand, namely, 
the flow of heat in bodies where the conductivity varies with the 
temperature, and, of great practical importance, the distribution 
of magnetic induction in soft iron, taking into account the 
variation of the permeability with the force. But these again 
will be left to those who need the results. 


VI. Note on Boundary Conditions. 


It may be convenient to the reader if we bring together 
certain well-known facts concerning boundary conditions. 

Let us regard V simply as a function of position, not 
necessarily satisfying Y ’V=0 or any other equation ; and, 
as always, let contours be drawn at small intervals of V each 
equal to k. Then the first space-rate of V in any direction 
at a point is inversely as the intercept. cut off from a line in 
that direction by two contours of V one on each side of the 
point, and is directly as K. Suppose, further, that the whole 
distribution of V can be represented by a single graph. 

1. If we have to make V such that the magnitude and 
direction of its maximum first space-rate, the Hamiltonian 
vector Ų V, satisfies given values over a boundary of a given 
shape. Then it is easy to set off the ends of the contours of 
V with a ruler and scale, for their directions are known and 
also the distance apart of successive pairs. 
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2. lf we are not given YV over the boundary but only 
the first space-rate of V ina given direction. Then there are 
an indefinite number of ways in which the contours of V may 
cut the boundary ; and as it will not generally be possible 2 
say which of these is consistent with the internal conditions, 
they must be drawn and modified freehand as the approxi- 
mation to the internal conditions proceeds. This is usually 
not difficult. : 4a fy 

3. To make V continuous at any surface cutting the distri- 
bution, all that is necessary is that the ends of the contours 
of V approaching from the two sides should meet one 
another at this surface. Whether they meet at an angle or 
not does not matter. = 

4. To make the first space-rates of V in every direction con- 
tinuous at any surface where V is continuous, not only must 
the contours of V meet one another, but they must pass 
smoothly into one another without making an angle. For if 
they made an angle and a straight line were drawn tangent 
to one branch of the contours at the angle, then the ratio 
of successive intercepts of this line by the contours of V 
would not become unity when the contours were drawn 

at indefinitely small intervals of V, so that the second 
space-rate along this straight would be indefinite at the 
angle, 

ő. Suppose next that a non-divergent vector is normal to 
the surfaces V=const., and that the magnitude of the vector 
is equal to the space-rate of V along the said normal, 
multiplied by a scalar function of position ; which according 
to the particular application will be the conductivity, perme- 
ability or some other specific constant. Then we may require 
the conditions which must hold at a boundary where the 
specific constant has a discontinuity while V is continuous—as, 
tor example, where magnetic flux passes from air into mild 
steel. These conditions, which I take from Prof. L EA 
Thomson’s ‘ Elements of Electricity and Magnetism,’ may be 
stated thus :—If K,, K, are the aforesaid specific constants 
on the two sides of the boundary, and 6, and @, are the 
Corresponding angles which the direction of the vector makes 
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with the bounding surface, then 


K tan 6, = K tan 0). 

Now if the graph be drawn on a surface which is normal 
to the guiding lines, the direction of the vector lies in the 
graph, and @, and 6, are the actual angles which one sees. 
The same is true of the Mercator’s map of a spherical surface 
distribution, since the angles are unchanged by projection. 
But with our method for screw symmetry, the angles 0, and 
8, do not immediately appear, and comparison must be made 
with the angles of the slant sections of the rectangular tubes 
given on the standard chart. 


VII. Miscellaneous Notes on Draughtsmanship. 


(a) Since with the exception of given boundaries and lines 
deduced from symmetry no part of the field can be said to be 
correct until the whole field is correct, it is advisable to begin 
by covering the whole field with intersecting lines, however 
erroneous they may be, and then to carry out amendments 
over wide areas at one time. 

(L) In the final stages of a drawing intended improvements 
often overshoot the mark or cause unforeseen disturbances in 
the surrounding chequers. It seems well, therefore, to lay 
aside the indiarubber after a certain accuracy has been 
reached, and, placing a sheet of tracing-paper over the 
rough diagram, to draw the intended improvements upon 
this. And so with all later stages. The tracing-paper 
diagrams are then compared with one another and the best 
selected. 

(c) The graphic addition of two scalar functions of position 
‘is conveniently performed in the way described by Maxwell 
(‘ Elementary Treatise on Electricity °) by laying the contours 
drawn on a sheet of tracing-paper at equal intervals of the 
one over those of the other, covering the two with a clean 
sheet of tracing-paper, and drawing the diagonals of the 
chequers formed by the intersecting contours. 
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VIII. Estimation of Errors. 


To one reading an account of this freehand method without 
having worked an example, it might seem as if there were no 
way of setting a limit to the errors of any particular graph. 
This, if it were true, would be a serious fault. But, happily, 
it is not so; for it is commonly necessary to make several 
drawings and then select the best of them: so that by the 
time the dranghtsman has reached a drawing which he can 
scarcely improve upon, he has before him deviations from it 
in divers directions. The difference, then, between the 
selected graph and the second best graphs is a measure of 
the errors of the latter and an outside limit to the errors of 
the former. The actual errors of the selected graph will be 
less than this limit, and may be estimated by comparing the 
errors in the shape of the individual chequers in the best and 
second best graphs, and taking a fraction, thus :— 


individual chequer error in best graph (egies between best and 
same in second best graph second best graphs 


This is the true measure of the errors of the best graph. 
t depends, of course, on a general mental estimate or appreci- 
ation, and is consequently not susceptible of exact definition. 
But this does not much matter, for if the value of an error 
e known within two times either way it is usually sufficient. 
he difference between the best and second best graphs is 
less dependent on a mental estimate, and Consequently sets a 
firmer limit to the possible error. 
i Taking, for example, the graph of the field round a helical 
ine source given in section III. c, and laying over it the 
tracing of the unpublished second-best graph, one sees that 
e difference in position of the lines in the two graphs 
nowhere exceeds 4 the linear dimension of the chequer, at the 
ie and in the direction considered. Now I should estimate 
a th error of the shape of individual chequers in the 
. re ed graph averaged 4 of the same quantity in the other ; 
: me t of the linear dimensions of the chequer may be taken 
e error of position of the lines in the published graph, 


Now the graph exhibits ten tubes of flow ; 80 that } of one 
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tube is 23 per cent of the range, This is in the worst parts 
of the field. Elsewhere the error will be less, but it may 
still be expected to exceed the errors found when the graph 
is drawn on a surface normal to the guiding lines, because in 
the case of screw symmetry we have the added difficulty that 
the shape of the chequers depend upon its orientation. 


DISCUSSION, 


Mr. A. RUSSELL said that electricians had often to draw lines of force 
freehand. As a rule they had little more than their intuition to guide 
them, as the values of many of the variables were only known roughly 
and the bounding-curves were not simple geometrical figures, They 
would therefore welcome the paper, as it would enable them to improve 
their diagrams. The problem of the flow in two-dimensional space 
could in many cases be satisfactorily solved by experiment—for instance, 
by Prof. Hele Shaw’s method. The author had shown, however, that 
the graphical method could be applied usefully to certain classes of 
problems in three dimensions which it would be extremely difficult to 
attack by any other method. The speaker had found difficulty in deter- 
mining the “chequer ratio ” in electrical problems where the extent of 


the field was unlimited. 
Mr. A. CAMPBELL asked if the author's method would be applicable 


to a helix of finite length carrying a current. l 
The CHAIRMAN remarked that in the method described much de- 


nded on the eye, judgment, and patience. — 
The AUTHOR, in reply to Mr. Campbell, said his method would not 


apply to the case of a helix of infinite length. 


Upson, Proc. Phys. Soc. Vol. XXI., Pl. 1. 
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VII. On the Lateral Vibration of Bars supported at Two 
Points with One End overhanging. By Jous Morrow, 
M.Sc., D.Eng.; Lecturer in Engineering, Armstrong College 
(University of Durham) *. 

Wuey a bar is carried on two supports and has one end 

overhanging by an amount c, as shown in the figure, its 


<< J —e ce 3 


natural period of vibration is to be determined from the 
equation 


(cosh ml sin ml —sinh ml cos ml) (cosh me sin me—sinh me cos mc) 
— 2 sinh ml sin ml (1+ cosh me cos mc) =0, 
in which 
m = (27N)! (pw/EI)!; 
E = Young’s Modulus for the material ; 
I= the moment of inertia of the section about an axis 
perpendicular to the plane of bending ; 
w = sectional area of bar (assumed uniform) ; 
p = density of material ; 
N = frequency of natural vibrations. 


For given ratios c/l we can obtain values of ml from tho 
above equation. This has been done incidental] y by Professor 
Dunkerley in connexion with his work on the whirling of 
shafts t, but the calculations were not sufħciently extended to 
give very accurate results. By comparison with the table 
given below, it will be seen that the approximate formula 
used by Dunkerley cannot be relied on to give more than 
the first two significant figures. 

Having recently required more accurate solutions, I have 


* Read November 8, 1907. 
t Phil. Trans, A, 1894, p. 279. 
VOL. XXI, L 


126 ON THE LATERAL VIBRATION OF BARS. 


found it necessary to make a more elaborate calculation, and 
as the results have been obtained to six figures it appears 
desirable to place them on record. 

If we write a for c/l and @ for ml, and expand each term 
of the equation in ascending powers of @ and aĝ, we get, as 
far as the twenty-first powers, 


46? —(-04+°4 a? +3 at) 6° + (-000035273369 + 0021164 a3 
+ +0037 at + 0021164 a? + -00079365 a8) — (58730 + 
106°8890 a? + 293-945 at + 1007-811 a7 + 881-834 a8 + 
106°889 a! + 26°722 a2)10-86"4 + (033 +132 a3 + 49 at 
+ 508:8 a’ +700 a! + 509 a! + 297 al? + 13:2 a + 2°4 a?) 10-10" 
=0. 


Assuming values of a and calculating @ we obtain the 
numbers tabulated below :— 


Ratio c/l. Value of 0. 


Unity. aintnwuwe. 1°50592 
Three-quarters .. 190170 
One-half ........ 2°51895 
One-third ...... 2°94042 
One-quarter .... 3°05881 
One-fifth ........ 3°19975 
One-sixth ...... 3°11752 
One-seventh .... 3°12647 
One-eighth ...... 3°13148 
One-ninth ...... 3°13449 
One-tenth ...... 3°13641 
Zero .. ee we eees 3°14159 


Dr. Chree has given the following approximate formula 
for use when c/l is small *:— 


ml =m(1—3n* ¢3/I3), 


It is stated to be satisfactory so long as (c/!)??/6 coth m 
is small compared with unity. Asa matter of fact we find 


* Phil. Mag. [6] vol. vii. p. 517, May 1904. 
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that, when c/l is one-sixth, Chree’s formula is correct to within 
0-005 per cent., and the error is less than one per cent. even 
when ¢/l is one-half. 
The number of vibrations per second is given by the 
formula 
G? EI 
~ Qa pol! À 


N 
September 1907. 


VIII. On the Contact Potential Differences determined by 
means of Null Solutions. By S. W.J. Switn, M.A., and 
H. Moss, B.Sc., Royal Colleye of Science, London ee 


. Introduction. 

. Palmaer's “ null solutions.” 

7. A method of search for otLer null solutions, 

9, Null solution of KCN. 

. Effect of Na,S upon the p.d. between Hg and KCI. 

. Null solution of KCl. 

. Effect of oxygen upon Paschen’s relation. 

. Inferences from results obtained with null solutions 
of KCN and of KCl. 

- Null solution of KI. 

- Null solution of KOH. 

- Summary of conclusions. 
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$ 1. Ivrropverroy.—The processes which occur during the 
polarization of electrodes are of considerable theoretical 
and practical importance. Being largely surface effects, they 
can be followed, in the case of mercury, by observation 
of the changes of the surface-tension which result trom 
polarization, Mercury electrodes have been the subject of 
much study in this way, but while the interpretation of some 
of the results seems clear, there are others which have been 
the subject of frequent discussion. Chief amongst these is 
the significance of the maximum  surface-tension between 
mercury and the electrolyte which occurs at some particular 
degree of polarization in almost every solution that has been 
examined. The maximum was for long supposed to indicate 


* Read February 28, 1908, 
L2 
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zero potential-difference between the mercury and the solu 
tion; but the adequacy of this hypothesis, as a general 
interpretation of the significance of the maximum, is now 
very doubtful. 


§ 2. Evidence was given by one of us (Phil. Trans. A. 
1899, pp. 47-87), in discussing the validity of the Lippmann- 
Helmholtz theory of electrocapillarity, that the maximum 
surfacettension between mercury and certain electrolytes is 
not reached when the potential-difference is zero. It was 
shown that, for equally concentrated solutions of the parti- 
cular electrolytes KCl and KI, the potential-differences at 
the respective maxima differ to such an extent that if one is 
assumed to be zero the other must be nearly a quarter of a 
volt (l. e. pp. 70, 71). The assumption of zero potential- 
difference in either case is arbitrary. It is possible that the 
potential-difference at the maximum surface-tension is zero 
in some electrolytes; but the evidence from the electro- 
capillary curves (l. e. pp. 68 & 82), while not conclusive, 
favours the view that it is not so in any of the moderately 
dilute solutions of KCl and KI (giving * depressed” maxima) 
referred to above. 

Palmaer has, however, published experiments recently 
from which it would seem that in the case of 7/10 KCI, tho 
potential-ditference at the maximum surface-tension is, if 
not zero, at least very small. This result, if conclusive, 
would be of great theoretical value, and we have therefore 
performed the experiments described below to test the 
validity of Palmaer’s deductions. 


§ 3. Palmaer published in 1903 (Zeitsch. f. Elektrochemie, 
ix. pp. 754-757) a summary of certain experiments with 
drop electrodes, by means of which he sought to show that 
the true contact potential-ditference between mercury and 
n/10 KCl solution is about 0°57 volt, and he has quite 
recently (Zeitsch. f. physik, Chemie, lix. pp. 129-191, 1907) 
given a full account of these experiments and of others, from 
which his final conclusion is that the potential-ditterence in 
question is 0°5732 + °0003 volt at 18° C. 

One of us found that the maximum surface-tension between 
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mercury and n/10 KC] solution was produced by a polarizing 
electromotive force of 0°568 + ‘01 volt (l. c. p. 11). A 
would thus appear that, after all, in the case of n/ 10 KCI, 
the potential-difference at the maximum surface-tension 13 
practically zero, for it is represented by the difference 
between the two numbers just given. We shall attempt to 
show however that, although of much interest in connexion 
with electrocapillarity, Palmaer’s deduction from his exper- 
ments is not necessarily true, and that his results leave tho 
knowledge of the contact potential-difference between Hg 


and n/10 KCl substantially in the same state of uncertainty 
as before, 


§ 4. Palmaer’s Null Solutions.—When certain conditions, 
first fally discussed by Paschen, are fulfilled, a mercury 
electrode immersed in n/10 KCl shows a potential about 
0°57 volt higher than that of an electrode of mercury streaming 
into the same solution. Palmaer found that by adding 
certain substances to this n/10 KCl solution, he could not only 
reduce the observed potential-difference between the still and 
dropping mercury until it became very small, but could cause 
it, passing through the value zero, to change in sign. In 
this way he found two different “ null solutions,” one con- 
taining small quantities of KCN, KOH, and Hg(CN),, and 
the other H.S and a small quantity of acetic acid, for which 
the potential-difference between the still and dropping elec- 
trodes was zero. It is of course well known that a concen- 
trated solution of a mercury salt behaves like a Palmaer 
null solution in the respect that there is practically no p.d. 
between still and dropping mercury electrodes immersed in 
it; but small variations in the composition do not here 
Produce effects of the kind observed by Palmaer. Moreover, 
the absence of a p.d. in this case has been explained in 
“way which is not applicable when the amount of dissolved 
mercury is very small. 

xperiments of the kind performed by Palmaer were 
suggested by Nernst (Ann. d. Physik, lviii. p. 11, 1896), 
and It is obvious that the results can be explained, either 
according to the Helmholtz theory of dropping-electrodes or 


Am 
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to that of Nernst, if we assume that when the observed E.M.F. 
is zero a solution has been found which exhibits no potential- 
difference with respect to mercury. In such a case there 
would be no tendency to produce an E.M.F., whether, in the 
general case, the double-laver potential is altered by extension 
of the mercury surface (Helmholtz), or whether the double- 
layer forms practically instantaneously but is accompanied 
by concentration changes in the solution (N ernst). 

§ 6. Connecting each of his null solutions in turn to a 
solution of 7/10 KCI, Palmaer measured the p.d. between 
mercury in the null solution and mercury in the 2/10 KCI. 
Allowing for small contact potential-differences between the 
electrolytes, he found practically identical values (of which 
the mean is the number already quoted) for the p.d. 
Hg | »/10 KCL Strictly, these measurements prove only , 
that the p-d. between mercury and each of the null solutions 

was the same. . 

Palmaer found only two satisfactory null solutions; but 
experiments with several others are described below. From 
these experiments it will be seen that the p.d. between 
mercury and a null solution of the type described by Palmaer 
is not always the same, and hence is never necessarily zero 
as Palmaer assumes. 


§7. A method of search for other Null Solutions —In 
searching for other null solutions we were guided by the 
relation deducille from Paschen’s experiments, that although 
the p.d. between Hg and an electrolyte when the surface- 
tension ig a maximum need not be zero, it is nevertheless 
always equal to the p.d. between a dropping electrode of the 
Paschen type (Wied. Ann. xli. p. 42, 1890) and the same 
electrolyte (ef. Phil. Trans. l e. pp. 83 et seq.). We have 
found, in the course of the present experiments, that the 
statement of this relation, which is one of the most important 
in electrocapillarity, requires qualification. The relation is 
true only when the medium through which the mercury falls 
before it enters the solution does not contain a constituent 
which interacts chemically with the mercury and the solution. 
In some cases, for example, the relation does not bold until 
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the air surrounding the dropping electrode and the solution 
is replaced by hydrogen, nitrogen, or other non-oxidising 
medium. 


§ 8. Assuming the truth of the above relation, it was 
obvious that any solution for which the maximum of the 
electrocapillary curve lay at the origin (applied E.M.F. zero) 
would be a null solution. If the maximum for a given 
solution were slightly (a) to the right or (b) to the left of 
the origin, then the still electrode for that solution would be 
slightly (a) positive or (b) negative to the dropping electrode. 
The change in sign of the potential of the dropper with 
respect to the still electrode, with a small change in the 
composition of the electrolyte, would not correspond neces- 
sarily (as assumed by Palmaer) with a change in the sign 
of the potential of the still mercury with respect to the 
solution, but only with a change from one side of the origin 
to the other of the maximum of the electrocapillary curve. 

Since it is almost certain that this maximum does not 
always correspond with zero potential-difference, it seemed 
equally certain that a null solution of the kind studied by 
Palmaer could not always, and need not ever, be one 
exhibiting no contact p.d. with respect to mercury. 


§ 9. Null Solution of KCN.—It has long been known that 
moderately concentrated solutions of KCN give electro- 
capillary curves of which the maxima lie to the left of the 
origin (applied E.M.F. negative), while weaker solutions 
give curves of which the maxima lhe to the right. If a 
solution could be found of which the maximum lay at the 
origin, this would be a null solution of the kind studied by 
Palmaer. A null solution of KUN was apparently found 
approximately by Amelung in a research which Palmaer 
describes (Zeits. f. physik. Chemie, lix. p. 164, 1907) but 
regards as unsatisfactory. This solution used according to 
Palmaer’s method would give a value of roughly 0:7 volt for 
the contact potential Hg | 7/10 KCl. It was obtained by 
gradual dilution of a saturated solution of KCN until the 
p-d. between the drop electrode and the still electrode 
became zero. 


—_ 
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We have found and examined a null KCN solution in 
another way. A normal solution of KCN was made up and 
this, together with weaker solutions of definite strength, 
obtained from it by dilution, was then examined as described 
below. As it was found that the electrocapillary properties 
of solutions, apparently of equal concentration, produced from 
different samples of KCN frequently differed considerably, 
the precise constitutions of the different solutions cannot be 
specified. This, however, is of no importance to the validity 
of the experiments. For the sample of KUN used in the 
experiments, the null solution contained about 0'26 n KCN; 
but another sample from another source would probably have 
given a different result. 


The following quantities were observed in the case of each 
solution :— 


1. The electrocapillary curve—the reading for maximum - 
surface-tension, and the E.M.F. required to produce it, being 
noted as carefully as possible. 


2. The electrocapillary curve of a solution of KC] of equal 
strength. | 


3. The horizontal distance between the descending branches 
of the two curves (ef. Phil. Trans. l. ce. p. 69). 


4, Tho E.M.F. of the cell Hg | KON $ KCI | Hg. 
ó. The E.M.F. of the dropping electrode circuit 
Hg | KON 


Hg, the measurements being taken when the 


end of the continuous part of the jet was in the surface of 
the solution (Paschen). 


6. The E.M.F. of the dropping electrode circuit 
Hg | KCN } KOI | Hg. 
| ; 


Some of the electrocapillary curves are shown in fig. 1, 
ihe others being omitted to avoid confusion, The KCN 
curves are very flat near the maxima, and the E.M.F.s 
corresponding to these maxima are relatively difficult to 
determine. 


y fr 
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The chief results of the measurements are summarized in 
the following Table :— 


1. 2. $. 4. 5. | 6 7. 


me eee 


Horizontal | 
Max. S.T. Mar. S.T. E.M.F. of)" ,. s : i i 
Strengths | KON | KOL (Mar. S.T.| distance || Kon È KoL| + | KCN | + | Kon: KCl, + 
(scale- | (scale- | KCN | © | | 


iii reading). reading). volt. ge ig volt. volt. | volt. 
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Solutions of KCN and KCI of equal strength being of 
approximately the same conductivity and degree of ionization 
(cf. Kohlrausch & Holborn, Leitvermögen der Elektrolyte, 
pp. 145 & 148), the contact potential-difference between 
them will be very small, probably less than a millivolt. 
This is confirmed by the agreement between the numbers in 
Columns 4 and 5, since the former represents the ditlerence 
between Hg | KCl and Hg | KCN (cf. Phil. Trans. l c. 
pp. 69 et seq.). 

Each number in Column 7 should be equal to the sum of 
the corresponding numbers in Columns 5 and 6. A com- 
parison serves to indicate the limits of the uncertainty of the 
dropping-electrode measurements. The jet fell freely in 
contact with the air. By comparison of the numbers in 
Columns 3 and 6 it will be seen that Paschen’s relation held, 
within the limits of errors of experiment, in every case. 

The null solution was that for which the surface-tension was 
a maximum in the natural state (applied E.M.F. zero). Its 
strength was, in round numbers, 7/4 KCN, and assuming with 
Palmaer that, in consequence, Hg | 7/4 KCN=0, it would 
give, by Column 5, Hg | x/4 KCl1=0°69 approximately. 

§ 10. As will be seen later, a solution of n/4 KCl, ex- 
amined according to cither of the methods described by 
Palmaer, would have given a null solution from which he 
would have deduced the value Hg | ”/4 KCl=0°565 approx. 
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The reason of the difference of 0°125 volt between this and 
the value found by the KCN null solution is suggested by 
inspection of the electrocapillary curves. 

The maxima for the KCN solutions are lower than those 
for the KCI solutions of corresponding strength, and the 
“horizontal distance ” between the curves after they become 
parallel is approximately 0°125 volt greater than the distance 
between the maxima. Consequently (¢f Phil. Trans. l. e. 
p. 67) the solution at the maximum surface-tension in KCN 
is 0°125 volt more positive to the mercury than it is at the 
maximum in KCl. 

§ 11. Every solution for which the maximum of the electro- 
capillary curve is at the origin is a null solution, but the 
potential-differences between mercury and different null 
solutions will be ditferent if the maxima for these solutions 
are not the same. 

If traces of other substances can be added to a n/4 KCl 
solution in such a way as to move the maximum of the elec- 
trocapillary curve to the origin without appreciably raising 
or depressing it, then such a solution will be about 0:125 
volt less positive to mercury than the null solution of 7/4 KCN. 
This null solution when measured against pure n/4 KCI will 
give an E.M.F. of 0°565 in place of the E.M.F. of 0°69 
given by the n/4 KCN null solution. Hence, if Palmaer’s 
solutions were produced from 7/10 KCl without appreciable 
alteration of the maximum, the difference between his results 
and ours is immediately explained. 


§ 12. Efect of NaS on the p.d. between Hg and KCl.— 
The p.d. between mercury and an electrolyte is controlled, 
according to the theory of Nernst, by the concentration p of 
the mercury ions in solution. If m is the potential rise from 
the solution to the mercary, then 

Om/Ap=kT/p, e e... (i) 
where T is the absolute temperature and & is a constant. 
The rise can therefore be diminished by decreasing p. From 
Palmaer’s experiments and others (e.g., Behrend, cits f. 
phys. Chem. xi. p. 481, 1893), it can be inferred that a large 
diminution of p is produced by saturating a KCI solution in 


è An interesting method of deducing a similar equation waa given by 
Professor J. J. Thomson in the Philosophical Magazine for 1595. 
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contact with mercury with H,S. We therefore thought it 
likely that by addition of Na,S to the KCI solution it would 
be possible to move the electrocapillary curve to the right, 
i. e. so that the maximum approached the origin. It remained 
to determine by experiment the relative amount of Na,S 
necessary for the purpose of reaching the origin. Electro- 
capillary curves were obtained with solutions containing 
gradually increasing proportions of Na,S. The general 
composition of the solutions was 

a(n KCl) + y(n NaS, 91,0), 
where 2+y=0'1; i. e., considering the sum of the contents, 
the solution was always 1/10th normal, and the content in 
kations remained approximately constant. Curves were 
obtained for a number of different values of y. Some of the 
results are shown in fig. 2, in which the values of y repre- 
ed are as follows :— 
| I I. IL Iv. V. VI. VIL VIIL IX. X. XII. XV. 
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From these results it will be seen that less than ‘001n Na,S 
added to °099n KCI was sufficient to move the maximum of 
the electrocapillary curve to the left of the origin. Further, 
when the value of y was about ‘00037, an extremely small 
variation produced a very large change in the position of the 
maximum. This is represented in fig. 3, which shows how 
the displacement of the descending branch of the electro- 
capillary curve depends on the percentage composition of 
the n/10 solution. Since the concentration in kations was 
the same for all solutions, this curve represents (Phil. Trans. 
l.c. p. 80) how the potential of the solution with respect 
to the mercury rises with increase in the amount of tle 
sulphide. 


He I 
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equiv, Gramm molecules of NaS fer litre. 
§ 13. The extremely rapid concentration variation of the 
potential near y=:00037 was very inconvenient for our 
purpose, for it happened that the solution which we sought, 
i. e. one having its electrocapillary maximum at the origin, 
would contain an amount of sulphide corresponding approxi- 
mately to this value of y. The experiments of Behrend 
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(l. c. p. 481) sugvest 
f> ed tl ti 1 M E ‘ 
re ee ee ; iat the rapid variation of potential 
ee : y occurred near the completion of the 
ne Sie ed es chloride of mercury into still 
° SuIpAlue. hus, assumin : 
FOUG AS ge to represent tl 
PE EIE = oe in solution before saiition of N 
mount of sulp ude added were (c—c’), z a 
e, we might have (see however § 15) aa c'), 2. e. less than 
cH g,Cl,+ (c—c') NaS =c’Hg,Cl, + (e—c')Ha.S 
r . +2(c—c’)Na Cl. 
Assun 
; a. amd 8 to represent the fractions of the chloride 
ae ee respectively, which are electromotively active, 
the 1 concentration p of the mercury in solution would 


be 
p= tac’ + 2B(ce—c’'), and hence pdc = 2(a— £). 
Then, from equation (i.) above, we should have 
07/0c' =kT(a—B)/(ac' + Be—c’). 


From this aya eer that if @ is very small compared with a, 

the value of 07/0¢ will become very large when ¢’ becomes 

very small, i. e. when the amount of Na,S added is very 
uivalent to the amount of Hg,(l, in solution. 


nearly @4 
14. When the amount of Na,S added is in excess of the 


z ; 
cHe2Cls + (c+c')Na,S=cHgS +¢'Na,S + QeNaCl. 
jt is seen that the potential of the liquid with 
ctrode will continue to rise when, after the 
ore and more NaS is 
ass action, the ionic 
S will diminish 
S, the 


respec -de is d 

whole of the chion“ ecomposed, m 

For, assuming the law of m 
patie ¢ the Hg obtained from the Hg2 
introduction of further quantities of Na, 
when, oh tion of the S ions in solution is raised. 
z a that to a solution containing an excess of 
is added. Then 


g n 
Suppo all quantity 9c" of an acid HX 


„4 NNa: S +2” HX 
os e) NaS +e HS + 9 NaX + 2eNaCl. 


cH ; 
aos Be g9 + (e 


DIFFERENCES DETERMINED BY NULL SOLUTIONS. 139 


Now if we assume the coefficients of ionization of the 
NaS and the H,S to be y and 6 respectively, the concen- 
tration of S ions arising from these two substances will be 
y(c'—c"') +ô; while, before the addition of the acid, the 
concentration of Ñ ions arising from the Na,S would exceed 
yc’. The value of 6 will in general be less than that of y, 
because, in moderately dilute solution, H,S is a very poor 
conductor compared with Na,S. Therefore addition of the 
acid HX will reduce the concentration of the S ions in the 
solution containing cHg,S, and will in consequence cause 
the concentration of the Hg ions to rise. Thus addition of 
the acid will tend to reduce the effect of the Na,S and will 
cause the electrocapillary curve to move towards the right. 

Hence, if too much NaS has been added, so that the 
maximum is to the left of the origin, it may be possible to 
obtain a null solution by the addition of a small quantity of 
an acid. Moreover, it may be of advantage experimentally 
to proceed in this way by overshooting the mark and then 
adding acid, rather than by attempting to hit it by reducing 
the amount of Na,S. For, as can be seen, the rate at which 
the curve will move towards the right will be less when a 
small quantity of acid is added than when an equivalent 
quantity of sulphide is taken away. Thus, when the acid is 
absent, the concentration p, of S ions, outside the HgS, is 
such that Qp./dc’ exceeds y; but when the acid is added 


op,/de"= —(y—8). 

§ 15. It is not contended for the above equations that they 
necessarily do more than indicate the course of events. The 
NaS used probably contained traces of higher sulphides, and 
the chemical relations between the substances concerned are 
complicated. The final product of the action of NaS on the 
mercury in solution would no doubt be a double sulphide of 
HgS and Na,S, and it is worth notice with regard to this 
that, after the very rapid change at ‘00037n NaS, the 
potential of the electrode continued to decrease fairly rapidly 
until about ‘002n Na,S had been added. The rate of decrease 
fell comparatively suddenly at this point, and for subse- 
quent additions of Na,S (until the whole of the KCl was 
replaced) remained very small. 
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The concentration of mercurous ions in a solution of KCl 
standing over mercury and calomel has been estimated 
indirectly by Behrend and others, and from the values 
obtained it would appear that, if the above interpre- 
tation of our observations is correct, only a small fraction 
of the mercury in solution can be in the ionized condition. 
It is important to note, however, that the comparatively 
large value of the solubility of Hg, Cl,, to which the results 
of § 12 seem to lead, may on account of the influence of 
dissolved atmospheric oxygen be more apparent than real. 
It iscommonly agreed that the interaction between Hg and a 
solution of a chloride, from which the existence of Hg, Cl, 
in the solution results, occurs through the intervention of 
the oxygen dissolved in the latter. This interaction will 
continue (1) until the solution becomes saturated with 
Hg, Cl,, or (2) until the supply of oxygen near the electrode 
is used up. In the latter event, further formation of Hg.Cl, 
would cease until, by diffusion, a fresh supply of oxygen 
approached the electrode. Since, however, the solubility of 
oxygen in n/10 KCl is probably much greater than that of 
Hg, Cl, it is probable that the interaction terminates in 
accordance with the first of the alternatives and before he 
whole of the oxygen per c.cm. near the electrode is removed. 
If now a small quantity of Na S is added to the solution it 
will precipitate the whole or a part of the Hg Cl, with which 
the solution is saturated. But the further solution of Hg.Cl, 
will be possible by interaction between the mercury, the KCl 
in the solution and the excess of dissolved oxygen. In fact 
the complete removal of Hg, Cl, from solution by means of 
Na, S, as represented in the equations given in §§ 13, 14, 
will not be possible until the whole of the dissolved oxygen 
is used up. 

From this point of view, what happens when an aerated 
solution of KCl containing Na,S is poured upon mercury 
may be described, figuratively, as a competition between the 
salts forthe oxvgen and mercury in the surface layer. Since 
any Hg.Cl, formed before the removal of the Na,S is com- 
plete will be at once decomposed by the latter and preci- 
pitated as sulphide, the net result of this competition is that 
the KCl can only interact permanently with such oxygen as 
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the Na,S leaves uncombined. The critical amount of the 
latter is reached when it leaves none *. 

In any attempt to form a complete picture of the process, 
however, it would be necessary to take account of possible 
difference in the subsequent rates of approach of Na,S and O 
to the surface layer, from above, by diffusion and convection. 
This would lead us too far from our present aim. 

The exact composition of our critical NaS solution was 
uncertain, and the further study of the question presented 
chemiéal difficulties which it did not seem profitable to inves- 
tizate with the materials at our disposal. 


§16. Null Solution of KCl.—The argument developed 
above proved successful as a working hypothesis. An 
n;10 KCI solution containing ‘O01n NaS. was first made up, 
and others containing different amounts of acetic acid 
(suggested by Palmaer’s experiments) were then obtained 
from it. The results of the experiments with these solutions 
are summarized below:— 


ee ee | ee ee 
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sol. yy KOI! + | Jeol. | + | sol. | 


36:80= Maximum S.T. for 2/10 KCl. 


The numbers representing the normality in acetic acid are 
only approximate. Nothing turns upon the accuracy cf their 


* Some results of experiments still in progress in connexion with this 
View were indicated when the paper was read, 
VOL. XXL M 
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determination. Some of the corresponding electrocapillary 
curves are shown in fig. 4. 

The measurements are less exact than in the case of the 
KCN curves. Owing no doubt to the presence of small 
quantities of dissolved oxygen, the p.d. between the large 
Hy electrode and the solution sometimes changed perceptibly 
during the short time required to determine the electro- 
capillary curve. It will be seen, however, that a series of 
curves with practically equal maxima of surface-tension was 
now obtained. The null solution lies between IV. and V., 


Ig, h 


and corresponds within the limits of experimental error with 
a solution of which the maximum of the electrocapillary 
curve is at the origin. Part of the difference between the 
numbers in columns 4 and 5 was certainly due to increase 
with time of the p.d. Hg | solution. The capillary curves 
were taken first and are not exactly parallel to the deci- 
normal KCl curve. The distance decreases slightly towards 
the lower ends of the curves. The p.d. between the 
strongest of the solutions and the n/10 KCI solution was 
probably less than a millivolt (cf. Palmaer, Zeit. p. Chem. 
le, 1907, p. 155). 
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By examination of the data for solutions IV. and V. it is 
seen that a null solution of the present kind, interpreted 
according to the assumptions of Palmaer, would give, for 
the p.d. Hg | n/10 KCI], a value agreeing with his result. 
But, as will be seen, his assumption of zero p.d. between 
Hy and the null solution is not at all necessary. The only 
necessary conclusion is that the p.d. between the still He 
and the solution is the same as that between the dropping 
Hg and the solution. 

From the data in the Table it is seen that, for reasons 
already given, the maxima being practically equal in all the 
solntions, the p.d. between the dropping electrode and the 
solution should be in every case the same. This result is 
probably of significance in the theory of electrocapillarity. 


Its truth is shown by the practical equality of all the numbers 
in Column 7. 


$ 17. Efect of Oxygen upon Paschen’s relation. —With 
respect to the data in columns 3 and 6, $ 16, showing the 
fulfilment of the Paschen relation for the present series of 
electrolytes, it is important to state that the dropping-clec- 
trode experiments were performed in an atmosphere of 
hydrogen (cf. §7, above), A piece of wide glass tubing 
Open at both ends encircled the dropping electrode. The 
lower end of this tube was immersed in the electrolyte, and 
the upper was closed by a rubber cork in which were three 
holes. The drop electrode passed through the central hole: 
the others served for the inlet and outlet of the hydrogen 
respectively. 

The following data are given as examples of the necessity 
for the exclusion of air. In one case, the maximum of the 
capillary curve being +:°01 volt, a Paschen electrode against 
still mercury in the same solution showed —'05 volt, 
NCreasing to —'07 when the mercury jet was partially 
MmMersed. The solution quickly became cloudy and the 
mercury tarnished so rapidly that it fell as a dirty powder. 

n another experiment the jet was surrounded by hydrogen, 

1e Water used in preparing the solution having been recently 

boiled to decrease the amount of dissolved air. Before com- 

plete displacement of the air by hydrogen, the Paschen 
M 2 
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electrode E.M.F. was —:024 volt. It fell gradually to 
—'014 volt and then remained constant. The mercury fell 
quite clean. Some of the solution was now withdrawn, and 
its electrocapillary curve was determined. The maximum 
lay at —°015 volt. 

In a third experiment, the jet being surrounded by hydrogn, 
the electrode E.M.F. was —‘024, agreeing with the electro- 
capillary maximum, Oxygen was now admitted and dis- 
placed the hydrogen. The Paschen electrode E.M.F. 
became —'140. With the jet partially immersed the E.M.F. 
Increased to —'240. 

Various experiments with other gases and with insulating 
liquids were tried, e. g., it was found that the Paschen rela- 
tion was, under certain conditions, fulfilled when air was 
replaced by benzene; but further description of these experi- 
ments Is omitted from consideration of space. 


$ 18. Inferences from results obtained with Null Solutions 
of KCN and of KCl.—Summarizing the results of the two 
series of experiments described, it is seen that, with respect 
to the p.d. Hog | electrolyte as considered by Palmaer, there 
are two kinds of null solution. One is formed by the addition 
to the electrolyte of very small quantities of certain sub- 
stances which leave the shape of the electrocapillary curve 
unaltered, with the maximum undepressed, but move it parallel 
to itself towards the left. This kind of null solution, inter- 
proted in the way described by Palmaer, will give the result 
that the p.d. is zero at the maximum of the electrocapillary 
curve. 

A second kind of null solution is obtained by using a 
different electrolyte and altering its concentration until the 
maximum of the capillary curve is at the origin. This kind 
may have a depressed maximum compared with the original 
electrolyte, KCl for example, and will in that case give a 
value, for the p.d. Hg | KCI, greater than that obtained by 
Palmaer if the measurements are interpreted in the way he 
describes. If, on the other hand, the curve for the null- 
solution electrolyte has a higher maximum than the corre- 
sponding curve for KCI, then the p.d. Hg | KCl found by 
Palmacr’s method will be less than that which he gives. 
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We have not attempted to find a null solution exactly of this 
last kind, although it ig known that the electrocapillary 
maximum of a saturated KOH solution is near the origin 
and is considerably higher (Phil. Trans. l. e. p. 68) than that 


of concentrated KCL. 

We have, however, obtained null solutions by the addition 
of small quantities of Na,S (and acetic acid) to n 10 KI 
solution, which has a very depressed maximum, and to 
n10 KOH solution, which has a higher maximum than 

| 


nlOKCI. The results of these experiments exhibit the 
truth of the conclusions we have drawn. 


§19. Null Solution of KI.—The attempt to obtain a null 
solution from n/10 KT succeeded approximately when the 
composition of the solution was about ‘O01n NaS +:O99aKT. 
The maximum surface-tension occurred when the applied 
E.M.F. was —°01 volt. It was unnecessary for our purpose 
to obtain a nearer approximation to a null solution. The 
E.M.F. between a dropping electrode falling through 
hydrogen into this solution and a still electrode was at first 
imperceptible. After some time it was ‘006 volt. Mercury 
in this solution measured against mercury in n/10 KCl gave 
an E.M.F. of °793 volt. A fresh null solution of KCI, made 
up by trial for comparison, measured against n/10 KCI in 
the same way gave °565 volt. The two solutions measured 
against each other gave *228 volt. The rosults of the 
measurements are tabulated below:— 
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These experiments show that the p.d. Hg | 7/10 KCI 
cannot be 0°57 unless, interpreting them according to 
Palmaer’s method, the p.d. between »/10 KCl and 7/10 KI 
is nearly a quarter of a volt. Such a potential-difference is 
impossible according to the theorics at present in vogue 


(cf. Phil. Trans, l. c. p. 62). 


§ 20. Null Solution of KOH.—In attempting to obtain a 
null solution from 2/10 KOH it was found that the addition 
of NaS (‘001n to :002n) produced a gradual shift of the 
maximum to the left which continued over a long time. A 
solution with the maximum at the origin could not be obtained 
conveniently with NaS alone on account of this time eftect 
It was found however that if, after the solution had stood 
for some time over the mercury, dilute acetic acid was added 
drop by drop and the solution stirred, the maximum could be 
brought from the left to zero and the time effect was now 
negligible. The results of the experiments with this null 
solution are given below :— 


1. 2, 3. 4 | 5. 6. 
Horizontal 
Max. S.T. E.M.F. for distance to | null.: % g | null 
S a (scale- | max. S.T. ? ROlGirees sol. | 10 KO | + $ sol | + 
CUO: reading). 10 ' 
volt, volt. volt. volt. 
nm. 
ip KOH 
+Na,8 30°61 +01 ‘515 "509 "008 


+HC 1,0, 
i 

In considering the value 0:509 volt in column 5 it has to 
be remembered that there is now an appreciable p.d. between 
the solutions. Its value calculated in the usual way is 
n/10 KOH | n/10 KC]=:016 volt at 20° C.; and consc- 
quently we now obtain, according to Palmaer’s method, 
He | n/10 KCl=°525 volt. But, according to the interpre- 
tation we have offered, this result signifies only- that the 
potential reckoned from the solution to mercury at the 
maximum is about ‘O4 volt less in the case of n/10 KOH 
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than in that of n/10 KCl. A result which, as before, is in 
agreement with the forms and relative positions of the 
electrocapillary curves. 


The electrocapillary curves for the null solutions of KI 
and of KOH are shown in fig. 5. 


Fig: T 


a results of our experiments may be summarized as 
llows oss 


§ 21. Summary of Conclusions. 

1. The potential-differences between different null solutions 
and Mercury are not the same. This is proved, allowing for 
the contact p.d. between electrolytes, by measuring each 
p-d. against the p.d. Hg | KCI, and also by weasuring one 
null solution against another. The result is also deducible 
rom the electrocapillary curves alone, without introduction 
of the question of the p.d. between electrolytes. 

- I£ the null-solution potential-differences are assumed to 
© Zero, the values obtained for the p.d. Hg | n/10 KCI vary 
from about 0°53 volt to 0°79 volt. Assuming that the p.d. 
at the electrocapillary maximum is most likely to be zero 
when the maximum is undepressed, it is probable ihat the 
p-d. Hg | 2/10 KCI docs not exceed 0°53 volt. 
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3. The polarizing E.M.F. required to produce the maximum 
surface-tension between mercury and a given electrolyte has 
been proved by Paschen to be equal, in many cases, to the 
E.M.F. of the corresponding dropping-electrode circuit. 
This relation is shown to be true in four particular cases in 
which each E.M.F. is equal to zero. It is also shown that 
in none of these cases is the p.d. Hg | electrolyte necessarily 
ZETO. 

4. It is shown that the Paschen relation immediately fails 
when the chemical action at the drop-clectrode due to 
atmospheric oxygen becomes appreciable. 

5. The Paschen E.M.F. between mercury and a solution 
of KCI remains unchanged on the addition to the solution of 
small quantities of NaN, although the natural p.d. between 
mercury and the KCl solution is thereby altered by more 
than half a volt. 

6. A critical percentage of NaS was found for which the 
natural p.d. just mentioned altered with extreme rapidity, 
as in the cases studied by Behrend, in which he observod the 
variation of the E.M.F., Hg | Hg.(NOs3), | Hg, produced 
by the gradual addition of KCI or KBr at one electrode. 
In the present case the change in the p.d. Hg | electrolyte 
was deduced directly from the electrocapillary curves. 


DISCUSSION. 


Mr S. SKINNER congratulated the Authors upon the accurate series of 
experiments which they had carried out. 

Dr W. Watson expressed his interest in the paper, referring especially 
to the action of dissolved oxygen present in the solutions. 

Mr F. E. SMıTu referred to the fact that in the paper values for the 
contact p.d. were given to four places of decimals, and asked if any 
significance could be attached to the last two figures. Ho pointed out 
that the results obtained from drop electrodes were very ditlerent from 
those obtained by Billitzer using a different method. Jle asked if ex- 
periments had been made with jets of various sizes and under various 
pressures, and whether the form of the curves had beeu sufticiently 
studied. 

Mr Lewis asked if the Authors had used other substances besides 
Na,S, and if they had taken account of chemical actions which might 
take place at the electrodes. 

Dr ERskINE Murray referred to experiments he had made some 
years ago on contact potential-diterences between metals in which the 
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oxygen of the air behaved in a manner analogous to the dissolved oxygen 
in the Authors’ solutions. 

Mr S. W. J. Samiru, replying to Mr F. E. Smith, said that Palmaer’s 
value for the contact potential-difference between mercury and 710 
KCl solution was quoted from his paper. With regard to Billitzer’s 
viewa, they laboured for the present under the disadvantage that other 
observers had tried, but failed, to reproduce the effects which he 
describes, The form of the electrocapillary curve had been carefully 
studied. Van Laar had formulated a theory based upon the fact that the 
curve can be considered to consist within the limits of experimental 
error of portions of two parabolas. His interpretation of the significance 
of the point at which the curve changes from one parabola to the other 
had in reality no experimental support. The question of the character 
of the jet, amount of immersion, &c., had been carefully studied, and 
certain relations between the E.M.F. and the time of contact with the 
liquid had been arrived at. His (Mr Smith’s) point of view dillered 
from that of Paschen in that he believed the experimental evidence to 
show that the E.M.F. between a Paschen electrode and an electrolyte 
was not in general zero. He cited a case in which apparently the p. d. 
between a Paschen jet and one electrolyte (ZnSQO,) ditters by nearly 
half a volt from that between a Paschen jet and another electrolyte 
(CuSO,). It was only when the electrocapillary maxima for two elec- 
trolytes were equal that the Paschen E.M.F.s for the electrolytes were 
the same. An electrocapillary maximum could not be obtained for 
CuSQ, solution, probably because of deposition of copper on the mercury, 
just as a maximum could not be obtained from concentrated H.SO, 
on account of the evolution of hydrogen. Paschen’s experiments did 
not prove that the p.d. between an electrolyte and a mercury-jet 
breaking in its surface is zero. It was possible that a certain fraction 
(in some cases the whole e.g. in null solutions) of the steady p.d. might 
arise practically instantaneously. 

In reply to Mr Lewis, Mr Smith remarked that they used Na,S 
because it was deducible from electromotive data—in agreement with 
chemical—that the solubility of mercury sulphide was extremely small 
even compared with that of calomel. In reference to Mr Lewis's sug- 
gestion that certain interactions might take place between the mercury, 
the dissolved salt and the Na,S independently of the oxygen, he said 
that although he had found that the amount of NaS required (in the 
way the experiments were performed) was not chemically equivalent to 
the amount of oxygen in solution, yet the amounts of Na,S and oxygen 
were found to be roughly proportional to one another in experiments they 
had performed with the help of Mr W. F. Higgins. He indicated to 
the meeting directions in which further experimental evidence was being 
sought. The electromotive method of tracing minute chemical change 
was both delicate and simple. 
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IX. An Erperimental Examination of Gibbs’s Theory of 
Surface-Concentration, regarded as ie baa of Adsorption 
with an Application to the Theory of Dyeing. (From the 
Muspratt Laboratory of Physical and Electrochemistry 
University of Liverpool.) By W. ©. M. Lewis, M.A.* 


CONTENTS. 
I. Object of the investigation; the characteristics of Adsorption 


Phenomena. 
II. Theoretical Discussion ; Gibbs’s Theory of Surface Concentration ; 
: ? 


Milner’s Calculations. 
III. Experimental Methods and Apparatus; Results 


IV. Application to the Theory of Dyeing. 
V. Summary. 


I. OBJECT OF THE INVESTIGATION. 


Unper the term “ Adsorption” are grouped phenomena 
which may be regarded as forming an intermediate stage 
between chemical combination on the one hand, and true 
absorption or solution on the other. Different types of 
Adsorption have been studied, but in general a solid substance 
(e. g. charcoal) has been utilized as the adsorbent body. 

The present paper is an account of an experimental attempt 
ng adsorption effects quantitatively and interpreting 
obtained in the light of Gibbs’s theory of surface- 
concentration. The treatment is novel in that the adsorption 
has been measured at a liquid-liquid interface ; for it is only 
when dealing with liquid interfaces (or surfaces) that if is 
possible to measure interfacial- or surface-tension—a funda- 
mental factor in the thermodynamic consideration of the 


question. 
The Characteristics of Adsorption Phenomena. 


The earlier investigations on adsorption dealt in general 
ases on the surfaces of various solid 


with the adsorption of g 
materials. The case of vapours 1s of much more recent date, 


the most important instances being those of Travers t and 


* Read Februar 
4 Travers, Proc. 


at measuri 
the values 


y 28, 1908. 
Roy. Soc. series A, vol, lxxviii. p. 9 (1907). 
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Trouton *. Modern investigators have, however, dealt 
chiefly with the question of the adsorption of dissolved sub- 
stances at the surface of some solid body in contact with the 
solution, Among the numerous recent memoirs on the 
subject may be mentioned those of Kiister f, Schmidt f, 
Walker & Appleyard §, Biltz ||, Lagergren f, and in par- 
ticular Freundlich **. Freundlich’s investigations contain 
the most systematic and accurate determinations yet recorded 
of the adsorption at a charcoal surface of a series of organic 
substances in aqueous solution. The general method was to 
Prepare a solution of a certain substance (say a dye-stuff), and 
to a known volume of this solution to add a certain quantity 
of very finely powdered pure blood-charcoal. A certain 
amount of the dye is removed by the charcoal, the change in 
concentration being determined colorimetrically. 

Among Freundlich’s most important results may be men- 
tioned that the equilibrium state is reached exceedingly 
rapidly—in about five seconds; that, using the same solid 
body the quantity adsorbed varies with the chemical con- 
stitution of the solute, e.g. aromatic acids are adsorbed in 
greater quantity than aliphatic ; and finally, that the effe 
differed with the solvent used. 

© may sum up the characteristics of adsorption which 
diferentiate it from chemical combination thus :— 


cts 


(1) The order in which a series of dissolved Substances 
are adsorbed does not differ even when one sub- 
stitutes as the adsorbing material, bodies as unlike 
as charcoal, silk, clay, and cotton. This is unlikely 
on the assumption of chemical combination, 


(2) Tho reaction goes to an end almost instantaneously. 


* Trouton, Proc. Roy Soc. series A, vol. lxxvii. p. 299 (1906). 
Kiister, Zeitschrift Phys. Chemie, vol. xiii. p. 445 (1894), 
t Schmidt, Zeit. Phys. Chem. vol. xv. p. 60 (1894). 
$ Walker & Appleyard, Journ. Chem. Soc. vol. lxix, P. 1834 (1896), 
ll Biltz, Ber. d. deut. chem. Gesell. vol. xxxvii. P. 1706 (1904); 
Vol. xxxviii, p. 2963 (1905). 
T Lagergren, Zeit. Phys. Chem. vol. xxxii. p. 174 (1900), 
jga Freundlich, Zeit. Phys. Chem. vol. lvii. P- 385 (1906); vol. lix. 
P. 284 (1907) ; 
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(3) Heat effects, even in concentrated solutions, are 
undetectable. Chemical action, on the other hand, 
at relatively low temperatures is usually accompanied 
hy evolution of heat. 


Characteristics which distinguish Adsorption 
from Absorption. 


The difference existing here (which has been attested hy 
numerous determinations) may be stated thus: There is not 
a direct proportionality between the concentration of the 
solution or partial pressure of the solute and the amount 
adsorbed. To take an example from Walker and Appleyard’s * 
paper on the adsorption of picric acid at the surface of silk. 

The quantities of picric acid (remaining after the reaction, 
in the aqueous solution and in the silk itself are estimated) 
the following being the results obtained :— 


Tape I. 
milligrams Picric Acid ‘milligrams Picrie Acid Ratio. 
in 1 c.c. solution. in 1 grain silk. b 
(a) (b) 
0:064 13 0:005 
1:98 37 0:053 


| 7-0 75 0-094 
f | 
| 


Assuming the molecular weight of the picric acid to be the 


es e . a 
same in water and silk, the ratio ; should have been constant 


b 
had true absorption taken place. 


If. THEORETICAL DISCUSSION. 


Gibbs's Theory of Surface Concentration. 


A theoretical investigation of this subject from the stand- 
point of thermodynamies forms one of the chapters in Gibbs's t 
memoir on “Equilibrium in Heterogeneous Systems.” He 

* Walker & Appleyard, loe. ett. 

t ‘Scientitic Papers of J. Willard Gibbs.’ English edition, vol. i. 
p 219. 
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first takes up the consideration of the mass or bulk equi- 
librium of a heterogeneous system, 2. e. equilibrium in which 
any surface phenomenon is of insensible magnitude, and then 
proceeds to examine the case in which the surface area is 
relatively large and the influence of surfaces of discontinuity 
upon the equilibrium of heterogeneous masses becomes of 
importance. To use his own words :— 

*« The solution of the problems which precede may be 
regarded as a first approximation in which the peculiar state 
of thermodynamic equilibrium about surfaces of discontinuity 
is neglected. To take account of the condition of things at 
these surfaces, the following method is emploved :— 

“Let us suppose that two homogencous fluid masses are 
separated by a surface of discontinuity, i.e. by a very thin 
non-homogeneous film. Now we may imagine a state of 
things in which each of the homogeneous masses extends 
without variation of the densities of its several components, 
or of the densities of energy and entropy, quite up toa 
geometrical surface (to be called the dividing surface) at 
which the masses meet. We may suppose this surface to be 
sensibly coincident with the physical surface of discon- 
tinu'ty. 

“ Now if we compare the actual state of things with the 
supposed state, there will be in the former in the vicinity of 
the surface a certain (positive or negative) excess of energy, 
of entropy, and of each of the component substances. These 
quantities are denoted by e’, 4°, mi, mj, cte., and are treated 
as belonging to the surface. The * is simply used as a 
distinguishing mark, and must not be taken for an algebraic 
exponent. 

“Tt is shown that the conditions of equilibrium already 
obtained relating to the temperature and the potentials of the 
homogeneous masses are not affected by the surfaces of dis- 
continuity, and that the complete value of êe’ is given by tlie 
equation 

Se? = tòn’ + ods + pms + ums + ete. 


in which s denotes the area of the surface considered, ¢ the 


æ Gibbs, ‘Scientific Papers,’ vol. i. p. 305. 
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temperature, pı ug etc. the potentials for the various com- 
ponents in the adjacent masses.....” 

“The quantity o we may regard as defined by the [above] 
equation itself or by the following: 


e'=tn’?+ost+ yumi t+ poms + ete. 


from which by differentiation and comparison with the former 


we obtain 
do= = ndt —= Pidu — Dol ny — ete., 


where ns, Ti, I's, cte. are written for 


8 8 8 

1, —, n > etc., 
and denote the superficial densities of entropy and of the 
various substances. We may regard o as a function of 
t, Mi, Me, ete., from which, if known, ns Li, Ta may be 
determined in terms of the same variables. An equation 
between oa, t, Mi, fe, ete. may therefore be called a funda- 
mental equation for the surface of discontinuity.” 

The final equation obtained above has been simplified and 
applied by Gibbs * to an actual case, viz.:— 

“Tf liquid mercury meet the mixed vapors of water and 
mercury in a plane surface, and we use u, and ug to denote the 
[chemical] potentials of mercury and water respectively and 
place the dividing surface so that T, = 0, i. e., so that the 
total quantity of mercury is the same as if the hquid mercury 
reached this surface on one side and the mercury vapor on 
the other, without change of density on either side, then 
Tı will represent the amount of water in the vicinity of the 
surface above that which there would be if the water-vapor 
just reached the surface without change of density, and this 
quantity (which we may call the quantity condensed [?. e., 
adsorbed] upon the mercury) will be determined by the 
equation 


In this eqnation and the following, the temperature is 
constant and the surface of discontinuity plane. 


* Gibbs, ‘ Scientific Papers,’ vol. i. p. 225. 


r 
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“Tf the pressures in the mixed vapors conform to the law 
of Dalton, we shall have for constant temperature 
dp, = cd py 5 


p: denotes the part of the pressure in the vapor due to the 
water-vapor, and ¢ the density of the water-vapor. Hence 


do 3 
Das is eo o o 
Now applying the gas law P = RTc, finally we obtain 
c do 
lan = RE de 


This equation is of fundamental importance in that, if we 
assume its applicability to adsorption measurements, it con- 
tains the relationships between bulk-concentration, surface- 
tension, and quantity adsorbed in an experimentally 
determinable form. 

The same expression may be obtained more simply as 
follows * :— 

Consider the equilibrium at a surface (say of solid or 
liquid) in contact with a solution. 

Let o = surface-energy per unit of surface. 

s = area of surface exposed to the solution. 
m= the mass of solute adsorbed at the surface of the 
solid in excess of that normally present. 

The temperature is supposed to be constant. 

U = total energy of the heterogeneous film per unit 
of surface. 


U can be increased :— 

(1) by increasing the surface area, in which case the work 
required = cds ; 

(2) by increasing the concentration of the solute in the 
interfacial layer. This is proportional to dm’ namely 
pdm, where p is the chemical potential of the solute. 


Then dU = ods + pdm’, 
w dU — pm) = ods — md. 


+ Tam indebted to Prof. W. B. Morton for this deduction. 
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And since d(U — pom’) is a complete differential, we have 
) (W) 
du', ds ie 


dm’ Í l 
but —— = mass adsorbed per unit area of surface, i. e. = 1'; 


ds 


E ie do 
o 7 du 
Now since dyu = Re 


where c = the concentration of the solute in the 
bulk of the solution, 


it follows that ] 
Pa 
RT de’ 


NoTE.—It should be noted that the expression obtained above occurs 
in Freundlich’s paper already ieferred to. From the nature of his 
experiments it bas been quite impossible to attempt a verification 
experimentally, 


We have now to prepare a solution of certain strength c 
and measure the quantity adsorbed I as well as the value of 
do 
de’ 
obtain a verification or otherwise of the expression *. It 
may be stated at once that the results of experiments to be 
detailed do not show equality on the two sides of the 
equation—the discrepancy being always in the direction 


f c do 
of I being many times greater than Rv de 
de 


On substitution of the values in the equation we may 


* While this work was in progress, the results of somewhat similar 
determinations were published by Milner (Phil. Mag. Jan. 1907 [6] vol. xiii. 
p. 96). These referred to equilibrium at the air-liquid surface, He has 
deduced an identical expression to that already given in this paper, and 
has applied it to acetic acid in aqueous solution and aqueous sodium 
oleate. He has found that the actual quantity removed from solution 

Mer . , c da 
(T) is nearly ten times the calculated effect Gat de): 

Reference might also be made to experiments by Zawidski (Zeit. Phys, 
Chem. xxxv. p. 77 (1909) ) on the formation of the foam produced by the 
addition of saponine to aqueous solutions of hydrochloric and acetic acids. 
No measurements applicable to the present case were recorded. 
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ITI. EXPERIMENTAL METHODS. 


Use of a Liquid-liquid Interface. 


As already stated, previous investigations with the ex- 
ception of Milner’s have dealt solely with adsorption at a 
solid surface—which does not allow of its surface-extent or 
surface-tension being determined. As it is necessary to 
evaluate these quantities, the possibility presented itself of 
measuring the adsorption of a solute at the interface between 
its solution and another liquid. This latter liquid must of 
course be absolutely chemically inert towards the solute 
itself and its solution. Choice fell on a hydrocarbon oil, 
since a body such as this is characterized by its chemical 
inertness. The next object was to obtain a substance, 
preferably soluble in water, which would possess the property 
of lowering the interfacial tension between water and oil. 
From their behaviour at the air-liquid interface it seemed 
likely that the soaps, saponine, and bile-salts would act in 
this way at the oil interface. The first experiments to be 
described were carried out with aqueous solutions of bile-salts. 

In order to make certain that no chemical or solubility 
effects existed between the oil and the solutions, the following 
tests were carried out :— 

(1) A portion of the oil was shaken up with water which 
was tested with phenolphthalein—neutral reaction, and 
therefore absence of free fatty acid as impurity. 

(2) A portion of the oil was boiled for three hours with reflux 


condenser with — methyl alcoholic potash—excess potash 


10 
being titrated with standard acid. It was found that the 


acid required for neutralization, was the same in amount as 
that for a blank experiment in which no oil was present. 
This proves the absence of fatty esters in the oil. 

(3) Some of the bile-salt powder was shaken up with the 
oil, the latter allowed to stand, filtered, and a “drop-number’ 
taken with the pipette (see later) against distilled water- 
The same drop-number was obtained as with the untreated 
oil fresh from the stock. Since the tension is a very delicate 
test for the presence of the salt, the above shows fairly 

VOL. XXI. i 
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conclusively that there was no salt present in the oil after 
filtration, 2. e., the salt is insoluble in the oil. 

(4) The oil was shaken up with a solution of the salt, the 
oil filtered off and a drop-number taken against water. The 
same resuit exactly was obtained as with the oil which had 
been simply shaken up with distilled water filtered off and a 
similar drop number taken against water. , 

The above tests point conclusively to the fact that no 
effects of the nature of chemical combination or solubility 


take place between the oil and the bile-salt. 
Examination of the Bile-salt. 
A quantity of “ sodium glycocholate ” was obtained from 


Merck. On close examination, however, it 
appeared that this was far from pure. Besides 
sodium glycocholate there is also sodium 
taurocholate and other fatty acid alkali-salts. 
There were no inorganic substances such as 
codium chloride or carbonate. Several de- 


terminations of the molecular weight (which 


is required, as will be seen later) by means 


of the lowering of freezing-point and rise 
of boiling-point of water gave as a result 
140. Assuming complete dissociation in 
water, this would give the undissociated 
molecular weight 280. This latter was con- 


firmed by a determination by the rise of 
the result being 


boiling-point of alcohol, eeu 
283. The osmotic molecula r weight ın water 
(viz. 140) is, however, the quantity required 
in the subsequent calculations. 
val Tension. 


Method of measuring the Inter {a 
od was employed, 


The Drop-Pipette meth 
ie form shown in 


the apparatus being of tl 
a is hist filled with oil (by 


fio. 1. This w: 
suction at C) up to ihe mark te The tap 
: ysed during a determination. 


B was then ck 
The aperture F 
1 the pipette pl 
yely to the $0 


is carefully wiped before 
1 ani aced in a fixed 
g e ° . e 
aeons relati lution ìn all determinations- 
n slat 
positio 
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The bulb D is of about 45 c.c. capacity between E and E.. 
The distance E F is about 8 cms. As soon as the tall jar 
containing the solution is placed in position, tap A is turned 
full on, the constriction above only allowing very slow 
entrance of air; and hence the drops of oil rising through 
the denser solution are formed with exceeding slowness— 
at 12 to 15 sees. interval. This, as Lord Rayleigh * has 
pointed out, is of great importance in order to obtain fairly 
accurate determinations; the approximateness of the method 
being due to the application of a statical theory to what 
is really a dynamic phenomenon. 

The method consisted simply in counting the number of 
drops formed while the oil fell from E to Ej. 


Theory of the Drop-Pipette Method. 


It may be used in the first instance simply to determine 
the relutive tensions of solutions of different concentrations, 
thus :— 

Let V = total volume of oil used, 

n = total number of drops formed, 


then the volume of each drop = P 


and if p=the density, 
the weight of a drop = 
The tension ø is taken to be proportional to the weight of 


a drop, 


ER 

n 

Similarly for another liquid, 
O = KP! 
My 
Hence 
2 5 iP 
Cı np, 


As a result of the exhaustive work of Guye and Perrot f, 


* Lord Rayleigh, Phil. Mag. [5] vol. xlviii. p. 321 (1899). 
t Guye & Perrot, Archives d, Sc, Phys, 4th ser, vol. xi. p. 225 (1901) ; 
vol. xv. p. 132 (1903). 


x2 
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Kohlrausch *, and Lohnstein +, a determination of surface- 
tension in absolute measure by means of the drop-pipette 
can be obtained as follows :— 
The expression giving the weight of a drop in terms of 
the tension is 
g = raf, 
where a= tension in millgrms./mm. 
g=weight of a drop in milligrams. 
r=radius of the orifice in mms. 


® is a function of C) where 
e ° | a 
a? is given by > 
p being the density of the liquid in the pipette. 


This applies to cases of liquid-gas tension, but it may 
perhaps be extended to the present case by taking into con- 
sideration the density of the medium in which the drop of 
oil is formed, 2. e. the water. 

Calling the density of the water py, we have 


9 2a 
a“ = ° 
P» — Po 
We have now to evaluate ®. The ordinary method of 


using the Lohnstein-Kohlrausch formula is to take some 
approximate value for æ; from this calculate a, and hence 


¢ ). Kohlrausch ¢ has given a table showing the values 


of ® for different values of C) and by inter- or extra- 


polation ® can be evaluated. We then compare the valne 
of g given by the expression ra® with g actually obtained 
by experiment ; and finally, by a series of approximations, 
ais given sucha value as to make the calculated and ob- 
served values of g identical. 

Now a determination by Pockels § gives the value 48°3 
dynes as the tension between water “ and a petroleum oil.” 


# Kohlrausch, Ann. d. Physik, vol. xx. p. 798; vol. xxii. p. 191 (1906). 

+ Lohnstein, Ann. d. Physik, vol. xx. pp. 237, 606; vol. xxi, p. 1030 
(1906). 

t Kohlrausch, loc. cit. p. 805. 

§ A. Pockels, Wied. Ann. lxvii. p. 668 (1899). 
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Assume in the present case 
a=48 dynes per cm. 
=¢489 milligrams per mm. 


Then a@=978; 
~ a=98, 
r=1°5. 


Hence (=)= 0°152. 


Unfortunately this value of (2) is a little beyond tho lower 
limit of Kohlrausch’s table, viz. :— 


a ®. 
0-300 4:45 
0:288 4°48 
0:200 4°66 


For ({)= 152, the value of ® by inspection of these 
numbers (assuming the values do not change in direction 
down to C) = ‘152) would be 

p = 472; 
hence g = 34°62 milligrms. 
Now g found experimentally =35:00 milligrms. 

The value for the interfacial tension was therefore taken 
to be 48 dynes per em. To distinguish this oil from another 
hydrocarbon oil which was found to have a tension of 
33°6 dynes, they will be throughout designated oils “A” 
and “ B,” viz. :— 


Interfacial ¢ Water-oil A ......... 33°6 dynes per cm. 
tension l Water-oil B ......... 48 dynes per cm. * 


æ Note.—It may be as well to state here that although oil A was as 
carefully tested as oil B, the writer would lay greater stress on the 
accuracy of the determinations made with oil B. 
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Variation of the I nterfacial Tension with the Concentration 
of Sodium Glycocholate Solutions. 


First SERIES.—OIL A. 


Aqueous solutions of the sodium glycocholate were pre- 

pared of the following concentrations :— 
1°/, O°8°/, 0°5°/, 0°33°/, 0°25°/, 0°18°/, 0°125°/, 
O-1°/, 0°05°/, O-01°/, 0001 °/,. 

On being freshly prepared, the aqueous solutions of these 
concentrations were quite transparent, but with considerable 
rapidity—2 to 3 hours—in the case of the more dilute, a 
white turbidity manifested itself. All tension measurements 
were therefore made with fresh transparent solutions so that 
the values obtained might be quite comparable. 

The following table gives the results obtained with oil A. 
The first column gives the concentration of the solution ; the 
second, the corresponding drop-number ; the third gives the 
relative tension as deduced from the relation already obtained 
(pp. 159, 160), viz., that the drop-numbers are inversely as the 
tension ; the fourth column gives the absolute values of the 
tension based on the oil-water determination 33 6 dynes/cm. 
and by applying the values of column 3. 


TABLE IT.—Oil A. 


Per cent. Drop- Relative Tension 
Concentration. | number. | Tension. | dynes/em. 

0 183 1-000 33°60 
0001 191 0:953 8220 
0-01 219 OG 18 08 
0-05 244 0:750 25°21 
01 220 0654 21:96 
0:125 207 0-616 20:70 
0:18 365 0501 16:81 
0:25 418 O40: 14°71 
0°33 489 0374 1257 
0:5 536 0:341 11:48 
0:8 509 032R 11:03 
1:0 566 0:323 10°56 


The above values in columns one and four are plotted in 
fig. 2. It will be noticed how exceedingly marked is the 
lowering effect of the sodium glycocholate upon the inter- 
facial tension. 

We are therefore, now, in a position to obtain an experi- 
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mental value for z by simply taking the value of the 
C 


tangent to the curve fig. 2 at the desired concentration. 


Oi A. Sop aiyeocuoceaTe A. 


SECOND SERIES.—OIL B. 


A similar series of determinations with oil B are given in 
the following table :— 


TaBLE IIT.—Oil B. 


Per Cent. Drop- Relative Tension 
concentration. | number. Tension, | dynes/em. 
0 128 1-000 48 
00312 202 0:633 80°38 
0:0625 233 0:549 ABH 
0:125 317 0:404 19:39 
0:165 875 0341 16°37 
0:200 417 0:307 14°73 
0:250 471 0:272 13:05 
0:300 522 0:245 11:76 
0:330 531 0:241 11°57 
0°360 557 0:230 11-04 
0-400 568 0:225 10:80 


0:500 585 0-219 105] 


ng as se ee eee Íl 
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The above absolute values of Tension and Concentration 
are plotted in fig. 3. 


ie B ae GLY COCHO LE ATE W 

In order to ascertain how far the values for the Tension 
obtained directly from the drop-number (column 4, Table IIT.) 
agreed with those obtained by applying Kobhlrausch’s formula 

g=raD 

in each case, a comparison is made of the weights of the 
respective drops, using the values of the tensions for the two 
concentrations *25 per cent. and °5 per cent. 


Per cent. Weight of drop | Weight of drop 
Concentration. g=rab. actually found. 


zero, i.e. distilled water | 3462 milligrms. | 35 milligrms. 


"25 per cent. 8:89 i 8:60 i 


[i 


‘3 an 701 ji 6:93 


ve 
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Having in the foregoing obtained data for the experimental 


determination of the coefficient 2 in the case of two dif- 


de 


ferent oils, the next procedure was to determine the value 
of T, 2. e. the mass adsorbed per cm.? of oil-surface in excess 
of that which would have been there had no adsorption 
taken place at all. To express this quantity P more briefly, 
the term “Adsorption Coetticient,” following the nomenclature 
of Ostwald, has been employed. 


Measurement of the Adsorption Coefficient. 


Although the Adsorption Coefficient is defined as the 
excess mass of solute adsorbed, yet since the normal amount 
of solute per square cm. surface (when no adsorption has 
taken place) is very small in the present instance, this 
normal amount may be neglected in comparison to the total 
amount adsorbed per square cm. This is justifiable, as is 
evident from the following figures from an experiment 
detailed later :— 

The bulk concentration of the glycocholate solution 
='25 per cent. or ‘0025 grams per c.c. 

Assuming the thickness of the surface layer to be of 
the order of the range of molecular attraction, namely, 
13°4 x 10— ems. (according to Parks *), while the quantity 
adsorbed per cm.? in this particular case is 5'4 x 107° gram, 
the layer evidently possesses a concentration of °403 gram 
per c.c. The surfuce concentration is therefore about 160 
times the bulk concentration. 

It has been assumed that the thickness of the layer is of 
the dimensions of the range of molecular action. Of course 
the actual case is that there is a gradual “shading off” of 
the excess from the surface into the bulk of the solution, 
but practically all the excess is in the molecular surface- 
layer. This follows from the fact that the magnitude of the 
adsorption depends on the surface-tension, which is a pheno- 
menon whose effects do not extend beyond the range of 
molecular attraction. As Gibbs t says :—“ It is only within 
very small distances of such a surface that any mass is 


* Parks, Phil. Mag. (6] vol. v. p. 517 (1903). 
t Gibbs, ‘Scientific Papers,’ vol. i. p. 219. 
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sensibly affected by its vicinity—a natural consequence of 
the exceedingly small sphere of sensible molecular action.” 


The experimental determination of the adsorption co- 
efficient of sod. glycocholate at the surface of a hydrocarbon 
oil was carried out, emploving two distinct methods accord- 
ing as the adsorption took place under one of the two following 
conditions :— 


(1) Adsorption at a very curved surface. 
(2) Adsorption at an approximately plane surface. 


(1) Adsorption at a very curved surface. 


A certain volume of sod. glycocholate solution of known 
strength is shaken (by a motor-driven shaker) for several 
hours, with a known volume of oil so as to form a uniform 
emulsion. The bulk concentration of the solution after 
emulsification is estimated, and the fall in concentration gives 
the total quantity of glycocholate adsorbed. To measure 
the adsorbing area, the droplets of the emulsion are examined 
under a microscope having a scale of known value in the 
eyepiece, and the average diameter of a droplet taken. 
Hence we obtain the radius r and the volume of a droplet 
— frr’. Knowing the total volume of oil emulsified, we 
obtain the total number of droplets *, and since each drop 
has a surface area 47r*, we finally obtain the total adsorbing 
area. Dividing the total quantity adsorbed by this area, the 
adsorption coefficient is determined. 

The following are typical examples :— 


Determination with Oil A. 


One litre of sod. glycocholate solution approximately 
"33 per cent. was made up, and of this 500 c.c. were shaken 
with ‘447 c.c. oil for 12 hours and allowed to stand 18 hours. 
The volume of oil was obtained by weighings—the density 
of the oil being :907. A drop of the emulsion was examined 
under the microscope. 


* Assuming that the density of an oil-droplet in the emulsion will 
sensibly coincide with the density of the oil in bulk. 
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Average radius of a droplet = ‘0000425 cm. 
Hence surface area of one droplet=4 x 31416 x (0000-42 5)2, 
and volume of one droplet= 4% x 3°1416 x (-0000425)8, 
Total volume of oil emulsified =°447 c.c. 
<. Total number of drops formed =1°3 x 10”. 
<. Total adsorbing surface = 31,553 cm. 

To estimate the quantity adsorbed :— . 

A drop-number was taken with the pipette throngh a 
portion of the original solution. Drop-nuinber = 483, cor- 
responding to a tension 12°80 dynes, which on fig. 2 indicates 
a concentration 0'318 percent. After adsorption had oc- 
curred, a drop-number through the emulsion gaye 459 
corresponding to a tension 13°44 dynes, which again cor- 
responds on fig. 2 to a concentration °295 per cent. 

2. Fall in concentration ='023 per cent, 


This was the general method adopted to determine change 


mM concentration, it being much more delicate than any 


purely chemical means. It will be noticed that in the ahove 
the assumption is made that the emulsion particles them- 
selves would not affect the value given by the pipette for 
the tension of the solution in which the emulsion is suspended. 
Justification of this is afforded by the concordance between 
the results obtained for the adsorption by this method and 


by an entirely different method to be described later. 
Vontinuing:— 


Fall in concentration of ‘023 per cent.=115 gram 
for the 500 c.c. solution employed. 
Hence the mass adsorbed per cm.?, i. e. 
_ 115 
~ 31,553 
T=3°6 x 10-* gram. 


Similar determination of T, using Oil B :— 
The solution m 
sponding on fig 


T 


ade up gave a drop-number 31, corre- 


-3 to concentration *317 per cent. 230 c.e. 


m a ms 
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of solution were emulsified with °160 c.c. oil (density -900), 
and after emulsification the drop-number was 507, corre- 
sponding on fig. 3 to a concentration ‘290 per cent. 


Hence the fall in concentration ......... ='027 p. cent. 
.. Total mass adsorbed from the 250 c.c. soln. ='067 gram. 
Total adsorbing area ...... = 11058 cm.? 


c. [D=5:9 x 10-8 gram per cm.? 


A further determination with a solution whose original 
concentration was *2 per cent. gave a value for the adsorption 


coefficient 
T=4:7 x10- gram per cm? 


An estimation of the probable error of these values really 
depends on the estimation of the radius of the emulsion 
particle. As great care as possible was taken to obtain 
these very uniform in size. The radius of a drop is taken 
as being 0000425 cm. The maximum value would be 


represented by 
r = 00005 cm., 


and as a minimum, 
r = ‘000035 cm. 
Substituting these values in the first determination with 
oil B, we obtain the following result :— 
r = °000035 cm., T = 4'4 x 10-° grm. per cm,? 
r = '000050 ,„ P=69x10"*. y 5 
r = 0000425 ,, Tr=59x10-6 ,, 5 


It is evident from these figures that the method is not 
sufficiently accurate to detect a different value of T cor- 
responding to solutions of strengths ‘317 and *2 per cent. 
respectively. The different values obtained are within the 
limits of experimental error. 


Comparison of Experimental values of T with Calculated 
values. 
The calculated value for T is, as already pointed out, 
c do 


~ RT de’ 
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Let us take as a example the second determination with 
oil B :— 


The concentration of the solution =¢='2 per cent. 
='002 grm. per c.c. 
Temperature T=289 abs. 


R is the gas constant. For one gram of solute, 
_2x42 x10 ergs 
~ molecular weight 


The molecular weight determined as already described is 
140 in aqueous solution. 


The coefficient x, read from the curve fig. 3 at the point 
where c=2 per cent., gave 
da 9°5 dynes 


de -002 grm. perc.c. ~ dii 
The true value of this probably lies between the limits 
4800—4700, i. e., an error of about 2 per cent. 


Hence 
c da _ 002x 4750x 140 


RT de 2x4:2x107x 289 
= 5:5 x 10-8 grm. per cm.? 


T (found) = 4:7 x 10~-® grm. per cm.? 


That is to say, the actual quantity adsorbed is about 
85 times the calculated amount. This is far beyond ex- 
perimental error, and there can be no doubt that a real 
discrepancy does exist. To confirm this, however, a different 
method of experimentally determining [ was resorted to 
in which emulsions were dispensed with, as it was thought 
possible that the radius of the drops might be too near the 
value for the range of molecular forces. 


(2) Adsorption at an approximately plane surface. 


In the previous emulsion method we have been dealing 
with tension and adsorption at very curved surfaces. Owing 
to the discrepancy obtained in the above method, it is 
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necessary to carry out determinations at a practically plane 
surface—i. e., one of very small curvature in comparison 
with the curvature of the sphere of molecular action. 

For this purpose the apparatus shown in 
fig. 4 was devised. It consists of a bulb A, 
of about 170 c. c. capacity, which is filled with 
oil. This bulb is connected to a long vertical 
narrow tube (14 metres high), having a rubber 
joint and pinchcock near the base so as to 
regulate the flow of oil. The upwardly directed 
nozzle of this tube is inserted through a cork 
into a wider tube B (1 em. radius), which con- 
tains the solution through which the oil rises in 
the form of large drops. The tube B becomes 
constricted near the top, and then opens into 
a large cup-like vessel C. The sod.-glyco- 
cholate solution (about 1 litre) is poured into 
B and C until the constricted end of B is about 
3 cms. below the surface of the solution. The 
upwardly moving drops of oil adsorb on their 
surface some of the solute and carry it through 
the constriction, the drops eventuallycoalescing. 
The object of the constriction is to prevent the 
sod. glycocholate, which has once more been 
partially returned to solution (by the coal- 
escence), from being carried back into the 
lower part of the tube. When A is empty, 
the tube B (which has a rubber joint near the 
top) is nipped at this point and the upper 
portion disconnected. The lower solution (which is 250 c.c. 
in volume) is run off from below, and a drop-number through 
it taken with the pipette. The fall in concentration is 
read off by means of fig. 3—or, rather, a somewhat en- 
larged form of fig. 3; the enlargement being necessary for 
accurate readings on account of the very small changes in 
concentration produced by this method, the fewer large 
drops offering a very much smaller surface than the emulsion 
particles. 


Fig. 4. 


Digitized by Google 
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Erample: Oil B. 

One litre of :25 per cent. sod. glycocholate was prepared. 
The solution was poured into B and C as described, and after 
the drops have been passing for about 2 hours the reservoir A 
was empty and the contents of tube B run off. Through this 
solution a drop-number gave 460, i. e.a tension of 13°2 dynes, 
corresponding on the curve to a concentration ‘243 per cent. 


Hence the fall in concentration=:007 per cent. 

<. for 250 c.c. (the volume of B) the total quantity 

removed ='0175 grm. 

The volume of the oil-reservoir =168 c.c. 

The time of formation of 50 drops was taken at the 
beginning, in the middle, and near the end of the expe- 
riment. It was found that the middle value was the mean 
of the beginning and end, viz. 50 drops in 40 seconds. 


Total time of emptying A . . = 7940 secs. 


.. total number of drops . . = 9925. 
Hence volume of a drop . . = 0169 c.c. 
“.radiusofadrop . . . . = 160 cm. 
and hence total adsorbing area = 3192 cm.? 


*, Adsorption coefficient = 5:4 x 10-8 gram per em.’ 


A second determination was made in which three times 
the former quantity of oil was used, and hence a greater 
fall in concentration was observed, which is in favour of a 
more trustworthy result :— 

Total volume of oil used . . = 504 c.c. 

Total time of dropping . . =20520 secs. 
Total adsorbing area . . . = 7414 cm? 
Total mass adsorbed . . . = ‘022 grm. 


c. Adsorption coefficient = 3:1 x 107%. 

It is worthy of note that these values are of quite the same 
order as those obtained at the very curved surface in the 
emulsion method. 

The calculated amount for this particular concentration 
(0°25 per cent.) gave 

c da 


RT de 


= 3°6 x 10-* gram per square cm. 
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We therefore find in this case also, that the experimental 
value for T far exceeds the calculated value. Thus over 
98 per cent. of the total observed effect is unaccounted for in 
the theoretical calculation. 

This result is unexpected, especially when one remembers 
that in this latter method of determining T the condition of 
planeness of surface is fulfilled to a very high degree of 
approximation ; for the drops at the surface of which 
adsorption took place were of practically the same diameter 
as those produced by the drop-pipette in carrying out the 


(og e e 
measurements of — ; t. e., the drops are very large in com- 
de? |°”? 7 


parison to the sphere of molecular action. One would have 


expected, therefore, that the calculated result (dependent as 


it is on the value of - ) would be in good agreement with 


the experimental value of F. 

One point of considerable interest lies, however, in the 
good agreement observable in the experimental values of TP 
obtained by the two methods. On the one hand it appears 
to point (at least as far as one may rely on the accuracy of 
the determinations of [) to the fact that the tension even at 
very great curvatures does not differ appreciably from that 
at an approximately plane surface. On the other hand, since 
the portion of the adsorption which is unaccounted for is so 
much greater than the value required by theory, it is possible 
that even considerable variations in this latter would be 
undetected owing to the “swamping ” effect of the excess 
values. 


DISCUSSION OF RESULTS. 


The net result of the foregoing experiments is to show 
that between observed and calculated values there is a very 
creat discrepancy—the actual quantity adsorbed being about 
eighty times the calculated amount. The most obvious 
explanation lies in the existence of some assumption in the 
theory which has been overlooked in practice. 

The following are Gibbs’s assumptions in the deduction of 
the equilibrium equation :— 
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(1) The adsorbing surface is plane. 

(2) The solvent is to show no concentration at the inter- 
face. 

(3) For the particular equation used in the present paper, 
there is supposed to be only one component capable 
of being adsorbed. 

(4) This component and the solvent in which it is dissolved 
are supposed to form a single phase. 


(1) Planeness of the surfuce—It may be readily assumed 
that adsorption measurements made at the surfaces of oil- 
drops of sensible magnitude approximate exceedingly closely 
to those at a plane surface. 

(2) Absence of surface-concentration of the solvent.—This 
was simply assumed to be the case, no means of testing its 
validity having as yet suggested itself, 

(3) Adsorption of a sinyle component.—This follows from 
the general experimental conditions, the solute, the sodium 
glycocholate, being the only substance whose adsorption is 
measured. 

(4) Adsorption from a monophase system.—This assumption 
is implied from the actual example of surface-concentration 
given by Gibbs as exemplifying his theory, viz.:—A mixture 
of mercury- and water-vapours meeting at a liquid mercury 
surface, the water being the component which suffers surface- 
concentration. Mixtures of vapours are essentially monophase 
systems ; and the question is, are we dealing with a mono- 
phase system in the case of an aqueous solution of sod. 
slycocholate ? The evidence given by its osmotic behaviour 
ın raising the boiling-points of water and alcohol and lowering 
the freezing-point of water, is strongly in favour of its being 
a true electrolyte, and hence of its solution being a mono- 
phase system. 


Temperature Effects accompanying Adsorption. 


All attempts at a direct determination of heat evolution or adsorption at 
the oil surface were negative. It may be shown, however, indirectiy that 
a small evolution of heat must occur, from the observed variation of the 
interfacial tension with temperature. Thus, with a solution of concen- 
tration ‘3 per cent. and oil B, the following results were obtained ;— 


VOL. XXL. U 
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Temperature, Tension in dynes per cm. 
16° C. 11-76 
41°C, 12-96 
67° C. 14-4 


We have here the remarkable phenomenon ofthe tension increasing 
with the temperature. But in similar experiments, using water alone 
instead of solution, there was a marked fall in the tension, as was to be 
expected, viz. :— 


Temperature. Tension in dynes per cm. 
16° C. 48 
41°C. 40:8 
67° O. 37l 


Ta e a a ae ee 

The increase in tension with temperature in the case of the glyco- 
cholate solution is to be accounted for, therefore, by partial “ desorption ” 
having taken place ; that is,an increase of temperature in the case of the 
glycocholate solution decreases the quantity adsorbed, and hence, 1 
accordance with the principle of Le Chatelier, adsorption must be accom- 
panied by heat evolution, 

Further experimental determination may make it possible to calculate 
the quantity of heat (Q) evolved per gram-mol. adsorbed by applying the 


equation 
dlog KK Q 


dt RT? 
where K = ratio of concentration in surface layer to the bulk concen- 
tration. 


IV. APPLICATION To THE THEORY OF DYEING. 


The various theories which have been advanced to account 
for the process of dyeing may be roughly divided into 


(1) Purely chemical combination or solid solution. 
(2) Purely physical surface effects (i. e., Adsorption). 
(3) Partially surface effects and partially chemical 


combination. 
ard in 


A great mass of evidence has been brought forw . 
n this 


support of these different views, but it is not proposed j 
place to discuss them *. Mention should be made, however, 


: -ork 
* For an account of these various theories one may consult the wo 
of W. P. Dreaper— Chemistry and Physics of Dyeing * (1906). 
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of the most recent contribution, namely that of Freundlich *, 
whose results point very strongly to the absence of chemical 
combination, but leave it an open question as to whether 
dyeing is an example of adsorption in the sense of Gibbs’s 
theory. 

It is evidently essential to this view that dye-stuffs in 
solution should possess the property of lowering the inter- 
facial tension. This, of course, cannot he determined in 
Freundlich’s experiments owing to the presence of the solid 
phase, but considerable support would be given to the ad- 
sorption theory of dyeing if it were shown that dye solutions 
actually did lower the tension at the interface between the 
solution and an inert liquid. This liquid must of course be 
such as to exclude both chemical combination and solution. 

With this object further measurements were made with 
the hydrocarbon oil B already experimented with, which was 
to function as the substance to be “ dyed.” 

Aqueous solutions of various concentrations of the follow- 
ing dyes were prepared :—Congo red (sodium salt), methyl 
orange (sodium salt). 

It is hardly to be expected that in any of these cases there 
would be solution in, or chemical combination with, the oil. 


Congo Red. 

A preliminary trial with this substance showed that there 
was a distinct lowering of interfacial tension. The following 
table gives the results obtained for solutions of different 
concentrations. 


Tase IV. 
` Per cent. Drop- Relative | Tension in 
Concentration. | number. | Tension. | dynes/em. 
0-0 128 1:0 48 
002 140 0'914 43:87 
0:05 148 0:865 41:52 
01 165 0:775 37°20 
0:12 165 0:775 37°20 
0:2 165 0775 37°20 
0:25 165 0'775 37°20 


* Freundlich, Ze-tschr. Phys. Chem, vol. lix. p. 284 (1907), 
O02 
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The results of Table IV. are plotted in fig. 5 (lower 
curve). 

It will be noticed that after the concentration has reached 
0'1 per cent. there is no further effect on the tension. This 
probably represents the maximum true solubility of the dye ; 
and the minimum value for the tension might possibly be 
made use of as a practical method of ascertaining the optimum 
concentration for the dye-bath. 


oiL B. 


, { Congo RED -w 


heruye Ocaect O——@— 
From the lower curve (fig. 5) we obtain the value of the 
coefficient a for the curve itself is practically a straight 


line. We may proceed, therefore, to apply the adsorption 
equation already obtained and calculate the adsorption co- 
efficient (T). 
Thus, taking as an example the solution of concentration 
0-1 per cent., 
c = ‘001 grm. per c.c., 
da _ 8 dynes 
de ‘O01 grm./e.e.’ 


m TA IAEE 
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c do 001 x 8x 690 
e „e e E N a iaa == ie ()-7 £ 2 
* HP de = 3x3 x4-3x10'x G01 O gram per em 
where 690 = the molecular weight of the undissociated 


Congo red, assuming it to be a monosodium derivative. Of 
course there is doubt as regards the value, since we are 
dealing with the substance when dissolved. 

Thus, assuming complete dissociation in solution, the 
value of the molecular weight would be 345, and the 
resulting value for the adsorption coefficient would be 
1:15 x 10-7 grm. per cm.? Qn the other hand, if the dye is 
colloidal the molecular weight might possibly be much higher ; 
though the behaviour of sod. glycocholate, by analogy, is 
rather against this. 


Experimental result :— 

250 c.c. of O'l per cent. Congo-red solution were shaken 
for fifteen hours with °175 c.c. of oil. The resulting 
emulsion particles were examined under the microscope. It 
was found that r = 0000435 cm. 

Hence, calculating exactly as in the sod. glycocholate 
solutions, we obtain the Total adsorbing area = a = — cm.? 

The quantity adsorbed was determined as usual by taking 
a drop-number with the pipette through the emulsion. The 
drop-number was found to be 158, = that is, a tension 
33°73 dynes/cm., corresponding on fig. 5 to the concen- 
tration ‘082 per cent. 


<. Fall in concentration = ‘O45 grm. 


.. Adsorption coefficient T = 3:7 x 10-8 grm. per em. 


It will be observed that this is very much the same value 
as was obtained in the case of the sod. glycocholate, and 
shows a large discrepancy as regards the calculated value. 
The fact, however, of a lowered tension shows that adsorption 
effects in the sense of Gibbs’s theory cannot be absent. 


Methyl Orange. 
The solubility of this substance in water is small—a 
saturated solution being about 0'073 per cent. The follow- 
ing results were obtained :— 
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TABLE V. 

Per cent. Drop- Relative | Tension in 
Concentration. | number. | Tension. | dynes/em. 
0 128 1-0 48 
0-018 138 927 44-49 
0:036 143 892 42°81 
0.073 152 "842 40-41 


These values are plotted in fig. 5 (apper curve). 

It will be noted that fig. 5 has a marked difference in 
appearance to figs. 2 & 3. This is of course due to the 
soiubility limit being reached in the former case before the 
tension has fallen much in value. 


Experimental determination of T :— 
250 c.c. of ʻ07 per cent. solution were shaken with oil 
and formed an emulsion. 


The Fall in concentration = ‘032 per cent. 


z. Total mass adsorbed = ‘08 grm. 
Adsorbing surface area = hee Ve 5 cm.” 
<. T = 55x 10-6 grm. per cm.? 
Calculated value = 12x1077 ,, 5 


We have here a further repetition of the observed 


anomaly. 


In considering the behaviour of these dyes in relation to 


the adsorption theory, it may be admitted that despite the 
discrepancy between the observed and calculated results, 
substantive dyeing, at any rate, must be more OF less an 
adsorptive process. Possibly the actual mechanism of dyeing 
consists first in adsorption and afterwards coagulation possibly 
due to “colloidal neutralization.” There may finally be 
some degree of chemical combination, which varies from case 


to ease, 


- = Ve OO MM 
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Note on Rusaniline hydrochloride and Crystal Violet. 


A saturated aqueous solution of Rosaniline hydrochloride (about 
"06 per cent.) gave a drop-number of 140—i. e, a Tension of 43°57 
dynes/em. The decrease in interfacial tension is less marked than in 
methyl orange or Congo red. No further experiments were carried out 
with this substance. Also Crystal Violet dye concentration 1 per cent. 
gave a drop-number 230, and hence also shows a lowering of tension. 


V. SUMMARY. 


1. The object of the investigation has been to examine 
from an experimental standpoint Gibbs’s theory of surface- 
concentration, as the chief cause of the phenomenon of 
Adsorption. By modifying Gibbs’s fundamental expression 
for surface-concentration, an equation is obtained giving the 
mass of solute adsorbed per cm.’ in terms of the concentration 
of the solution and the change in tension at the interface, 
aqueous solution—hydrocarbon oil. 

2. The material emploved consisted of aqueous solutions 
of bile-salts, the solute being adsorbed at the hydrocarbon- 
oil surface. The mass adsorbed per cm.? oil surface was 
determined by two methods. The corresponding tension 
measurements were carried out by the drop-pipette method. 

3. The results show a considerable discrepancy between 
the actual amount adsorbed and that calculated on Gibbs’s 
theory—the actual amount measured being always in excess 
to the extent of twenty to eighty times the theoretical values. 

4. Experiments with dye-stuffs show similar behaviour, 
the discrepancy being of the order stated. 

5. As regards the discrepancy noted, no suggestion is as 
vet offered. Further experiments are in progress employing 
other electrolytes and non-electrolytes as material for measure- 
ments of a similar nature. 


In conclusion, I would express my indebtedness to Professor 
Donnan for his advice and criticism during the course of this 
work. 


DISCUSSION. 


Mr S. W.J. SMITH remarked with reference to the Author’s opinion 
that possible concentration changes at the surface of the mercury might 
have some bearing upon contact potentials, that Warburg had developed 
a theory of electrucapillarity based upon this assumption, It had been 
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shown that mercury drops falling through a solution of a salt produced 
changes of concentration, just as in the Author's experiments concen- 
tration changes were produced in a solution by rising drops of oil. There 
were at least two different interpretations of the mercury experiments. 

Mr A. CAMPBELL asked if the absorption of moisture from the air by 
cellulose was a case of adsorption, and also if the amount of adsorption 
in dyeing depended upon the temperature. 

Mr Lewis said there was little doubt that the deposition of moisture 
on cellulose was a case of adsorption, Adsorption is accompanied by an 
evolution of heat, and a rise of temperature decreases adsorption. 


X. Observations on Recalescence Curves. By WALTER 
ROsSENHAIN, B.A., B.C.E., of the National Physical 


Laboratory. 
[Plate VI.] 


Tuk importance of the recalescence phenomena which 
occur in the cooling of steel and other alloys renders it 
desirable that the methods of observation used in the study 
of these phenomena, and the interpretations of the indications 
derived from these methods, should be fully discussed and 
understood. This is the more necessary since various 
workers have adopted different methods of observing re- 
calescence phenomena, and hold somewhat divergent views 
as to the relative values of these methods. The author has 
therefore undertaken an investigation of two of these 
methods which, in various modifications, are widely used 
at the present time. This investigation has taken the form 
of a theoretical discussion of the physical facts which are 
represented by the cooling-curves obtained, and a consider- 
ation of the experimental means requisite for an approximate 
realization of the conditions indicated by the theoretical 
considerations. Examples of experimentally obtained cooling- 
curves are then given and discussed with a view to illus- 
trating the possibilities of the various methods. Finally, an 
observation of a recalescence in crystalline silica, which was 
observed in the course of the experiments made in connexion 
with the present investigation, is deseribed. 


* Read January 24, 1008. 
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The two methods of obtaining cooling-curves, to which 
reference has already been made, may be called the “ timc- 
temperature ” and the ‘“ differential” methods respectively. 
These names are justified by the fact that in the first class of 
measurements, observations of time and temperature are 
alone used for obtaining the data from which the cooling- 
curves are plotted ; while in the second class time measure- 
ments are not employed, observations being made of tho 
temperature of the body under experiment and, simul- 
taneously, of the difference of temperature which exists 
between this body and a “blank” or neutral body cooling 
at approximately the same average rate. As will be seen 
below, the data obtained by each method may be represented 
graphically in several different ways. 

For the study of all cooling phenomena, we may regard 
as fundamental the curve which is obtained when obser- 
vations of time and temperature are plotted in a simple 
time-temperature curve, on which any given ordinate repre- 
sents the temperature of the cooling body at the time 
corresponding with the abscissa. If the body in question 
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cools steadily, t.e. without undergoing any changes involving 
an evolution or absorption of heat or a change in specific 
heat, this curve will take a form somewhat like fig. 1 (a), 
where temperature (t) is plotted vertically and time (T) 
is plotted horizontally. The form of this curve will, of 
course, depend on the law of cooling followed by the body 
in question ; for the case of a constant rate of cooling the 
curve will be a straight line, as in fig. 1 (4). If, during 
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the cooling process, the body undergoes a change involving 
an evolution of heat, the resulting curve on this diagram 
will take the form of fig. 1 (e), (d), or (e), according to the 
quantity of heat evolved and to the rate at which it is 
evolved. As there is a connexion between the shape of the 
curve and both the quantity of heat evolved and the rate of 
its evolution, it is interesting to enquire whether the form 
of the curve, or of a curve derivable from it, can be utilized 
to give quantitative data regarding the heat evolutions. 

It is evident that at any point A of a time-temperature 
curve (fig. 2) the body under observation is losing heat at 
a definite rate. In the absence 
of any recalescence this rate 
of loss of heat would result in 
a rate of cooling indicated by 
a curve whose shape would be 
the same as that of the cooling- 
curve of a neutral body of the 
same thermal constants. At 
the moment of the beginning 
of recalescence (A) the body 
is losing heat at a rate propor- 
tional to the angle which the 
tangent to the cooling-curve at that point makes with the 
axis of time. In the case of a small evolution of heat, which 
does not produce a very large hump on the curve, it will 
not involve any very great error to suppose, first, that the 
rate of cooling of the ideal equivalent neutral body, cooling 
along the line of the dotted curve ABO, would have remained 
constant during the time occupied by the recalescence ; and, 
secondly, that the actual body is losing heat at this same 
rate during the entire time of the recalescence. With these 
assumptions made, it follows that the quantity of heat gene- 
rated is proportional to the greatest vertical distance between 
the two curves ABC and ARC, which is indicated by the 
line BR in the diagram. This line represents the greatest 
amount by which the temperature of the recalescent body 
exceeds that of an ideal equivalent neutral body. We may 
illustrate this from the special case where heat is added to 
a body which is not losing any appreciable amount of heat. 
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Jn that case the curve ABC is a horizontal line, and the rise 
of temperature produced is proportional to the quantity of 
heat entering the body. In the case of a body losing heat 
at a constant rate, we may approximately write “ excess of 
temperature ” in place of “rise of temperature” in the 
adiabatic case. 

In practice, however, two errors, corresponding to de- 
partures from the conditions assumed above, make themselves 
seriously felt. In tho first place, if the recalescence extends 
over a considerable time, either because the quantity of heat 
evolved is very large, or because the evolution docs not take 
place at one definite temperature but is spread over a con- 
siderable range, the rate of cooling can no longer be regarded 
as constant. This departure from the assumed conditions will 
result in making the line BR shorter than it should be if strictly 
in proportion to the quantity of heat evolved. Further, during 
the time that the recalescent body is passing along the portion 
of the curve from A to R its conditions of cooling, or rather 
the rate at which it is giving out heat, are not identical with 
its condition in this respect when at the point A. At the 
latter point the body is still cooling uniformly with its im- 
mediate environment, z.e. the furnace ete. in which it is con- 
tained, but as soon as the fall in the recalescing body is 
arrested, a difference of temperature is set up between the 
recalescing body and its environment which results in a loss 
of heat from the body at a greater rate than that denoted 
by the tangent to the curve at A. This also will result 
in shortening the line BR, more particularly in the case of 
rather rapid and vigorous evolutions of heat. It must, 
however, be borne in mind that a full discussion of the 
phenomena must also take into account the fact that the 
temperature of the furnace will also be affected by the more 
rapid transfer of heat from the recalescing body—a process 
which tends to lessen the amount of error introduced by 
the effect previously considered. All that we are therefore 
justified in concluding is, that there is a relation between 
the amount of heat generated and the length of the line BR, 
but that this relation only approaches proportionality under 
conditions of gradual cooling at a nearly constant rate and 
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for evolutions of heat which do not produce very large humps 
in the curve. 

With the same degree of approximation just indicated for 
the proportionality between the quantity of heat evolved 
and the length of the line BR (i.e. the vertical distance 
between the two time-temperature curves), the shape of the 
curves can also be used as a guide to the rate of evolution of 
heat, i.e. the intensity of the reaction producing the re- 
calescence. At any instant up to the end of recalescence, 
the length of the line BR represents, approximately, the 
quantity of heat generated, and therefore the rate at which 
this length increases measures the rate of evolution of heat. 
If the curve ABU is approximately a straight line, the rate 
of increase of BR will be a maximum where the curve ARC 
approaches most nearly to the horizontal. 

In practice it is not convenient to plot the observations of 
cooling, even when taken in the form of time and tempe- 
rature measurements, in the form of a simple time-tempe- 
rature curve such as we have so far discussed. The 
observations taken are generally those of the time intervals 
which elapse while the temperature of the body under 
observation falls through a definite small range. These 
intervals are then plotted as abscissæ with the temperature 
of the body as ordinate. In this way the well-known inverse- 
rate curves are obtained. It will be seen at once that this 
curve simply represents the differential coefficient with 
respect to temperature of the simple time-temperature curves 
which we have just discussed. In those curves time (T) 
was plotted against temperature (¢), while in the inverse- 
rate curve the time dT, occupied bya fall of temperature 
(dt), i.e. dT/dt, is plotted against temperature (t). The 
relationship between the two curves is now readily under- 
stood. i 
In fig. 3 let the line LMN represent an inyerse-rate cooling 
curve. The area enclosed by an infinitesimal clement oł 
the curve and its abscissæ with the axis of ¢ 13 given by 
dT/dt . dt, and therefore the area included between the curve 


b 
and the axis of ¢ between values ta and ¢, of t isf dT/dt and 


a 
the value of the integral is T,—T,; i e., it represents the time 
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which has elapsed during the cooling of the body from the 
temperature fa to the temperature tè» Now, if we find the 
value of this time both for 
the recalescing body and for an 
ideal equivalent neutral body, 
and subtract one from the 
other, the difference represents 
the retardation in time which 
has resulted in the cooling of 
the body under observation 
In consequence of the evolu- 
tion of heat. This retardation 
dT in time, multiplied by the rate 

ar of loss of heat from the body 

under observation during that time, measures the difference 
between the quantity of heat lost by this body and an ideal 
neutral body cooling at the same rate, and this excess of 
heat is obviously the quantity generated by the recalescence. 
At first sight, therefore, such a curve appears to give 
much useful information ; but the difficulty of knowing the 
rate of loss of heat of the recalescing body introduces exactly 
the same errors here as we have already considered in tho 
case of the line BR (fig. 2), and a farther difficulty remains 
to be considered. This arises when we have to decide 
between what limits the time, i. e., the area of the curve in 
fig. 3, is to be taken. The correct limits are obviously the 
beginning and end of the recalescence ; but while the begin- 
ning of the recalescence may be well marked, the end is not 
readily ascertained. Owing to the fact that during the 
recalescence the fall of temperature of the recalescing body 
Jags behind that of the furnace, as soon as the recalescenee 
has ceased, the body under observation for a time undergoes 
much more rapid cooling, ultimately—more or less according 
to circumstances—completely recovering its equilibrium with 
the furnace in which it is contained. The result is, on the 
time-temperature curve, a steep portion following the flat- 
tening due to the recalescence, while the inverse-rate curve 
approaches considerably nearer to the zero than does the 
curve of an ideal neutral body. From the present point of 
view it follows that if the time T in the inverse-rate curve 
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be taken over too wide a range, the acceleration of cooling 
just described will materially affect the result : indeed, this 
is almost obvious when we consider that the total time 
occupied by the cooling of a small specimen of steel, for 
example, contained in a fairly large furnace is not very much 
affected by the small amount of heat generated by the re- 
calescence of the steel. The choice of the limits between 
which the value of T shall be taken on the curve in fig. 3, 
therefore, becomes of serious importance. It will not be 
correct to take the point where the time-temperature curve 
of the recalescing body becomes parallel to that of the 
ideal neutral body as indicating the end of the recalescence. 
The recalescing body is losing heat rather faster than the 
neutral body would do at the same instant, so that when the 
rate of fall of temperature in the hotter body becomes 
the same as the rate of fall in the colder (neutral) would 
be, there must still be an evolution of heat making good 
the difference in the rates of loss! of heat. The end of the 
recalescence therefore lies just beyond the point where 
the actual observed curve and the ideal blank become 
parallel. In the inverse-rate curves this is represented by 
a point just beyond that at which the observed curve crosses 
the ideal blank. It is from the beginning of the recal- 
escence up to this point that the time (T) must be measured 
by means of the area of the peak of the inverse-rate curve 
if a value proportional to the amount of heat generated, 
divided by the mean rate of loss of heat from the body 
during recalescence, is to be obtained. We have already 
indicated that this cannot be done with any degree of cer- 
tainty. All that can be said of the inverse-rate curve 
therefore, is that, provided the rate of cooling be the same 
in the two cases, a peak of larger area on such a curve, 
indicates the evolution of a greater quantity of heat, but 
this comparison cannot be relied upon to any degree of 
accuracy unless the general shape of the two peaks to be 
compared is similar. Where recalescences extend over long 
ranges of temperature, the quantitative indications of these 
curves are very vague indeed. Perhaps the most important 
case in which the comparison of the areas of several peaks 
would be of interest, if they could be correctly interpreted 
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in terms of heat evolution, is that of a single cooling-curve 
showing several recalescences at various temperatures, such 
as are met with in the cooling of mild steel. Here the 
difficulty arises that the rate of cooling when the body is at 
a temperature near 800°C. is different from that when the 
same body is near 700°C. ; and, unfortunately, the change 
in the rate of cooling of an actual blank body such as a piece 
of platinum or of asbestos, cannot be applied directly to the 
case of the recalescing body, for the reasons already indi- 
cated. In cases of this kind, the state of affairs is further 
complicated by the fact that frequently a second recalescence 
commences long before the end of the rapid cooling which 
follows the cessation of the previous recalescence, with the 
result that—roughly speaking—a fresh hump is superimposed 
on the backward-sloping portion of the time-temperature 
curve. In such cases it is evident that the conditions are 
too complicated to allow of any quantitative evaluation of 
the phenomena, and the indications of the curves can be 
regarded as qualitative only. 

As regards the intensity of a recalescence, i. e. the rate of 
evolution of heat, we have seen above that this is represented 
by the rate of change of the vertical distance between the 
observed and the ideal blank time-temperature curves—this 
representation being understood with the same limitations 
that apply to the other indications of these curves. This 
rate of change of vertical distance is simply equal to the 
difference between the slopes of the two curves. Assuming 
that the slope of the ideal curve is constant during the re- 
calescence, this difference becomes inversely proportional to 
the slope of the observed time-temperature curve. But the 
slope of the observed curve is the rate of cooling of the 
observed body, and its inverse is the “‘ inverse rate ? (dT/dt), 
which is plotted in the inverse-rate curves under discussion. 
We thus see that—to a rough degree of approximation—the 
height of the apex of the peak of an inverse-rate curve is 
proportional to the intensity of the heat evolution producing 
the recalescence, and its position on the temperature-scule 
indicates the temperature at which the reaction proceeds 
most vigorously. Here also the limitations that attach to 
the estimation of the quantity of heat evolved apply with 
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full force, so that it is only under special conditions that 
any quantitative value can be attached to the height of a 
peak. Asa rule nothing more can be said than this, that 
under reasonably similar conditions of cooling a tall peak 
represents a rapid and a flat peak a gradual evolution of 
heat. 

We turn now to a consideration of the differential method 
of obtaining cooling-curves. As already indicated, this 
method is independent of time measurements; what is 
actually determined is the difference in temperature between 
the body under observation and a blank or neutral body 
cooling at approximately the same rate, the observations of 
this difference of temperature being plotted as abscissæ 
against the actual temperature of the body under observation 
as ordinate. Inthe ideal case, which although not realizable 
in practice we may use as the basis of our discussion, the 
blank body is supposed to cool at the same rate as the re- 
calescing body would have done in the absence of recal- 
escences, and the time-temperature curves of the two bodies 
would then be represented by the two curves ABC and ARC 
in fig. 2. In that case, the observed differences of tempera- 
ture would simply represent directly the values of a succession 
of vertical lines such as BR. In that case, the interpretation 
of the differential curve would be very simple, since—again 
with the limitations previously insisted upon—the maximum 
value of BR is proportional to the quantity of heat evolved, 
while the rate of evolution of heat is proportional to the 
rate of change of BR. In the ideal differential curve, 
therefore, the maximum height of the peak representing a 
recalescence would be proportional to the quantity of heat 
evolved, while the maximum rate of change of angle of the 
curve would measure the rate of evolution of heat during 
the change. The actual form of such an ideal differential 
curve is indicated in fig. 4, where, in the absence of recal- 
escences, the curve is vertical. This condition is, however, 
not attainable in practice, since it involves the necessity for 
a similarity of properties as regards specific heat, thermal 
conductivity, &c. between the neutral or blank body and the 
body under observation. A case which is obtainable in 
practice is illustrated diagrammatically in fig. 5. Here, 
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quite apart from the occurrenve of recalescences, there is a 
steady divergence between the time-temperature curves re- 
presenting the cooling of the blank body and the observed 
body respectively, with the result that the differential curve 
shows a steady slope in one direction upon which the peak 
due to recalescence is superposed. 
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Provided that the slope of the differential curve is not too 
great, i. e. provided that the blank body does not cool much 
more rapidly or much more slowly than the body under 
observation, recalescences superposed on such a slope appear 
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as perfectly definite peaks and are capable of the same inter- 

pretation as before. In fig. 5 (a), using the same notation as 

in fig. 2, we find that the abscisse of the differential curve 

represent the lengths AA’, BB’, CC’, &ce. I£ the recalescence 
VOL, XXI. oP 


190 MR. W. ROSENHAIN : OBSERVATIONS 


does not extend over a very great range of temperature, and 
if the divergence between the curves ABC and A'B'C' is 
not very great, then we may take AA'’=BB’=CC/, and the 
height of the peak of the differential curve still represents 
the length BR+ a quantity which is simply the average 
difference between the temperatures of the two bodies at the 
beginning of the recalescence. Even if the rate of divergence 
between the temperatures of the two bodies is considerable, 
we can arrive at an approximate estimate of the value of this 
average from the general slope of the differential curve. 
Graphically this is equivalent to drawing an assumed blank 
as indicated by the dotted lines in fig. 5 (b), and measuring the 
height of the peak of the ditferential curve from this assumed 
line. The error involved in making such a correction is in 
most cases smaller than the inaccuracy which, as we have 
scen, our ignorance of the exact cooling process renders 
unavoidable in connexion with the quantitative interpreta- 
tion of all forms of cooling-curve. 

In practice, particularly where rapid cooling is employed, 
it is sometimes found that the general slope of the differential 
curve becomes excessive, thus rendering the detection of the 
beginnings of small peaks difheult and uncertain ; sometimes, 
indeed, this ditticulty is felt in reading the indications of 
differential curves even when the general slope is not exces- 
sive. This difficulty will be readily understood when it is 
realized that fundamentally the differential curve is merely a 
reproduction on a somewhat different scale and on another 
base-line of the time-temperature curve. Therefore, just as 
it is found convenient in practice to plot the inverse-rate 
curve rather than the time-temperature curve, so it occurred 
to the author that the use of the “Derived Differential ” 
curve *,” in which the differential coefficient of the ordinary 
differential curve should be plotted, might prove more 
intelligible than the first differential curve itself (fig. 5c). 
The examples shown in the second part of this paper have 
justified this supposition, and it therefore becomes desirable 

* The curves referred to in this paper as “differential” cooling-curves 
would perhaps be more correctly described as “ difference ” curves, but 


since the method of obtaining these curves is widely known as the 
“differential method,” it was thought desirable to retain the term. 
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to consider the exact interpretation of these “ derived 
differential ” curves. 

Returning to the fundamental time-temperature curves of 
the two bodies, we may write the equations of their cooling- 
curves as follows :—t,=/(T) and t,=F(T), where f(T) and 
F(T) are two different but unknown functions of T, except 
that in the case of a constant rate of cooling f(T), which 
represents the cooling-curve of the neutral body, takes the 
simple form t;=4T where & is constant. The abscisse of 
the ordinary or “ first” differential curve are the values of 
t— t, for various values of T, and we have 


calling this R, we have 


where f(T) is the differential of AT) with respect to T. 

Now dR/dt, is the quantity that is plotted as abscissa in 
the derived differential curve. It is interesting to note that, 
for a constant rate of cooling, for which f(T) becomes either 
unity or a constant, the quantity dR/dt,, plotted against t in 
the derived differential, becomes a linear function of the 
quantity dT/dta, which is the quantity plotted in the inverse- 
rate curve (sce above). 

We thus see that under the only conditions which render 
the curves interpretable at all, the derived differential and the 
inverse-rate curves take exactly the same form and are 
capable of exactly the same interpretation. Where the rate 
of cooling is not constant, the curves will be somewhat 
different, but qualitatively their indications must be identical, 
and—so far as they are capable of quantitative interpreta- 
tion at all—this must be applicable to both with the same 
degree of accuracy. The essential difference between the 
two systems of measurement and representation, lies in the 
fact that the retarding ettect of recalescences upon the cooling 
of a hot body is measured and represented in one case as 
a retardation in time, and in the other case as a retarda- 
tion in temperature. In the time method the rate of 
cooling is measured against an assumed uniform rate of 
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cooling, while in the differential method the temperature is 
measured against an actually uniformly falling temperature. 
Since time and temperatures are dependent variables whose 
relation over short ranges of temperature at all events does 
not differ widely from a linear one, it is only natural that 
the curves obtained by the two methods, if properly compared, 
should yield identical results. 

Returning for a moment to the derived differential curve, 
we find for the area of a peak the value (vr dta and this is 
( 
equal to R between the limits of the reece and end of 
the recalescence. R, as we have seen, measures the quantity 
of heat evolved, so that, with the same limitations as already 
indicated for the inverse-rate curves, the area of a peak on 
the derived differential curve is also proportional to the heat 
evolved by the recalescence. The rate of cooling is supposed 
known and taken into account in both cases, since this factor 
affects both the maximum temperature difference attained 
and the time of retardation to the same extent. Further, in 
the same way as it was shown for the inverse-rate curve, the 
area in question must be measured to that point of the curve 
representing the end of the recalescence, and this is equally 
ditheult to ascertain in both curves. 

From a fairly full consideration of the physical facts which 
determine the shape of cooling-curves as found by either the 
time or the differential method, we are led inevitably to the 
conclusion that as far as either qualitative or quantitative 
interpretation, and in fact as far as the detailed form of the 
curves is concerned, there is no distinction between the 
inverse-rate and the derived differential curves, both proving 
equally “valuable as qualitative guides to the existence of 
recaleseence, but both proving equally vague as fur as 
quantitative results are concerned, except under very special’ 
conditions which are not readily realized in practice. The 
answer to the further obvious question as to which of the two 
methods is preferable in practice, must depend upon experi- 
mental considerations alone. These considerations are next 
to be discussed. 

The experimental conditions to be realized in taking time- 
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temperature observations for the purpose of drawing inverse- 
rate curves are very simple in character. An accurate 
means of measuring the temperature of the body under 
observation and of recording the times occupied by small 
decrements of temperature, are all the appliances required ; 
but these must be made of sufficient delicacy and accuracy 
to detect very small retardations in the cooling-process. On 
the other hand, the cooling-process itself must be conducted 
with perfect steadiness, i.e. the rate of cooling, apart from 
recalescences, must be perfectly steady and regular and 
remain unaffected by external circumstances. Unfortunately 
in practice these two conditions are difficult to reconcile, 
since it is found that when sufficiently delicate means of 
registering time and temperature are employed, slight irre- 
gularities in the rate of cooling become apparent even in 
the case of a body free from recalescences. This in fact 
constitutes the most serious disadvantage of the time-tempera- 
ture method, since variations in external conditions translate 
themselves directly to the resulting cooling-curve. Where 
it is desired to accurately locate small evolutions of heat, it 
therefore becomes necessary to repeat the series of observa- 
tions several times; and this is not only laborious, but is in 
some cases open to the objection that repeated heating and 
cooling, even im vacuo, affects the constitution of metals, 
particularly of those in which meta-stable equilibria are 
met with. 

As regards the degree of sensitiveness required in the 
time and temperature measurements for the observations by 
this method in order to arrive at a degree of sensitiveness 
similar to that attainable by the use of the differential 
method, we may consider a case of cooling unde typical 
conditions. If we consider a body cooling at the rate of say 
one degree Centigrade in 12 seconds, 7.e. at a rate of about 
300°C. per hour, which is a reasonably slow rate, small 
recalescences are frequently met with which cause a pro- 
longation of the time required for a fall of temperature of 
1°C. from 12 seconds to 20 seconds at the maximum. 
Taking a case of this kind, we have the following com- 
parison :— 
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Femperature. Time of falling. Difference of temperature 
1° 0. on differential scale * 
From 651°C. (say) 10-0° C. 
650 to 12" 10°4 
649 18” 10:9 
643 207? 11°2 
646 8” 10:5 
645 10” 10-4 
G44 12” 10°3 


If we plot the derived differential curve and the inverse- 
rate curve from these observations, we may find that they 
are—as we should expect—very similar in character (see 
fiz. 6). The effect of errors of observation on the two 
curves will, however, be very different. In the case of the 
time observations, an error of 01 C. in the estimation of 

Fig. 6 
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the temperature would result in an error in the observed 
time of one-tenth of the total interval, and larger errors in 
the temperature measurement will result in proportionately 
Jarger variations in the observed time intervals. In the case 
of ‘the differential readings, a similar statement applies— 

* The differences of temperature given in column III. are such as 
would correspond to the time observations of column IL, assuming & 
constant rate of loss of heat. The calculations have been made by draw- 
ing the curves on a large scale and assuming an initial difference of 10°C. 
between. the bodies. 
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an error of 0° 1 in the estimation of the temperature difference 
between the two bodies will affect the readings for the derived 
differential curve to the extent of from 10 to 20 per cent. 
The extreme variations in the two curves resulting from 
absolute errors of 071 C. in the observations are shown 
by the crosses on the two sides of the two curves. With 
observations taken on instruments whose limit of accuracy in 
both cases is represented by 0% 1 C., the observed curves would 
show irregularities lving within the two dotted curves in each 
case, and in both cases these irregularities would not suttice 
to mask even the small reealeseence here considered. 

The actual temperature of the cooling-body in the case 
of the inverse-rate observations, as also the difference of 
temperature between the two bodies in the differential 
method, 1s very frequently measured by the deflexion of a 
sensitive galvanometer. Assuming that the scale is divided 
in millimetres and that the position of the moving spot of 
light can be read at any instant accurately to one-fourth of a 
scale-division, then to attain the degree of accuracy referred 
to above, it becomes necessary that the sensitiveness of the 
galvanometer, scale-distance, &c., shall be so arranged that 
in both cases 0%1 C. is represented by a deflexion of, not 
less than 0°25 millimetre. Now in the case of the direct- 
reading inverse-rate method, the same = galvanometer is 
required to indicate temperatures of some 800° C., and with 
the above requirement to be satisfied this would demand a 
scale length of about 2 metres. The galvanometer of the 
differential apparatus, on the other hand, is only required to 
indicate differences of temperature which rarely exceed 
40° C., and for this purpose a scale-length of only 100 milli- 
metres would be required under the same conditions as were 
assumed for the direct method. While the latter condition 
is obviously quite easily fulfilled by a simple deflexion 
instrument, the requirement of adequate sensitiveness for the 
direct method cannot be met by a simple deflexion method 
even on the grouud of length of scale alone. In fact, the 
only manner in which the direct or inverse-rate method can 
be rendered as sensitive as the differential method, is by the 
use of a potentiometer method in which the E.M.F. of the 


+ 


couple is partly balanced by that of a constant (standard) 
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cell and the deflexions used only over very short ranges of 
temperature. When this is done, the spot of light from the 
galvanometer moves across the scale as the temperature falls, 
but the entire scale only represents some 10° C. ; and when a 
deflexion of that amount has been obtained, the spot of light 
is brought back to the opposite end of the scale by altering 
the variable resistance of the potentiometer, whereby the 
opposing E.M.F. from the standard cell is altered. This 
sensitive method has been adopted for the preparation of all 
the inverse-rate curves shown in the latter part of this paper. 
This method, however, exhibits certain very decided disad- 
vantages. In the first place, the zero position of the galvano- 
meter must be accurately known if time observations are to 
be made at more than one point of the scale, otherwise 
alternately long and short intervals will be systematically 
obtained. Unfortunately, the extremely delicate galvano- 
meters required to give the requisite sensitiveness are very 
liable to zero creep, so that towards the end of long curves, 
some such regular alternations are nearly always to be found. 
Further, this sensitive method is unsuited to rapid cooling, 
since in that case the time taken for the galvanometer to 
hecome steady after the insertion of the plug in the potentio- 
meter circuit is too long compared with the time-interval to 
be measured, and the next observing point is liable to be 
crossed while the galvanometer is still oscillating. From all 
these disadvantages the differential method is entirely free, 
for although a sensitive galvanometer is still required to 
give the ditterential reading, it is used over only a relatively 
short length of scale, and a slight amount of zero-creep does 
not affect the shape of the derived differential-curve materially, 
The practical consequence of this difference between the two 
methods is that while all “inverse-rate”’ curves show quite 
notable irregularities due to observational error, the readings 
of the differential method usually yield smooth and regular 
curves which require no smoothing. Since, at all events in 
the ordinary less sensitive forms of inverse-rate determinations, 
the experimental irregularities are frequently comparable 
in size with the peaks due to the smaller recalescences, it 
follows that these irregularities must be eliminated by repe- 
titions of the sume cooling-curve. 
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A serious drawback to both these methods of taking 
cooling-curves is the very laborious character of the observa- 
tions. The inverse-rate method is, in this respect, more 
troublesome than the differential, for in the latter the observer 
has merely to record the deflexions of one galvanometer at 
the moment when another galvanometer shows a certain 
deflexion, and the differences between these successive obser- 
vations are plotted directly as the “derived differential ” 
curve. In the case of the inverse-rate method, on the other 
hand, the time observations, for accurate work, must be made 
by means of a chronograph indicating seconds, and before the 
curve can be plotted, many yards of tape must be counted 
in order to obtain the actual values of the observed intervals. 

From this point of view, as also from that of obtaining 
objective evidence of the actual nature of the observed 
cooling-curves, the desirability of autograpbic means of 
obtaining these curves becomes evident. Apart from the use 
of the Schneider-Carpentier induction-galvanometer, which 
cannot be made adequately sensitive except for very rapid 
cooling, the only means of autographically recording the 
observations of the direct method lies in obtaining simple 
time-temperature curves, from which the inverse-rate curve 
would have to be obtained by graphic differentiation *. The 
fact that adequate sensitiveness involves the use of a very 
long scale, makes it impossible to carry this out in practice 
for accurate work. In the case of the differential method, 
the method devised by M. Saladin of causing the motion of 
one galvanometer to displace the beam of light in a vertical 
direction while the movement of a second galvanomcter 
moves the beam horizontally, renders the production of 
autographic curves of adequate accuracy at all events possible. 


# When the inverse-rate curve is plotted from time observations at 
finite intervals of temperature, the resulting curve may depart consider- 
ably from its true form. Thus fora strictly horizontal part of the time- 
temperature curve, dt/dT is zero and therefore dé (which is the abscissa 
of the inverse-rate curve) is infinite. If the time-temperature curve 
actually rises ut any point of a recalescence, the inverse-rate curve should 
pass through infinity and reappear on the negative side. These con- 
siderations show the necessity of taking the inverse-rate observations at 
very short intervals of temperature in order to obtain close approxima- 
tion to the true curve. 
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Referring to the quantitative comparison of the two methods 
given above, we see that with a given size of paper in an 
autographic recorder of any kind, the differential method is 
capable of from 10 to 20 times the sensitiveness of the direct 
method. At the present time, the only consideration adverse 
to the complete adoption of autographie apparatus for the 
determination of differential cooling-curves lies in the risk 
of error from zero-creep of the galvanometer. In the 
Saladin apparatus, one galvanometer gives the actual tem- 
perature of the body under observation, and the other gal- 
vanometer the differential reading corresponding to that 
temperature. A slight amount of creep in the latter in- 
strument would not materially affect the result, but even a 
small amount of creep in the former instrument would 
vitiate the result by causing an error—not in the amount or 
magnitude of the recalesecence—but in the temperature at 
which it would be indicated as taking place *. With ordinary 
moving-coil galvanometers the errors from this cause—with 
sensitive recording paper of moderate size—might amount 
to from 5° to 10°C., and this is too large an error to be 
admissible. By the use of a special galvanometer, having a 
bi-filar suspension which is entirely free from zero-creep, it 
is hoped to overcome this source of error and then to effect 
much saving of time and labour by the use of an autographic 
apparatus for obtaining differential curves. The possibility 
of doing this without sacrifice of the necessary sensitiveness 
is an advantage of the differential method which must not 
be underrated f. 

In comparing the direct and differential methods of obtain- 
ing recalescence curves, several other experimental questions 
remain to be considered. In the first place, there is a very 

* Zero-creep is, perhaps, responsible for some peculiarities of certain 
cooling-curves taken with the Saladin apparatus, which have been 
published. Thus Dr. Guillet was led to suppose that certain recalescences 
in copper-aluminium alloys took place at higher temperatures on cooling 
than the corresponding absorptions of heat on heating. A displacement 


of the zero of the temperature-galvanometer would account for this 
anomaly, 

t The curves obtained by the Saladin apparatus are, of course, first 
differential curves, and would require conversion into the derived dif- 
ferential curves by graphic differentiation. 
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considerable difference between the two methods in respect 
of their sensitiveness to external disturbing causes. Serious 
external changes of temperature are, of course, liable to affect 
both methods, since the change in the rate of cooling may 
easily affect one of the two bodies in the differential method 
somewhat more rapidly than the other. On the other hand, 
smaller disturbances, such as are almost inevitable in most 
laboratories, are liable and in fact do affect the readings of 
the direct method while they leave the differential curve 
unaffected, since the difference in their effect upon the two 
cooling bodies is too minute to be traced upon the curve. 
From the point of view of the experimental refinements 
required, this is a great advantage in favour of the differ- 
ential method. 

An objection sometimes taken to the differential method 
arises from the fact that it involves the use of a neutral or 
“blank” cooling body, which is generally a cylinder of 
platinum. In order to approximate to the ideal condition of 
equal rates of cooling of the two bodies in the differential 
method, it would be desirable to use as the neutral body 
a substance having physical constants as nearly like those 
of the body under observation as possible. Owing, however, 
to the necessity of avoiding substances possessing recales- 
cences of their own, the choice in this respect is very limited. 
In practice, platinum is found to have such different con- 
stants from those of iron and steel at all events, that the 
departure from ideal conditions is very marked, although it 
has already been indicated, and will be further proved by 
examples from actual curves, that the use of the derived 
differential curve eliminates the uncertainties thus intro- 
duced into the results. With a view to entirely avoiding 
the use of a neutral body in the differential method, the 
author proposed to apply the differential apparatus to the 
case of two pieces of the same material, cooling at approxi- 
mately the same rate, but one somewhat retarded in time 
(and temperature) relatively to the other. This is readily 
accomplished by placing the two bodies in parts of the 
furnace which attain slightly different temperatures. One 
specimen of the material under observation will then com- 
mence its cooling from a somewhat lower temperature, and 
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will therefore arrive at a recalescence point before the other; 
the result will be a deflexion of the differential galvano- 
meter in the direction indicating that the temperatures of the 
two specimens are approaching one another. As both tem- 
peratures continue to fall, the recalescence will be completed 
in the first body and will then begin in the second body, 
with the result that the deflexion of the differential galvano- 
meter will be rapidly reversed, since while one body will 
temporarily remain at a stationary temperature, the other 
will be cooling particularly rapidly. Each arrest-point in 
the cooling-curve thus taken will therefore be represented by 
a double swing of the differential galvanometer. An actual 
curve of this kind is shown (fig. 12, Pl. VI.), but the useful- 
ness of the method is, unfortunately, greatly impaired by the 
fact that in metals where several recalescences follow some- 
what closely upon one another, their effects become superposed 
and the indications become confused and useless. From the 
point of view of the theory of cooling-curves, however, the 
method and example given in fig. 12 are instructive. 

With regard to the general experimental details, such as 
the manner of inserting the thermo-electric junctions into 
the specimens, the arrangement of the specimen in the 
furnace and its protection, when required, from oxidation or 
other chemical actions, it need only be remarked here that 
the same precautions are required for both methods of deter- 
mining cooling-curves. 

In order to test by actual results the correctness of the 
reasoning outlined above, a number of experiments were car- 
ried out for the purpose of illustrating the capacity of the differ- 
ential method of taking recalescence curves. The first of these 
consisted in taking a series of “blank” curves, the two cooling 
bodies being in some cases identical and of materials supposed 
to be free from recalescences of any kind. In the first experi- 
ment, the two thermo-junctions connected to the terminals 
of the differential galvanometer were simply placed centrally 
within the hot tube of an electric furnace, which was then 
heated to a temperature of about 1100° C., this temperature 
being measured by means of a third thermocouple attached 
to a delicate potentiometer. The resulting curve, in which 
deflexions of the differential galvanometer are plotted against 
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readings of the actual temperature of the furnace, is given in 
fig. 7 (a), Pl. VI. As would be expected under these circum- 
stances, the curve is very nearly a vertical straight line 5 it 
must be pointed out, in view of observations to be described 
below, that such a result can only be obtained if the furnace 
itself is of suitable construction, for while small irregularities 
in the cooling of the furnace are obliterated by the fact that 
they affect both differential couples in the same way and at 
the same time, this ceases to be true if there are any large 
Irregularities in the cooling of the furnace, since if these 
should affect one of the couples before the other they would 
produce irregularities on the differential curve. 

In the second experiment, two similar platinum cylinders 
were cooled together, one of the cylinders, however, being 
Some 10 per cent. heavier than the other. As a result, the 
upper part of the differential curve (fig. 7 b) shows a slight 
slope which, however, dies away for the lower portions, 
Where the cooling is more gradual. This is an example of a 
marked characteristic of the curves obtained by the differential 
method; 7. e., that they are more nearly vertical, and therefore 
depart less from the ideal conditions of equal cooling of both 
bodies when the cooling is gradual than when it is rapid. 

In the third experiment, a cylinder of platinum was cooled 
against one of fire-clay in order to show the effect of very 
wide differences in the physical constants of the two bodies, 
As would be anticipated, the curve ( fig. 7c) shows a decided 
slope, the cooling of the fire-clay lagging considerably behind 
that of the platinum, but the curve is nevertheless satisfactory 
as a blank because it is quite free from irregularities, and a 
“derived differential” curve (fig. 7d) derived from it in the 
manner indicated above is perfectly free from peaks. It 
should perhaps be noted that it would be quite possible so to 
arrange matters as to overcome the obliquity of the first 
differential curve in such a case by placing the cylinder which 
normally tends to cool more slowly in a part of the furnace 
Which cools rather more rapidly ; but this would involve 
Several experiments before the best position could be found 
and would therefore be too laborious, while the device of 
using the derived differential curve makes a general slope of 
the ordinary differential curve a matter of Indifference. 
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In the following figures differential cooling-curves of some 
carbon-steels are given, the ordinary and derived differential 
curve being given in each case. 

Fig. 8 (P1.VI.) shows the differential and derived differential 
curves for a steel containing approximately 0°20 per cent. of 
carbon, the usual impurities being present in very small 
amounts only. This steel was kindly supplied to the Labo- 
ratory by Professor J. O. Arnold of Sheffield, for the purpose 
of comparing the results obtained in taking cooling-curves of 
this steel at the Laboratory of the Sheffield University with 
those obtained in the present experiments. Other cooling- 
curves of the same steel are given in figs. 13, 14, and 154 
described below. In fig. 8 it will be seen at once that the 
derived differential curve is far more definite in its indica- 
tions than the first differential curve. This curve as well as 
the others given of this steel very closely resemble the curves 
obtained by Professor Arnold except that a doubling of the 
highest recalescence-point is described by Professor Arnold, 
but its existence is not shown in the present curve. In 
fivs, 9, 10, and 11 similar first and derived differential 
cooling-curves are given fora series of very pure carbon- 
steels of increasing carbon content (0°326, 0'991, and 1°263 
per cent. respectively). These steels were supplied to the 
Laboratory through the kindness of Mr. J. E. Stead, F.R.S., 
and although originally intended for another purpose, they 
have proved very useful for the present series of experiments. 
These curves, and particularly the derived differential curves, 
very clearly indicate the recalescence-points which are well 
known to occur in steels of this composition. In reading 
these curves, the temperature at which any given recalescence 
is to be regarded as taking place is that at which the point or 
apex of the peak of the derived differential curve is found to 
lie, since this is the temperature at which the most rapid 
evolution of heat occurs. If we compare the curves here 
given with those described in the paper by Carpenter and 
Keeling on “The Range of Solidification and the Critical 
Ranges of Iron-Carbon Alloys,” * it will be found that the 
observed differential curves themselves are in most cases in 
very close agreement, but the interpretation adopted by the 

* Journal of the Iron and Steel Institute, 1903, i. 
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authors of that paper differs somewhat from that which the 
present author deduces from the considerations here advanced. 
Messrs. Carpenter and Keeling appear to regard the tempera- 
ture at which the apex of the differential curve is found as 
the “critical point ”—in so far as they admit the existence of 
such “points”? as distinct from ranges at all—while it now 
appears more correct to interpret the apex of the derived 
ditferential curve in this sense. ‘There can, of course, be no 
doubt that in many of the transformations found in these 
and other alloys, the change occurs gradually and not en- 
tirely at one temperature ; but for the purpose of arriving 
at an approximately correct equilibrium diagram, the author 
considers that the “ points” as indicated by the apices of the 
derived differential curves should be used. 

In order to further illustrate the use of the “derived 
differential ” curve, differential cooling-curves were taken of 
specimens of one particular variety of steel under conditions 
of more rapid cooling than that adopted in the ordinary course. 
The author is inclined to regard a rate of cooling in which 
the temperature of the steel specimen fulls from about 1000° C. 
to the ordinary temperature in the course of two hours as 
more or less “normal,” since this rate of cooling appears to 
be slow enough to allow most of the transformations to take 
place completely, at all events in the case of the softer steels. 
Rates of cooling considerably more rapid than this are used 
by some workers, but since the object is to determine the 
equilibrium conditions, any discrepancies that arise between 
rapid and slow cooling must be interpreted in favour of the 
slower cooling method, since while too rapid a rate of cooling 
can, and often does, result in the partial suppression or dis- 
placement of thermal transformations, leaving the metal 
temporarily or permanently in a meta-stable state, too slow a 
rate of cooling cannot result in anything beyond the complete 
attainment of equilibrium conditions. It is therefore espe- 
cially interesting to compare the curves shown in figs. 13 
and 14 with those of fig. 83. These all refer to the cooling of 
samples of the same steel, but while in the case of fig. 8 the 
time occupied by the cooling process was about 12 hours, 
in the experiments represented by the curves of fig. 13 the 
apparatus was arranged to allow of more rapid cooling, and 
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the time occupied was accordingly only 35 minutes, while in 
the case of fig. 14 the cooling was arranged to take place 
almost in the free air and therefore only occupied about 
12 minutes. It will be seen at once, on comparing these 
three figures, that the ordinary differential curves of figs. 13 
and l4 are not at all readily interpreted by themselves, since 
the rapid cooling has resulted in a wide departure from the 
ideal conditions of equal cooling of the two bodies in the 
differential apparatus, the resulting first differential curves 
being extreme cases of the type illustrated in fig. 5. The 
derived differential curves of both 13 and 14 are, however, 
perfectly clear and readily interpreted, and they will be 
found, on comparison, to be in striking agreement both with 
one another and with fig. &. The only discrepancy appears in 
the fact that there seems to be a difference in the relative 
intensities of the three transformations as shown by these 
three curves; as the relative size of the peaks on these curves 
is, however, considerably dependent on the rate of cooling in 
each case, the comparison of the three curves from this point 
of view cannot carry much weight. 

For the purpose of comparison, cooling-curves of some of 
the same steels were also taken by means of the “ inverse- 
rate” method, this method being applied by means of the 
very sensitive potentiometer installed at the Laboratory. In 
this instrument a fall in the temperature of the cooling body 
through 12° C. causes the spot of light on the galvanometer- 
scale to traverse 104 scale-divisions of 2 mm. each. At the 
end of this swing, the spot is brought back to the left-hand 
end of the scale by moving a plug on the resistance-box, and 
the galvanometer is sufliciently dead-beat for all oscillations 
to have died out long before the spot of light crosses the 
centre of the scale. Observations are taken every time the 
spot of light crosses the centre of the scale and also when a 
deflexion of 52 divisions is indicated, these points represent- 
jng successive decrements of 200 micro-volts in the E.M.F. of 
the thermo-couple. The time observations are made by 
depressing a key which makes a mark on a chronograph-tape, 
ac:urate seconds being marked on the same by means of a 
relay actuated by the standard clock of the Laboratory ; the 
resulting curves are shown in fig. 15, A & B, which should 
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be compared with figs. 8 and 9. The rate of cooling adopted 
for this method was the same as that used for obtaining the 
ordinary differential curves ; and a comparison of the two sets 
of curves will show that their results are in substantial 
agreement, except that the ‘inverse-rate ” method produces 
curves which snffer from much greater irregularities due to 
experimental imperfections than do the differential curves : 
this is undoubtedly due to the fact that in the case of direct 
time-temperature observations every external irregularity is 
translated to the resulting curve, and the more faithfully, 
the greater the sensitiveness of the apparatus employed. 

The general conclusion which is, in the author’s opinion, to 
be drawn from the results is that for most purposes the ditfer- 
ential method of obtaining cooling-curves is eminently satis- 
factory ; it has the advantage of being largely independent 
of external conditions and of the physical constants of the 
body under observation, and it has been shown t» be applicable 
Over a wide range of rates of cooling. The observations 
themselves are easil y made and are not liable to any serious 
error, given reasonable care and skill on the part of the 
observer. The most serious criticism that could, perhaps, 
have been advanced against the method was the difficulty of 
Correctly interpreting the curves in cases where the two 
bodies cooled at somewhat different rates; but the theoretical 
Considerations laid down in the earlier part of the present 
Paper, and the use of the derived differential curves here 
advocated, entirely remove that difficulty. On the other hand, 
While it is certainly possible to obtain “inverse-rate curves 
showing all the small recalescences indicated by the differen- 
tial method, this can only be done by using great experimental 
refinement, a very open temperature-s ‘ale, and rnoderate 
rates of Cooling, and under these circumstances the method 
comes Very laborious and also subject to error from external 
disturbing causes. 


th For the purpose of the experiments made for the purpose of 

j foregoing investigation, some observations were made which 
not only are of interest in connexion with the experimental 
arrangements of cooling-curve apparatus, but are of some 
intrinsic importance, and are therefore to be described here. 
VOL, XXI. Q 
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The earlier “ blank ” curves taken with either bare thermo- 
junctions or two platinum cylinders, were obtained in an 
electric resistance-furnace of a type that has been introduced 
and described by Dr. H. C. H. Carpenter; this furnace 
consists essentially of a porcelain tube (of a material made 
for this purpose by Messrs. MacIntyre, of Burslem) wound 
with nickel wire and embedded in a thick lagging of finely 
powdered quartz. The blank curves thus obtained all showed, 
more or less clearly marked, a recalescence-point at a tempe- 
rature of 580° C., and it proved a matter of considerable 
difficulty to trace the source of this evolution of heat. The 
platinum cylinders, the thermo-junctions themselves, and the 
nickel-wire winding of the furnace were suspected in turn, 
but each of theso was found to be free from the actual 
recalescence. Finally, it was found that by using two bare 
couples and placing one close against the wall of the furnace- 
tube and the other well in the middle of the tube, a greatly 
increased recalescence could be detected. The curve obtained 
is shown in fig. 16a. As it had already been shown that 
nickel showed no recalescence at this low temperature, the 
material of the tube itself was suspected, and a similar 
experiment was tried in an electric-resistance furnace by 
Heraeus, in which the platinum-resistance foil is wound on a 
tube of special Berlin porcelain ; in this furnace the myste- 
rious recalescence at 580° C. disappeared entirely. Messrs. 
MacIntyre then kindly furnished the author with some small 
cylinders of their porcelain, and these, cooled against a 
platinum cylinder in the Heraeus furnace, showed the re- 
calescence clearly (see curve, fig. 16 ¢), but not so vigorously 
as would be expected if the whole mass of the cylinder were 
taking part in the reaction. The author therefore ascribed tho 
recalescence to one constituent of the porcelain, and this view 
was confirmed when chemical analysis showed that the English 
porcelain contains a considerable proportion of free silica, whilst 
the special Berlin porcelain contains an excess of alumina, 
Differential cooling-curves of various kinds of silica were then 
taken (fi@s.17 and 18) and in crystalline varieties, such as sand 
and quartz, very vigorous recalescences were obtained, but 
fused (vitrified) silica and precipitated silica were found to be 
entirely free from the reaction. The author accordingly 
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ascribes the recalescence found at 580° C. to a polymorphic 
change in crystalline silica, the occurrence of the recaleseence 
being in fact a very sensitive test for the presence of free 
silica in ceramic materials. As to the nature of the change 
which silica undergoes at this temperature, both on heating 
and cooling, the author is unable to offer any suggestion; but 
it is interesting to note that in their recent paper on the 
Silica-Lime series, Messrs. Shepherd and Day * describe a 
polymorphic transformation in Silica (Quartz=Trydimite) as 
occurring at a temperature of 750°-80U0° CU. The author's 
curves show no trace of any evolution of heat at that tempe- 
rature, while the reecalescence at 580° is so marked and con- 
stant both on heating and cooling, that there can be no doubt 
as to its occurrence at that temperature. 

In another connexion, Le Chatelier and others ¢ have 
noticed that in the heating of fire-cloys and other similar 
bodies there are marked retardations at or near 600° C. 
The authors quoted have ascribed these retardations to one 
or more steps of the dehydration process ; but there can 
be little doubt that one at least of these phenomena must be 
ascribed to the same cause as the recalescence in the author's 
curves of silica, viz., a polymorphic change in crystalline 
silica itself, 

The same phenomena appear also to have affected the 
observations of Koberts-Austen, of Carpenter and Keeling, 
and of others on the lower recalescence-points of iron and 
steel. Inthe well-known differential cooling-curve of electro- 
deposited iron published by Roberts-Austen f and throughout 
the diagram of the Iron-Carbon alloys as given by Carpenter 
and Keeling §, recalescence-points are indicated at or very 
near the temperature of 580° C.; and there can, therefore, be 
very little doubt that this reculescence is due to some silica 
contained in the walls or lagging of the furnaces used by 
those workers, and that therefore this point must be deleted 
from the Iron-Carbon diagram. 


* Shepherd and Day, Amer. Journ. Science, October 1906, 
t Le Chatelier, Comptes Rendus, tome civ. pp. 1443-1446, 1517-1520 
(1887); W. C. Hancock, Journ. Soc. Chem. Ind., 1906. 
t W. ©. Roberts-Austen, “Fifth Report to the Alloys Research 
Committee,” Proe. Inst. Mech. engineers, 1899. 
$ Carpenter and Keeling, Journ. [ron & Steel Inst., 1905, i. 
Q2 
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The experimental portions of the above research were 
carried out in the metallurgical laboratories of the National 
Physical Laboratory, the author having been assisted, in the 
earlier portions of the work, by Mr. C. A. Edwards. The 
author also wishes to express his indebtedness to Mr. F. J. 
Selby, M.A., for help in connexion with the mathematics of 
this paper, and to the Director, Dr. R. T. Glazebrook, F.R.S., 
not only for the warm interest he has taken in the progress 
of the work, but also for valuable suggestions in reference to 
the theory of cooling-curves as discussed in the earlier part 
of this paper. 

Discussion. 


Mr F. J. SELBY remarked on the skill with which the Author, by 
direct reasoning from certain approximate assumptions, had arrived at 
his interesting results as to the points of importance in connexion with 
recalescence curves. Mr Rosenhain had shown, very clearly and 
graphically, that from the theoretical point of view all the methods of 
representing the cooling-curves must give identical information, and 
that therefore the decision as to method to be adopted depended simply 
on the experimental accuracy attainable; while, in this respect, he had 
brought forward very strong evidence in favour of the Roberts-Austen 
differentiak method. Mr Selby suggested that it might be worth while 
to draw out theoretical cooling-curves based on certain simple assumptions 
as to the conditions of cooling. He showed how this might be done 
for the parts of the curve preceding and following the recalescence; and 
that by making a suitable supposition as to the variation in the rate of 


a 
evolution of heat during the recalescence, such as a = (a—bT)’eT, 


n complete theoretical curve might be drawn by the comparison of 
which with the experimental curve the constants might be determined 
and all the quantities of importance in connexion with the recalescence 
estimated with greater accuracy. In particular, and without any 


assumption as to the form of ayy Some of the results in the paper could 


be verified; it could be shown that the evolution of heat was not 
completed at the peak on the derived differential curve (the point of 
inflection on the Roberts-Austen Curve), and the point of maximum 
evolution of heat on the experimental curve could be fixed. ‘The value 
of the derived differential curve advocated by the Author becomes 
apparent from such calculations, 

Mr A. CAMPBELL remarked that the end of the paper was the part 
which would most likely be of interest to physicists. It was most interest- 
ing to find that the Author has shown (by the cooling-curve method) a 
change-point in silica near 580°C. Quite a number of years ago 
Le Chatelier showed that between 460° and 500° C. the coefficient of 
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expansion of quartz showed a quick increase, and he predicted that 
a change-point should occur at 970° C. Randall's experiments in 1905 
on quartz showed a similar result so far as the expansion is concerned. 
Experiments which he (Mr Campbell) had made with nickel showed 
no abnormality in coefficient of expansion at temperatures which gave 
strongly marked thermo-electric change-points. For the direct reading 
of rates of cooling, Dejean not long ago devised an ingenious arrangement 
in which the thermocouple is connected to one coil of a differential 
moving-coil galvanometer whose other coil is connected to a second 
galvanometer: the readings of the latter will bea function of the rate 
of cooling. It occurred to the speaker that a transformer would give 
a simpler method of obtaining di/dt, but the slowness of change of ¢ 
makes it too insensitive. The assumptions made in the paper that the 
specific heat, the thermal conductivity, and the emissivity of any 
material remain approximately constant even over a small range of 
temperature near recalescence, seem somewhat uncertain to the physicist, 
aud must be regarded merely as working conventions by the metallurgist. 

Mr S. W. J. SMITH expressed his interest, from the consideration of 
magnetic data, in the Author's opinion that there is no critical point 
near 580° C. in the cooling-curves of iron and steel. It was curious that 
in the paper in which Roberts-Austen describes the critical point found 
at about 580° C., he cites the magnetic experiments of Morris in support 
of the fact that a change occurs in iron at that temperature. Morris 
puts the temperature of the magnetic change at abont 550° in oue 
specimen, but at about 500° in another; while in a third the effect was 
scarcely observable. Even in the specimen most studied, the magnitude 
of the effect seemed to depend upon the annealing temperature. In some 
experiments on permeability-temperature variation in nearly pure iron 
(06 °/, C., -1°/, Mn) annealed at about 850° C., Mr Satterly and the 
speaker found a distinct change in the slope of the -0 curve (H =0:43) 
slightly below 600° during cooling, and a distinct minimum value of 
p near 250° during heating. But with the field-strength used there was 
no apparent break in the slope of the p-0 curve near 580°C. There was 
thus apparently no conclusive evidence from magnetic data of a critical 
point at 580°C. The effect observed at 580° by Ruberts-Austen was very 
feeble compared with another effect which began near 500° and continued 
over a considerable range. This effect was obvious as a more or less 
pronounced “ hump,” of which the maximum lies near 400° on practically 
all the permeability-curves. It was even traceable in the curves of 
Hopkinson, although his observations below 500° wree very few in 
number. Their own magnetic experiments agreed with those of Morris 
and with the Roberts-Austen cooling-curve in showing another critical 
point near 250°, although in their case the effect was only detected 


during heating. 
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XI. The Distribution in Electric Fields of the Active Deposits 
of Radium, Thorium, and Actinium. By SIDNEY 
Russ, Demonstrator of Physics, Victoria University, 
Manchester *. 

Introduction. 


Tue distribution in an electric field of the excited activity 
produced by thorium and radium emanations has been 
studied by several observers. Working with thoriam ema- 
nation, Rutherford ¢ has shown that the amount of activity 
imparted toa rod charged negatively decreases as the pressure 
in the containing vessel is reduced after a certain pressure is 
reached ; while experiments made by Makower { show that 
similar effects are obtained with the excited activity produced 
from radium emanation. Some further experiments by 
Rutherford § with the emanation from radium indicate that 
while at atmospheric pressure the greater part of the excited 
activity is directed to a cathode by moderate electric fields, 
vet a small fraction (about 5 per cent.) goes to an anode. 
Reasons are then (loc. cit.) given for supposing that some of 
the active deposit particles carry a negative charge, thus 
accounting for their transmission to the anode. 

It seemed of interest then to find out whether the quantity 
of active deposit that goes to an anode changes when the 
pressure is varied. 

A comparison has therefore been made over a range of 
pressure extending from ‘001 cm. to 10 cms. between the 
amount of activity imparted to a rod charged positively and 
then negatively when exposed for the same interval of time 
to equal quantities of the radium emanation. 

It was found that whereas the activity of the cathode 
decreased as the pressure was diminished, the anode showed 
a corresponding increase in activity. 

The rod which had served as cathode or anode was then 


al, 


made a neutral pole by connecting it to the containing vesse 


* Read March 13, 1908. 

+ Rutherford, Phil. Mag. Feb, 1900. 
t Makower, Phil. Mag. Nov. 1905, 
£ Rutherford, Phil. Mag. Jan, 1903. 
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and what may be called diffusion experiments, 1. e. with no 
electric field existing in the gas, were then made. Observations 
showed that there was a marked decrease in the amount of 
active deposit that diffused on to the rod as the pressure was 
diminished. 

After a slight modification of the apparatus, a comparison 
of the activity obtained on a cathode and anode over a range 
of pressure extending from ‘1 mm. to 1 mm. was made 
with three gases having widely different densities, namely, 
hydrogen, air, and sulphur dioxide. 

The results in the case of air show that the activity of the 
cathode is considerably greater than that of the anode, but that 
they approach equality as the lower pressure is reached. 

This effect 18 more marked in sulphur dioxide, while for 

ydrogen no such difference in activity is observed, just as 
much active deposit being transmitted to the anode as to the 
cathode over this range of pressure. 


Methods of Experiment. 


A comparison was first made between the amounts of 
excited activity obtained on a wire maintained at 200 volts 
acting as cathode and then as anode over a range of pressure 
extending from ‘01 mm. to 1'2 mm. 


Fig. 1. 
iC : 
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The apparatus used is represented in fig. 1. A brass wire 
W 10 ems. long, ‘55 mm. diameter, on which the active 
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deposit was obtained, was suspended so as to hang symme- 
trically within the glass vessel V which was silvered on the 
inside, connexion to a battery of cells being made by means of 
a piece of platinum fused in the side of the vessel. 

The usual method of experimenting was as follows :— 

The whole system, with the exception of the vessel con- 
taining the radium emanation evolved from a solution of 
radium bromide, was exhausted firstly by means of a Fleuss 
pump and then by a charcoal tube immersed in liquid air (not 
shown in diagram). When the desired pressure had been 
obtained the tap D was closed, and by turning the tap E the 
small capillary tube C (2 e.e. volume) was filled with the 
emanation at atmospheric pressure. 

The tap B was then closed and the glass spiral S surrounded 
by liquid air, E was then turned and the emanation contained 
in the capillary C was allowed to pass over a tube containing 
P,O; for drying purposes, after which it condensed in the 
spiral S. 

A few trials showed that nearly all of the emanation had 
condensed in 15 minutes. The tap A was then closed, 
B opened, the liquid air removed from the spiral, and the 
emanation allowed to diffuse into the vessel V and a McLeod 
gauge which was in connexion withit. The resulting pressure 
was then read. 

As the volume of the P.O; tube was several times that of 
the spiral, quite low pressures were obtainable in the spiral 
although the capillary C had been filled at atmospheric 
pressures. The wire W was made either a cathode or anode 
as desired and exposed to the emanation for 1 hour. It was 
then removed from the vessel V, and itsactivity tested in the 
ay by making it the central electrode of a cylinder 
connected with a Dolezalek electrometer and measuring the 
ionization produced by the a rays emitted from it. The 
electrometer leak obtained in a measured interval of time 
14 minutes after the removal of the wire from the emanation 
was taken as a measure of the activity obtained on the wire. 

The variation in activity with change of pressure is seen 
from Table I., also from fig. 2, where the abscissee represent 
nd the ordinates the corresponding activities of 
It will be seen from the diagram that there isa 


usual w 
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TABLE I. 
ee 


Positive ELECTRODE. NEGATIVE ELECTRODE. 


Pressure in mms, | Activity. | Pressure in mma. Activity. 
e—a ee ei 
Oil 69 006 142 
°102 173 
137 
om 125 157 
"202 81 ‘476 ` 425 
250 62 “729 736 
1:165 
608 si | : 1118 
799 i | NeuTRaL ELECTRODE. 
865 i Pressure in mms. Acuity: 
j "152 72 
- 56 435 64 
1102 57 722 57 
1:140 62 


very large decrease in the activity of the cathode as the 
Pressure js diminished, while the anode shows if anything a 
small increase ; the amount obtained by diffusion alone, 
t e. to a neutral rod, being practically constant over this 
range of pressure, 

It will be observed that whereas ata pressure of about 
l mm. the activity of the cathode is about 20 times that of 
e anode, at ‘01 mm. it is only about twice as much. 

At this stage of the work it was decided to compare the 
activities of the cathode and anode at much higher pressures, 
Veral trials with the apparatus just described were made 
7 Pressures higher than 1 cm., but discordant results were 
obtained. This was probably due to the emanation being 
own back into the spiral on allowing air to enter the vessel 
> Which was initially well exhausted as in the previous 
exp eriments. 
or this reason observations were made with a modified 
System Consisting simply of a brass cylinder down the centre 
of which passed a brass rod (provided with end-pieces to 
ensure Uniformity of field) which was connected to cells giving 
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Fiz, 2. 


0723 4567 897 t te 
PRESSURE IN MMS 


the same voltage as before. The brass cylinder was connected 
on one side with a small vessel which was filled with the 
emanation at atmospheric pressure, and on the other with a 
pump and pressure-gauge. 

The small vessel containing the emanation was provided 
with metal electrodes, and the precaution was taken of 
applying a strong electric ficld to the emanation before letting 
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itinto the brass vessel; this removed any active deposit or 
dust particles. 

The system was initially exhausted toabout 1 mm. pressure, 
the emanation then let in and the small vessel isolated from 
the cylinder, the pressure in which was then adjusted to 
whatever value was required. The activity obtained on the 
brass rod after one hour’s exposure was measured in exactly 
the same way as before. Observations were made for a range 
of pressure extending from 2 mms. to 10 ems. The numerical 
data are contained in Table II., and the results shown 
graphically in fig. 3, where abscissœ denote pressures and 
ordinates the corresponding activities. 


TABLE I]. 
Positive ELECTRODE. NEGATIVE ELECTRODE. 
Pressure in cms. | Activity. | Pressure in cms. Activity, 
13 152 13 TRO 
27 140 204 1360 
2:70 1400 
Rr 
55 Ia 722 1540 
63 " 148 780 1470 
1:10 120 Neutra ELECTRODE. 
3°78 94 Pressure in cms. Activity. 
6:24 79 | “36 219 
: 9 
7:30 77 a Hi 
| 3-14 287 
8H a | S4 300 
10:96 75 | 8&4 447 
| 8 82 437 


It will be scen that whereas the activity of the cathode 
decreases with diminishing pressure, there is a very marked 
increase in the activity of the anode, while the amount of 
active deposit that diffuses on to the neutral rod decreases 
very considerably as the pressure is reduced. 

Diflusion experiments similar to those Just cited are at 
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present being made, in which, however, other metals than 
brass are used as containing-cylinder and rod. 

Tt will be seen from fig. 3 that at a pressure of about 
2 mms. the quantity of active deposit transmitted to the 
anode is approximately equal to that diffusing on to a neutral 
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PRESSURE IN CMS. 

The activity of the cathode being much larger than the anode, the 
scale in fig. 3 for the cathode is one third that for the anode and neutral 
pole. 

Now the active deposit that diffuses on to a neutral pole 
we have seen to be in the main positively charged (the bulk 
of it going to a cathode in an electric field). Very little of 
this positively charged matter can make its way to the anode. 
In order to account for the quantity obtained on the anode 
we are led to the conclusion that some at least of the active 
deposit particles that make their way to the anode are 
negatively charged. 

The above results then go to confirm the view held by 


moe 
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Rutherford already referred to, that the active deposit 


particles which are directed to the anode have a negative 
charge. 


It has been suggested by Rutherford *, in explanation of 
his results with thorium emanation, that the decrease in 
activity of the cathode as the pressure is reduced is due to a 
decreasing number of collisions between the active deposit 


a 


Particles and the gaseous molecules with which they are 
Mixed. 


a 


At the moment of expulsion of an æ particle from the 
emanation atom, the residue, i. e. the active deposit particle, 
acquires a velocity in the opposite direction, which, though 
small Compared with that of the æ particle, is high compared 
With the velocity of an ordinary gaseous molecule. 


* ‘ Radioactivity; p- 319. 
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On the view above cited a certain number of collisions 
with the gas molecules is necessary to sufficiently reduce the 
velocity of the active deposit particles in order that moderate 
electric fields may direct them to cathode or anode. 

Hence we might expect the effectiveness of a molecular 
encounter to depend on the nature of the gaseous molecules 
with which the active matter is associated. Experiments 
to test this point were therefore made with three gases 
differing considerably in molecular constitution, namely, air, 


TABLE III. 
| 
AIR. | SuLPnUR DIOXIDE. 
a 
Sign of | Pressure | = Sign of Pressure s 
Electrode. | in mms. | Activity. | Electrode. | in mms. Activity. | 
Positive. ‘115 108 Positive. 302 lll 
” 185 122 í 1:120 93 
ú ‘931 95 i pan D 
Negative. 115 146 Negative. 297 148 
260 137 à 462 184 | 
n 9002 211 970) | 293 | 
HYDROGEN. | 
Sign of | Pressure in | ee | 
Electrode. | wins. | Activity. 
Positive. | O84 184 
” 451 200 
n 828 194 
Negative. | ‘116 212 
9 | IL 198 
” 462 192 
3 925 902 
+ ‘970 239 
1 030 188 


hydrogen, and sulphur dioxide, and a comparison between 
the activities of cathode and anode over a range of pressure 
extending from ‘1mm. to 1 mm. was made with the low 
pressure system already described. The silvered vessel was, 
however, replaced by another glass vessel containing two 
concentric cylinders as seen in fig. 4 (p. 217). 
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The inner one R, 7 ems. long and °36 cm. diameter, acted | 
as the rod upon which the active deposit was obtained, C the 
outside cylinder, 8°95 cms. long and 2°7 ems. diameter, being EA 
suspended by two platinum wires PP which were sealed into 
the glass vessel and connected to either pole of the battery 
as required. The ebonite ring E kept the outer cylinder i 
steady, and the rod R was supplied with a guard-ring at | 
each end, one of which fitted into a glass tube G, thus serving | | 
to keep the rod central within the cylinder C. | 


Fig. 5. 
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hese modifications were adopted so as to ensure a uniform 
tric field between the rod and cylinder, and also to render 
: i Problem more accessible to mathematical treatment, the 
Woe Of the rod and cylinder being not very different, 
ais this arrangement experiments with the gases already 
in Tare were made, and the resuits obtained are collected 


able III. and reproduced graphically in figs. 5 and 6. 


elec 
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It will be scen that for SO, there is a much greater dif- 
ference in the activities of cathode and anode than is the 
ees or air, while for hydrogen practically no difference in 
metry iy over the same range of pressure was obtained 

We should expect that the curves for cathode ind anode 
in the case of hydrogen would show a divergence at higher 
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essures, for if an encounter between the active deposit 
a hydrogen molecule is not so effective in 
as a sulphur dioxide 
igher pressure with 
sulphur 


pr 
particle and 
reducing the velocity of the former 
molecule, then we shall require a h 
hydrogen to observe the same effects as with 
dioxide. 

Thorium and Actinium. 


A few experiments made with the emanations from thorium 


and actinium show a rather striking difference in the dis- 
tribution of their active deposits in an electric field. 


The experimental arrangement seen in fig. 7 was used. 
Two thin brass wires 7°5 cms. long and ‘7 mm. diameter 
3 of a brass tube C 30 cms. 


were made to lie along the axi 
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long and 4:2 cms. diameter. This tube was fitted with a 
small capsule D, into which was placed a small quantity of 
thorium oxide, or of a preparation of actinium kindly lent 
me by Professor Rutherford. 


Fig. 7. 
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The wire A was connected to the positive, B to the negative 
pole of a battery giving 320 volts, the brass tube being 
connected to the middle point. 

he exit-tube E was connected to a Fleuss pump and a set 
ot tubes containing calcium chloride and cotton-wool, thus 
ensuring a supply of dry and dust-free air. 
Vhen experimenting with thorium the wires were exposed 
to the €manation for 24 hours, after which they were removed 
and their activities tested with an electrometer in the manner 
already described. 
© Tatio of the activities of the cathode and anode at 
atmospheric pressure was found to be about 200: l; on 
re ucing the pressure to 2 mms. the ratio was diminished to 
' <» this reduction being mainly due to the decrease in 
activity of the cathode already observed by Rutherford 
(loe. ctt.). No certain increase in the very small activity of 
-S anode was observed. l 
e experiments with actinium the wires were exposed 
“sually for about 2 hours. ee 
atmospheric pressures the ratio of the activities of the 
he thode and anode was about 2 to 1, while at 2 mm. pressure 
It wag 22 to 1, the increase in the ratio being mostly due 
an Increase in the activity of the cathode, The active 
“POSit on the two wires decayed at the same rate, namely, 
®O-Of astinn À. 
VOL. xxy, R 
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These results show that while the greater part of the 
active deposit from actinium emanation has a positive 
charge, yet at amosphcrie pressure a very considerable 
Fraction has a negative charge, and is therefore directed to 
the anode. l 

For purposes of comparison the activities obtained ona 
wire when exposed to the emanations of Ra, Th, and Ac at 
atmospheric pressure are tabulated. 


Wire charged Wire charged 


negatively. positively. 
Thorium .,........ 200 1 
Radium ......... 200 10 
Actinium ......... 200 100 
Conclusion. 


In view of the different distributions in an electric field of 
the active deposits of thorium, radium, and actinium, it is 
difficult to think of the whole series of events between the 
formation of the active deposit and its transference to either 
electrode, as taking place in an exactly similar fashion. 

It has been shown by Miss Slater* that slowly moving 
B particles accompany the æ particles which are ejected 
from thorium and radium emanations. If there are two such 
8 particles to every æ particle, the remainder of the emana- 
tion atom, i.e. the active deposit, would be left with a 
positive charge. 

This supposition would explain the almost complete trans- 
ference of the active deposit of thorium to the cathode; but 
the small, though quite definite, quantity of the active 
deposit of radium that is directed to the anode still presents 
a difficulty. It may be that a few of the active deposit 
particles gain negative ions from the gas in which they are 
moving, which must be present in very large numbers. 

In the case of actinium, although at a pressure of a few 
millims., far more activity is observed on the cathode than 
on the anode, as has already been found by Debiernet, yet 
we have seen that at higher pressures this inequality is very 


* Phil. Mag. Oct. 1905. 
+ Comptes Rendus, vol. cxxxvi. p. 671. 
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much reduced, there being almost as many negative carriers 
as positive, 

It is hoped that a more extended series of observations 
may throw some light on the apparently anomalous behaviour 
of actinium. 

In Seii I desire to thank Professor Rutherford for 
several suggestions during the latter part of the work. a 
research was begun with Mr. Makower, who, however, cou 
not continue the collaboration owing to pressure of other 
work, I wish to express my thanks for the very considerable 
help he has given me in these experiments. 


Note added March 17th. 


Some recent experiments made with actinium tend to 
explain the anomalous behaviour referred to above. A pre- 
paration of actinium was placed at the bottom of a cylinder, 
and two parallel plates were suspended so as to hang verti- 
cally above it, These plates were connected to the terminals 
of a battery of 300 volts, and after an exposure at atmospheric 
pressure usually lasting several hours the activities of the 
two plates were compared by means of an electroscope. The 

istance of the plates from the actinium preparation could 

e altered ag required. : 

As already observed in the experiments described, the 
activity of the cathode was always greater than that of the 
anode, 

It was found that when the plates were fixed at a distance 
of 4 cms. from the actinium, the ratio of the activity of the 
cathode to that of the anode was about 5 to 1; on bringing 
the plates Nearer to the actinium this ratio rapidly Increased, 
and when the distance was reduced to 2 mms. the activity 
of the Cathode was more than a hundred times that of the 
anode, 

; These Observations and others of a similar nature at 
different haasures (details of which it is hoped will appear 


in a future number), indicate that the sign of the electrica] 
charge ©x hibited by the active deposit particles is some 
function Of the distance which they have travelled through 
the cont 


aining gas, before reaching the electrodes. 
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DISCUSSION. 


Dr C. H. LExs expressed his interest in the paper, referring especially 
to the fact that the amount of active deposit which diffused onto a neutral 
rod varied with the pressure. 

The CHAIRMAN referred to the radioactivity of the atmosphere, and 
remarked that the Author’s experiments might be of use to meteoro- 
logists in enabling them to settle the question of the source of the radio- 
activity. He expressed his interest in the results obtained with 
actinium. 

Mr Russ, in reply to Dr Lees, said that the fact that the quantity of 
active deposit on a neutral rod varied with the pressure was being 
investigated mathematically by Mr Bateman. With regard to the 
Chairman's remarks he observed that the source of the radioactivity of 
the atmosphere was an interesting question. The radioactivity due to 
thorium presented more difficulties than that due to radium because of 
the long life of the radium emanation. He sugyested that the results 
might be due to the active deposits themselves which had longer lives 
than the emanations, 


XII. Note on certain Dynamical Analoques of Temperature 
Equilibrium. By Prof. G. H. Bryan, M.A., F.R.S. 
(Bangor) *. 


In the Archives Néerlandaises for 1900 (Livre jubilaire 
dédié à M. H. A. Lorentz) I described under the title of 
“Energy Accelerations” a method of studying problems 
dealing with the partition of energy in systems of particles in 
which some kind of statistical equilibrium exists. This 
method consists essentially in writing down expressions for 
the second differential coeflicients with respect to the time of 
the squares and products of velocities or momenta of the 
system considered. 

The method in question appears to have been previously 
employed by Mr. Burbury, who, however, did not employ the 
term “ cnergy-accelerations ” in connexion with the second 
differential coefficients in question. 

I was, and still am, of opinion that a further study of 
energy-accelerations must have an important bearing on all 
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Problems in the Kinetic Theory dealing with questions of 
temperature-vquilibrium, and the fact that no attempt seems 
to have been made to follow the problem up, may be taken as 
evidence of the large congestion of unsolved problems which 
presses heavily on the shoulders of the mathematician of 
to-day. The present note deals with two simple applications 
which happened to remain unnoticed when the paper was 
written, 

Consider in the first place an ideal medium formed of 
material particles uniformly distributed in space, both as 
regards position and as regards direction, and attracting or 
repelling one another according to any law of force as a 
function of the distance between them. 

If we confine our attention to one particular- particle, the 
effect of the other particles will be to produce varying fields 
of force acting on the particle in question. Take now the 
equation of energy-accelerations which may be written in 
the more general torm :— 


a(t) = (avy CV aV V ey 


ST) =u -ut -a — ur uw — 
m\ dx “ dda dx? du dy dx dz 


where “, v, w stand for velocity components, V the potential 
of the field due to the other particles. 

-° assumption that the field produced by the other 
Particles ig independent of the motion of the particle under 
consideration, and that this field has on an average no 
directiona] properties, shows that the mean values of the last 
wo terms vanish, and the assumption that a stationary state 
exists requires that the mean value of the term ud?V Jdt dx 
should also vanish, reducing the energy-acceleration equation 
in this case to the ordinary standard form, brackets denoting 


aad) |= 5 [E] - 1 [ae 


energy equilibrium the left-hand side must vanish. 
Only possible when the mean value of d?V/d.r2 is 
Now the assumed absence of directional properties, 


or 
This is 


Positive 


>» 
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or in other words the assumed isotropic character of the 
medium, requires that the average values of d?V/dz’, a?V/dy’, 
and d?V/dz? shall be equal ; therefore each is equal to one- 
third the average value of AV. We conclude that statistical 
energy equilibrium cannot exist in a system of particles 
possessing the assumed properties unless AV is positive. 

For the Newtonian law of force AV=0. In this case 
the mean value [d?V/d?] therefore also vanishes, and the 
energy-acceleration equation takes the form :— 


Cem) = 70) J 


This shows that the only kind of statistical equilibrium is 
the statical state of unstable equilibrium defined by dV/dx=0, 
dV/dy =0, and dV/dz: =0 on each particle, and in the 
absence of this state an acceleration of kinetic energy will 
take place. 

It is thus impossible with the Newtonian law to build up 
a medium of material particles, either attracting or repelling 
one another, and possessing properties of energy equilibrium 
analogous to those of a system of gas molecules. 

It need not be pointed out that this investigation does not 
preclude the possibility under the Newtonian Law, of 
stationary motions such as those occurring in the solar 
system, 

Exactly the same conclusions hold good if the law of force 
is such as to make AV negative. The equations of energy 
equilibrium here require the further condition that [u?] [7?] 
[°] should be zero, which can only happen if the system 
always remains at rest. 

The necessary condition AV >0 becomes, for the particular 
case in which the field is due to an attracting particle placed 


at the origin, 
1 A dV) 
r- >0, 


r? dr dr 


showing that r°dV/dr must increase with r. In other words, 
the force if repulsive must vary according to a higher power 
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of the inverse distance than the square (the inverse fifth 
power would represent a possible law of force if repulsive). 
If the force is attractive it must vary according to a lower 
power of the inverse distance than the square. 

The second point to be noticed is that unless the expression 
for the kinetic energy of a dynamical system is a quadratic 
function of the velocities with constant coefficients, the 
equations of energy equilibrium no longer assume the form 
of linear relations connecting the mean squares and products 
of velocities, but they also involve terms of the fourth degree 
in these velocities, An illustration of this fact is afforded by 
the motion of a particle in a plane when referred to polar 
coordinates. If we write down the expressions for the energy- 
accelerations 


Po do. at 
a (47?) and 5, (}r°6) 


in terms of the velocities and coordinates, using the equations 
of motion 


r7— r= — Al and y r? =-% 

we shall obtain expressions involving the velocity components 
up to the fourth degree, and the energy components there- 
fore up to the second degree. The conditions of energy 
equilibrium between the transversal and radial components 
will therefore no longer take the form of linear relations con- 
necting the mean values of the energy components in question. 

On the other hand, when we refer the motion to x and y 
coordinates, the equations of energy equilibrium are linear in 
the energy components. 

It appears, therefore, that if dynamical systems are to 
represent the phenomena of temperature-equilibrium consis- 
tently with the commonly accepted hypothesis that tempe- 
rature is a quantity of the nature and dimensions of molecular 
kinetic energy, the expression for the kinetic energy must 
in general have constant coefficients or must at least satisfy 
certain conditions which are fulfilled in the case of constant 


| 
l 
| 
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coefficients. While the analogy of kinetic energy with 
temperature may hold good in the case of a system of 
particles, there must exist dynamical systems for which this 
analogy does not hold good. Asa purely negative conclusion 
this result is not inconsistent with Stefan’s law in which 
we have the energy of radiation proportional to the fourth 
power of the energy of molecular motion. But whether 
it is possible to construct a dynamical model whose energy- 
partition is analogous to Stetun’s Law, must be a question 
for future investigation. 


DISCUSSION. 


Prof. Cassir discussed the method and results of the paper, and 
remarked that the results of experiments appeared to indicate that the 
forces between particles varied with the distance according to some law 
more rapid than the inverse fifth power. 
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XIII. Notes on the Plug Permeameter. 
By Cuarues V. DRYSDALE, D.Sc.” 


[Plates VII. & VIII.] 


In 1901 the writer described a permeameter t, devised with 
the object of enabling permeability-tests to be made on 
castings and forgings for dynamo-work. The apparatus 
consisted of a special drill, which could be employed to bore 
a hole in the casting or forging, leaving, however, a small 
piece of the metal in the form of a rod or pin standing in the 
centre of the hole. A split iron plug, arranged to fit both 
the conical sides of the hole and over the pin, was employed 
to complete the magnetic circuit; and this plug carried a 
bbin wound with magnetizing and search coils. A special 
portable testing set was also designed with the object of 
makin g permeability-tests by direct reading of H and B. 

It was noticed at the time that the magnetization-curves 
obtained by this method fell below those obtained by mea- 
surements on a long bar of the same material. This would 
naturally be attributed to a bad magnetic joint between the 
pin and plug ; but experiments made at the time seemed to 
point rather to the effect being due to the reluctance of the 
return path at the point of entrance of the flux, due to 
the concentration of the lines of force at these points. 
This seemed probable from the fact that the readings were 
remarkably consistent when the plug was removed and 
replaced. 

This hypothesis rendered it probable tbat there might be 
a more or less definite relation between the value of the 
true magnetizing-force H 7 the specimen, and the apparent 

Am Cn 


magnetizing-force H’ =I T >’ and arrangements were made 


x < this relation. The most perfect method was suggested 
ae e double-yoke method of Prof. Ewing. It consisted in 

nang the relation of the induction density and the mac. 
netizing current for the ordinary drilled specimen, and after- 
wards when the length of the specimen was doubled by drilling 


* Read March 27, 1908. 
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to a greater depth with a second drill. The increase of the 
magnetizing current for the same induction should give 
the true H. A large number of tests were made in this 
manner, but proved of little value, as, although the first 
drilling presented no difficulties, it was found impossible to 

erform the second drilling accurately enough to preserve 
parallelism of the pin. 

Recourse was therefore had to the more simple device of 
obtaining some specimens of cast and wrought iron and 
steel, in the form of rings; testing them by the ordinary 
ring method, and afterwards cutting them up and drilling, 
for tests by the plug. Rings of this kind were made for us 
by Messrs. G. Wailes of Euston Road, and were of ordinary 
cast iron (O.C.I.), special cast iron (S.C.I.), wrought iron 


(W .I.), and mild steel (M.S.). Two rings of each material 
Fig. 1. 


ed, and each ring was cut into four quadrants. 


Each of these quadrants was drilled in both ends, so that 
illings were made in each ring. Readings of B were 


eight dr á } | r 

then made with the plug method, at nominal values of H of 

20 aid 100 on the eight drillings, and the drilling selected 
t, the readings on which corresponded to the mean 


al tes 
T eight. It may be mentioned that the whole of the 
OLAS or 
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64 drillings on the eight rings were made with the same 
drill, which was none the worse after. None of the drillings 
gave a bad fit with the plug. Fig. 1 shows the form and 
mode of cutting and drilling the ring, which was 5 in. ex- 
ternal diameter and 1 in. square in section ; while Table I. 
shows an example of the readings on the various drillings of 
one ring, and the amount of variation usually found. It 
should be specially noted that these variations are not appa- 
rently due to variation in the fit of the plug, but rather to 
actual differences in the magnetic quality of the iron. 


TABLE Í. 


Readings on Wrought Iron Ring. 


Hole i H=30. | H=100. 
No zat | B. B. 
ee Fair. 13,140 15,600 
ne Moderate. | 12.880 | 15,820 
is Good. 12,400 15,130 
one. Good. 12,040 14.550 
Bai Fair. 11,730 14,550 
ee Good. 12,930 15,080 
ee Good. 11,: 00 14,190 
8 oaan.. Fair. 11,670 14,550 
1 (Check-reading) ......! o... 15,600 
Mean nsss csssseeeseees | 12,250 14,900 


Figs. 2-9, P1.VII., show magnetization-curves taken on the 
nng and by the plug on the mean drilling for each Specimen 
It will be noted that the curve obtained by the plug lies below 
that for the ring in every case ; but there is no evidence to 
show that this is due to an air-gap. If sucha gap were 
Present, of approximately equal amount in each of the 
specimens, the shearing-over of the curves of the Wrought 
on and mild-steel specimens would be much more marked 


in $ e e 
comparison to those of the cast-iron specimens, Oowin 
the much 


former, 

Table I 
of H’, th 
test, for 
induction 


e . e to 
greater permeability and induction-density D 


I. is obtained from the curves by finding the valų g 

© nominal magnetizing force in the case of the plug- 

each value of H from the ring-test, for a given 

~density; and fig. 10, P1. VIII., gives curves showing 
SZ 


= a R eh 
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the relation of H’ to H for each of the materials and for the 
mean of all. It will be observed that although there are 
considerable differences between the values in the various 
columns, they appear to have no relation to the permeability 
of the specimen, and must therefore be regarded as acci- 
dental. In fact, the difference between H and H’ is greater 
in the case of the special cast-iron than for either the wrought- 
iron or mild-steel specimens, which is exactly contrary to the 
effect which would be produced by an air-gap. The difference 
must consequently be attributed to the shortness of the spe- 
cimen ; and the results therefore may have some general value 
in indicating the amount of the end effect in the case of yoke- 
permeameters, in which the specimen is only five diameters 


long. 
TABLE lI. 


Relation of H to H'. 


| 
Mean H’ | Mean H’ Mean H’ Mean H’ | 
H. | for O.C.I. | for S.C.1. | for W.L | for Ms, | Mean | 
ae 0 0 0 0 0 
eee 8-5 97 85 8'0 8:7 
JO oaeen | 172 19-2 18°75 18-5 184 | 
1B eee 26-2 99:4 28 2 29-0 28:2 
DY aeaee 340 39-0 35-7 37:7 36-6 
DD aaee 22 TT 422 46:5 44-7 
BO seve 495 56-0 480 54-2 515 
ae 57-0 6525 540 61-0 59:3 
40 cade 63:5 7375 | 605 66:5 66-0 
45 we) 695 81:75 6+5 72-2 71-9 
A 765 90:75 69-7 775 78:5 
Pe 83:5 98-25 750 2-0 84-7 
re eee GO 0 106-0 795 88:5 91-0 
85 wae 95 114-0 837 95 96:9 
aioe 103-0 121-5 59-0 97-5 102-8 
aad | 4092 129-0 94-2 102 2 108-6 
50 me. 1150 1357 990 108:5 114:6 
o a 


In order to show the result of correcting the indications of 
the instrument, the curves figs. 2-9 have points marked by 
which the readings of the plug-permeameter are 
hifted back wards along the H axis by amounts corresponding 
shi he mean curve in fig. 10(PI.VIII.). The agreement with 
to the tests then becomes fairly good. Fig. 11, Pl. VIII., 
the a Padrig taken by one of the portable testing sets, in 
anne the H scale has been marked off in this way. The 
wit 


crosses, 1n 
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curves are those given by the ring method, while the points 
are taken by the testing set. The agreement is as good as 
in most of the recognized permeameters. 

Fig. 12, Pl. VIII., shows two curves taken by the plug 
permeameter: one on a cast-steel pole-piece for a large 
generator, which was sent us by the dynamo-builders under 
the impression that it was of poor magnetic quality. The 
test shows the permeability to be very good. The other curve 
is for another specimen of steel, and indicates the remarkable 
variations of quality which are found in practice. 

It should be mentioned that when the plug used in these 
tests was replaced by a second one, the results agreed within 
an accuracy of 1} per cent. 

The general conclusion to be drawn from these experiments 
is that the plug permeameter, in reasonably careful hands, 
gives as good results as any other method of iron testing, so 
far as permeability tests are concerned. In a recent paper 
by Mr. Murdoch* this permeameter was criticized as 
employing a very small specimen; but this is precisely 
what has been aimed at in its design. It appears to be of 
great importance that permeameters for castings or forgings 
should be capable of being employed on the bulk of the 
metal itself, without extra machined specimens, and up 
to the present no other instrument has been devised which 
meets this requirement. 

The writer’s hearty thanks are due to Mr. A. C. Jolley for 
the considerable amount of work involved in carrying out 
the tests. Mr. C. M. Dowse has also rendered considerable 
assistance in the later tests. 


DISCUSSION. 


Prof. S. P. THompson said the Author’s instrument commended itself 
for ita usefulness and ingenuity. He would like to know how far its 
results were comparable with those obtained from ring and double yoke 
methods. He was not sure that the Author’s explanation that tie 
discrepancies were due to end effects was the correct one. In drilling 
the hole in the casting the magnetic properties of the iron were altered 
and the hysteresis increased. 

Mr A. CAMPBELL remarked that from his experience of several 


* Electrician, vol, lx. p. 245. 
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varieties ot permeameters he was not at all surprised to find that Dr Drysdale 
had had to calibrate his permeameter by the purely experimental method 
of comparison with the trustworthy ring method. By averaging the 
different calibrations given by various types of material he appeared to 
be able to obtain fairly good results, but there were other permeameters 
which gave as satisfactory results without any empirical calibration. 

Dr A. RUsskLL said he appreciated the ingenuity d'splayed in the 
Drysdale permeameter. Ile suggested the following as the probable 
cause of part of the discrepancy between the magnetization curves got 
by the ring method and by the permeameter. In the former method the 
mean flux and the mean magnetizing force over the cross section of the 
ring were measured, The ring experimented on was of appreciable 
radial depth, so that the magnetic force on the inner circumference of 
the ring was about 50 per cent. greater than that on the outer circum- 
ference. The permeability of the iron at the greater force would probably 
be very diflerent from that at the smaller force. ‘The mean value, there- 
fore, of the flux density over the cross sectional area of the ring might 
possibly be something quite different from the value it would have if 
the magnetic force were constant and equal to the mean magnetic force. 
The errors due to this cause in the ring method, even when the ring was 
narrow, were sometimes very appreciable. ‘The criticism also applied to 
many cases in which electricians apply what they call the fundamental 
magnetic equation. ` 

Mr W. DuppE.v asked if it was assumed that all the pins hed the 
same diameter. 

Dr ©. V. DRYSDALE, in reyly to Prof. Thompson, said that the end 
effect was not of the same nature as an air-gap or it would have had a 
more marked influence at high permeabilities When the instrument 
was first introduced, a few testa had been made by drilling a specimen 
and testing it, and afterwards aunealing and re-testing. No change had 
been observed, but possibly a greater nuniber of tests would have shown 
variations, Tbe size of the pin seemed not to vary by moie than a mil 
whatever metal was drilled. As to Mr Campbells remarks, he quite 
agreed that other permeameters were equally or more accurate, 
but this was the only one that could be used on the actual forging or 
casting, and it was surprising and giatifving to find that it was as 
accurate as it seemed to be. The thichness of the ring mentioned by 
Dr Russell was an important pomt. It was necessary in order to permit 
of drilling, but be was inclined to think that there would be little error 
from this cause except at low inductions, 
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XIV. The Use of Shunts and Transformers with Alternate 
Current Measuring Instruments. By CuHarves V. 
Dryspa.E, D.Sc.* 


[Plate IX.] 


THE growing demand for instruments for alternate-current 
measurement, of considerable range and accuracy, has 
called attention to some of the difficulties attending their 
production, especially to their limited range. As alternate- 
current instruments measure the root-mean-square values of 
the P.D. or current, it necessarily follows that the deflecting 
torque falls very rapidly as the P.D. or current is decreased, 
For most commercial instruments, it may be taken that a ten- 
fold range of torque is the utmost possible for accurate 
reading, so that when the deflexion is proportional to the 
torque the range of an A.C. instrument can only be of the 
order of 3 to 1 except by the employment of double coils or 
auxiliary devices. The auxiliary devices which may be 
employed are transformers for electromagnetic ammeters, 
voltmeters, and wattmeters ; shunts for ammeters and watt- 
meters, series resistances for electromagnetic voltmeters, and 
condensers and split resistances for electromagnetic voltmeters. 
Of these, the use of shunts and transformers may give rise to 
serious errors, and it is proposed here to investigate the 
amount of these errors and the conditions for their elimi- 
nation. 

In dealing with any shunting or transforming device we 
must bear in mind that it may cause errors in two ways:—(a) by 
the multiplying power of the shunt or the ratio of the trans- 
former being attected by frequency, &c.; and (b) by a phase 
displacement being introduced between the current or P.D. 
on the instrument and the main current or voltage. Am- 
meters and voltmeters are of course only affected by the first 
error, but the phase-displacement may be of much greater 
importance in wattmeters. 


# Read March 27, 1908. 
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SHUNTS. 
Multiplying Power.—In fig. 1, we have an instrument or 
resistance 7, and reactance z; shunted by a circuit of resist- 
ance 7; and reactance z, Then, if V is the P.D. between 


Fig. 1. 


the terminals, and C, and C, are the currents in the instrument 
and shunt respectively, we have 


VV vV v 
x = _—— > d 
= i,” A as I, 13 — jt 
Hence the total current in the circuit C=C, + C, 
i 1 Titro — (e + ry) 
= } + , = Vee 1 
=V d a, T3— jt jn) aja) (1) 


I 
and the virtual current C= =V] I, , where I is the impedance 


of the whole circuit formed by the instrument and sbunt 
in series, and I, and I, are the impedances of the instrument 
and shunt respectively. 


— V 
Consequently, since Cı = i, the multiplying power of the 


shunt GY] 
Ma ae Fi p ee G) 
i Hence (at) (24 Ta j 
: [Gee - aR er ae 
i M = —_ : 2+ Lo 2) 
1+ (3 
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But the multiplying power of the shunt for direct currents 


M = UTT from which rn=(M— 1)rg. In addition =T)p, 
Ta 1 
where T, is the time constant of the instrament and p is 2r 


times the frequency as usual. Similarly 5 = T; p, where T, 
ìs the time constant of the shunt. f 
Putting these values in the expression above we have 


g 1+T,*p? 
which after a little further simplification reduces to 


fe ~ M—1(M—1DT,+(M4+DT, m 7 
W= M4/14+ Mi Typ? (Ti — T,))?. (3) 

This formula at once shows that if T,=T, the shunt has 
the same multiplying power for both direct and alternate 
Currents, as is well known. It further shows that if 


> 


T M~j] 
(M—1)T,+(M+1)T,=0 or r My] 


the Shunt is again correct. ‘This would be the case if the 
Instrument is shunted with a resistance r, and capacity K 
M—1 
such th: = Ti 
hat Kr, Mal T, 
_ If the instrument is inductive, and is shunted with a non- 
Inductive resistance, T,=0 and the formula reduces tg 


yt ae Ce 
M' = Ma/ (i ") DPE Seg 


As an example, a Kelvin centiampere balance was found 
on test to have a resistance of 62°4 ohms and an inductance 

y Secohmmeter) of 161 millihenrys. The time constant of 
418 Instrument wa3 therefore 00258 second. The instrument 
was then shunted with a non-inductive resistance, and it w 
found that a current of °878 amp. gave a reading of “17 eae 


on the balance with direct current, thus giving a Multiplying 


aia Alexander Russell has cast doubts on this formula, and I aed 

that a at it is only true in special cases. It was based on th 

time ¢ “hunted condenser could be treated as an impedance 
“nstant, which is not strictly true. 


e assumption 
with negative 
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power M of 5°16. Hence at 50 periods, which is the usual 
frequency of the supply, M' should be 


4°16? x00258? x 312 
5164/14 2! ge IT 


while on testing a current of ‘927 amp. gave a reading of 
"15 amp. or a multiplying power of 6°18. It should be 
noticed that the formula may be expressed in the form 


LS VM MP which gives us a convenient method of 
(M—1)p 2 
testing the inductances of ammeters, &c. 

For commercial work, therefore, we sce that the only 
legitimate method of employing shunts is to make the time 
constants of the instruments and shunts either negligible or 
approximately equal. If T, and T; are nearly equal since 


V1lth=1+ : nearly when h is small, 


M—1(M—1)T,+(M+1)T 
a {1+ 2M7 a ea ea ae Jo 


It will be noticed that for a given difference in the time 
constants the correcting term is greater the greater the value 
of M and the less that of T}. Consequently, if we take in 
our formula M so large that M, (M+1) and (M—1) may be 
regarded as equal and at the same time neglect Ip in com- 
parison with unity, we have: 


DERM- T) } =M (TT, (6) 


where T is the average value of the two time constants 


T, and Ta 


This may be written in the form T =T.AT. p’, and 
finally 


AM AT 
MT = T?)’? KN e © o > oè o (1) 


Consequently, to ensure that the ratio M shall not be altered 
by more than æ per cent. with alternating current of given 
frequency, the time constants must be adjusted to equality 


saat. ae 
Within xy per cent. 
P 
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In the case of the Kelvin centiampere balance before 
mentioned, T = °*00258 at a frequency of 50, therefore 
Tp = 314 x :00258 = °810 and T?p? = °655. Consequently 
the time constant or the self-induction of the shunt must be 


adjusted to ; : = = 1°53 per cent. for an accuracy of 1 per 


"655 
cent. in the multiplying power. The simplest method of 
adjusting or checking the shunt is of course to test the ratio 
with both D.C. and A.C. or with A.C. of two different 
frequencies. 

Phase Displacement.—Returning to formula (1) and 
rationalizing the denominator, we get 


V . f ; 
C= IT f (rit ra) — jlerit ta) } Cri tje) Cra +722) 


V 
= II,’ { (ri + T2) (rir3— 212) + (2 + Xg)("1 29 + Tarı) 


HIL +r) ita + 7901) — (41 + 22) (M172 — 222) ] £ 
and consequently 
tan ġ = (71+ T2) (ria + P21) — (21 + 23) (1172 = 1-79) 


(7; +12)(113— Tita) + (£ +z) (rita + ToL} ) 


where ¢ is the angle of lag of the main current behind V. 
Inserting the values of M, T,, and T; as before, we get 


Ty + (M—DT,+ {((M—1)T, +T} T Tp 
M+ {(M—1T?+T,}p? 


Similarly tan ¢,=T,p where ¢, is the lag in the instrument. 
Hence 


tan gd = 


_ tand,—tan®d 
tan ($, -¢) = Tne tand 


is the tangent of the angle of lag of the current in the instru- 
ment behind the main current. Putting in the values of 
tan ġ, and tan ¢ and simplifying, we have as the result 


lany = tan (¢:—¢) 


=(M—1)(T, —T,) Ruse A 

=(M—1)(Ty die DETT, p+ (M17, +7, }T Tp! 

= M-1 T-T) (1+T\’p?){(M—1T, +T, Tp? 
ERP | MFMA- DTTA, +H M-T, fT, Typ 


TO 
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The phase-displacement is consequently zero for either 
M=1 or T,=T, as is obvious, and also for 1+T,’p?=0, 
which is impossible. If the shunt is non-inductive T,;=0 


and tan yy = T,p; while if the instrument is non- 
inductive and the shunt inductive, 
M—1 
tan fy = — M+ Tp Tz p. 


Again, if both T, p and T, p are small compared with unity, 
the expression for tan reduces to S (T,—T,)p. This 


of course means that the tangent of rhs phase-displacement 
between the instrument and mains is the fraction - T of 
that between the instrument and shunt, as is obvious 
geometrically. Finally, if T, and T, are nearly equal, 


any == MATEA p) (Ti—Tə p. . . (9) 
where T is the mean time constant as before. When T is 
sinall this reduces to the last expression. 

As an illustration of the error produced by shunting a 
wattmeter, we may assume a case where the time constant of 
the main circuit has a value of ‘0025 as in the Kelvin balance 
above cited, and suppose that it is shunted with a non- 
inductive shunt of a nominal multiplying power of 10. We 
then have M=10, T,=0, and T,p at 50~ 

= 314 x ‘0025 = ‘785. 

Hence 


M'=My/ 14 (YFP) Te =) Tp =10 V1+:81 x785? = 12°25. 


The phase-displacement is 


tan yy a = 7 x ‘785 =°705; 


so that the current in the wattmeter lags about 35° behind 
that in the main circuit. Hence the instrument would read 
22°5 per cent. too low owing to the error in the ratio, while 
the phase-displacement would cause the power factor to be 
apparently about °5 when actually zero. 
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This strikingly illustrates the enormous errors which may 
be produced by shunts in wattmeters. For any given small 
displacement y we have from (9) 


T, -T _ AT = M 1 o) ` 
-T > PS M-i (i E i R 


and y will then be the maximum error in the power factor 
for loads nearly in quadrature. Consequently, in the above 
case, if the error in the power factor is not to exceed ‘01, 


AT _10(1—"783%) 0) nace or 
“ar = 9 g X 01 =:00542 or ‘d+ per cent. ; 


and we saw before that for the ratio to ba correct to 1 per cent. 


AT = 1:53 per cent. 


j T 


TRANSFORMERS. 


In dealing with the application of transformers to instru- 
ments, we shall have to consider separately their employment 
as “ current transformers” or as “ voltage transformers”; the 
former being employed in conjunction with ammeters for the 
purpose of utilizing instruments of convenient range, and to 
insulate the instrument from high voltage circuits ; the latter 
with electromagnetic or hot-wire voltmeters to avoid undue 
waste of energy, and again as with ammeters to disconnect 
them from the high-pressure circuits. In wattmeters and 
energy-meters of the induction type, transformers are fre- 
quently employed in both the main and shunt circuits 
simultaneously. 

The relations between the primary and secondary currents 
and voltages have been obtained by Steinmetz and others 
from the well-known vector diagram, but it will be well to 
treat the problem ab initio as we require the results to be 
exhibited in the most convenient form. 

Current Transformers.—It is most convenient to deal at 
first with the magnitudes and phase relations of the currents, 
and we can afterwards apply the results to the investigation 
of the voltage relations. 


- ee. a a = 
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Let A, = primary ampere turns = Cpnp. 


A, = secondary „ z Cn. 
An = magnetizing ,, a S Cy ties 
A. = core loss a 9 S Ue 


A, = no load J a = Cony. 
$p = lag of primary current behind core E.M.F. 
gs = lag of secondary „ Š 53 9 
a = lag of no load <i 4 $4 9 
y = phase displacement between primary and 
secondary currents. 


Fig. 2. 


7 have A . 
Then we Â, +Â, = Ao vectorially ; 
p 


j inme tion 
ng the currents in the poe notation, 
Â, = A, cos p, — jA. sın ds ° ° e 
Â, = A.+jAm- 


p 0 e = s + S + 12 


or writi 


(11) 


and 3 sin ds+Am)? 
— g “4+ (As > 
Ap= W/ (As COs bs + Ac) 


sre ae ob Am sin b,) + Ao” 
= VJ Ae + 2A,(A- cos De + An sın d.) + Ay 
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If Ay is small in comparison with A as it should always 
be in practice, we may write 


A. Åm. 
a =1+ cosh, + |" sin ga. . « (13) 


If Re is the ratio of the primary to secondary currents, 
and R, the ratio of secondary to primary turns, we have 


A. Bigg 5 ) 
R.=R (14 A, COS $+ A” sin bs » . . (14) 


Hence the ratio of the currents can only be equal to the 
transformation ratio if A, and A,, are both zero or 


tan ¢ds= — ie =—cota. 


This implies that the secondary current should be in 
quadrature with the no load current, as is geometrically 
obvious. 

To test the constancy of transformation we have 


A. AN o 

AR.=R; {A (4) cos és +A (am) sin b. b, - (15) 

which shows that for constant ratio of transformation both 
Ae and Am must be proportional to As or that 


AS 


tan p= — — Nt + + © .. (1 
o aa) É 


For constant secondary impedance A, is proportional to 
the core E.M.F. and hence to the induction density in the 


core, B. Hence the current vector should be perpendicular 


to the curve of which the ordinate is i? representing the 
fase E E: 

reluctance of the circuit, and the abscissa is z, T the ratio of 

the core-loss current to B. It is obvious that this is when 

the secondary load is a leading one, and this result jg contr 


to the frequently quoted experiments of Mr. Campbell * a 


9 who 
* Phil. Mag. vol. xlii., p. 271; Journal I. E. E. vol. xxxiij, p. 654 


Se 
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° 1° 

c aimed to have found experimentally that better constancy 
of ratio is obtained with an inductive instrument. In the 
case, however, where there is an air-gap in the transformer, 


: a. an Aa 
the curve connecting A: with A, may be practically hori- 


zontal, and in this case the regulation will be worst on a non- 
inductive instrument, and better the greater is either the lag 
or lead of the secondary current. In estimating the value of 
Mr. Campbell 8 experiments it must not be forgotten that the 
two Kelvin balances employed by him must have been of 
very different impedance and consequently the core inductions 
would have been decidedly different. This of itself would 
probably have been sufficient to produce the effect found. 
Experimental evidence will be found below on this point. 

Eject of variation of frequency—tncrease of frequency 
increases the impedance of the instrument if inductive, but 
at the same time increases the E.M.F. for the same core 
induction. With a fully inductive instrument, therefore, and 
if eddy currents are absent, variations in frequency should 
have no effect upon the ratio. This agrees with Mr. Campbell’s 
theoretical and experimental conclusions. 

Phase Dijjerence-—Reverting to equations (11) and (12), 


we have 
A-sinds+Am 
tan e = “Arcos gst Ad’ 
Hence 
= cos h. — Åe an ds 
= tan(¢,—¢.) = — ~~, ceog (1) 
. tan B p, oy) À. A 
—™ sin de 


1+ A C8 Gs + a 


3 8 


l i = Am as 

which is zero for A, and Ac both zero or for tan bs = A 

is obvious. n 
Hence for zero phase-displacement the instrument shou 

be so inductive that the ratio of its reactance to p 

io nts 


equals the ratio of the magnetizing to the core-loss curre 
of the transformer. i 
— i ‘n ceneral linear 
elation between ~~ and isnot in g 
As the r F 
ase-displacement c 


annot be constant, but 


it follows that the ph 
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it is fairly evident that the best constancy would be approxi- 
mately obtained when the actual displacement is smallest, 
i.e. with an inductive instrument. 

With variation of frequency it is again obvious that with a 
fully inductive instrument, without eddy currents in the 
transformer, the phase-displacement should be unaffected 
by frequency. The less inductive the instrument the 
more rapidly should the phase-displacement decrease with 
frequency, owing to the drop in the induction density. 

P.D. Relations —Writing the secondary current in the 
form A,(cos ¢. +j sin gs) and the primary 


A, COs $. + A. +)(A, sin $. + Anm), 


let rp and r, be the primary and secondary resistances and 
tp and z, the primary and secondary reactances for coils of 
a single turn each. 


Then 
V,=E + fA, cos b+ A. +j(A, sin Pe + Aw) i ("> —j'p) 
—V.=E —A,(cos ġa +) sin p, )(re— jt), 


from which 


V,=E+A „£ r4( cos h, + x) + 2p (sin h, + a) 
-ilaloe + 5°) ~ (sing +g" )] F 09 
and 


—V,=E —A.§ r, COS P, + 2, sin p, —j( T, C03 a sing) (19) 


Voltaye Ratio.—Taking the ratio of simplifying, and 


v. ? 
neglecting squares of small quantities, we have 


Re = Rd 1— Ei [Cp +r) c08 $, + (0, +2,) sin $,| = m : pin, by 


which will be seen to be correct from the vector diagram. 
Denoting rp+r, by r the equivalent resistance, 
Zptr, bye  ,, reactance, 

and 7? +? by I 


s impedance, 


R,= =R,{1-} n eos gt arsin b,) — Fr Tp— a te . £20) 


VOL. XXI. 1 
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For an electrostatic or high-resistance voltmeter, A,=0 
and we have 


R,=R,{ 1- Actip + Åntp bt: oe Be, 2D) 
E 
For a hot-wire instrument ¢=0 and 


tand peAa a (2) 


Returning to formula (20) we have 


AR, „/A: A,, 
R AB) tAE) 


v 

if the instrument and internal impedances are constant. 
This is independent of the phase of the secondary current and 
can only be zero if A. and A,, are proportional to E, which is 
only the case for an air-core transformer. For an iron-core 
transformer the best constancy of ratio is thus obtained by 
making A, and A, and also 7p and zp as low as possible, the 
core being of the best quality iron, and the coils subdivided 
and intercalated. 


P.D. Phase Relations—From equations (18) and (19) we 


obtain 
z,(cos $+ A. a) re bs + E) 


B+A,4 7 (cos + A) + sin b+ oF 


Ts cos Ps— Ts sin ps 


WE — A, {rs cos Q, + zs sin ġ,} 


If, as should be the case with voltage transformers, the 
resistance and inductive drop in the transformer are small 
compared with E, we have 
ee ey ae A(x cos ds — r sin bs) + Actyp— Am? (23) 

P Y= = E E 
as is geometrically obvious. 

For the phase-difference to be zero it follows that either 
the resistance and inductance must be zero, or that 


tan Y= 


tan d, = A? $ x Oa) As (a? +r J= (A. ty Ante) 


) i 
ig? — (Aet; —Ayrpy - (24) 
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In this expression if As is large compared with A. or Aw 
tan ds= = , or the ratio of the reactance to the resistance of 


the instrument should be the same as for the transformer, and 
the instrument should therefore be fairly inductive. 
With a non-inductive instrument 
A,t + A.tp— Amr 
a s e m 

ees re na 4-2 «. (20) 
and if the instrument takes no appreciable current compared 
with A, or Ag, 


paAce Awe LL. (26) 


To find the variation of phase-displacement witb voltage we 
have evidently from (23) 


seral) -a(i 


and this is evidently zero for an air-core transformer. 

Relation between the Secondary Current and the Muynetizing 
and Core-Loss Currents.—If l is the length of the magnetic 
path, a its arca of cross section, and I, the total secondary 
impedance (reduced to 1 turn), we have 


aBp _ aBp 
10° 42x 10" 


Secondary ampcre turns A, = i = a nae 


Effective core E.M.F. € = volts per turn ; 


from which 


B = V2 XIYLA n D 
ap 
Assuming the core loss to be n Be ergs per e.c. per cycle :— 
Total core loss 


“ watts, 


A 
n c 
w. = 

m 107 
aud the core-loss ampere turns 


’ mr a/o €) 2 eu 
Aes aay R . (28) 
TmT ap 


T? 
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For the magnetizing current 


or ER TR, wx a. @ 129) 
These relations are sufticient to enable the magnetizing and 
core-loss currents to be calculated when the total secondary 
impedance is known. The resistances are of course readily 
calculable, while the equivalent inductance of the whole 
transformer for a single primary and secondary winding may 
be calculated from the following formula, deduced from that 
given by Prof. Kapp : 
2 P 
L=cv? LK? 3K8 +7) ee a oA (30) 
P being the mean perimeter of the coils in inches, 
L the length of gap from iron to iron, parallel to 
insulation between coils, 
S the thickness of the insulation in inches, 
K the number of sections per coil, 
T the length of the winding space, 
and Ca constant given as 44 for core and 55 for shell 
type transformers. 


From personal experiment, however, the author has found 
that the value 44 is more nearly correct for shell type 
transformers. 

Experimental.—As some of the conclusions arrived at are 
of importance, and are somewhat at variance with existing 
ideas, some experimental evidence will be of value. A brief 
reference only will be necessary here as some of these tests 
have already been published *, together with a description of 
the methods by which the results were obtained. 

The principal transformer tested was made for the tests, 
and was of the shell type; the core having a magnetic path 
of 35°3 cm. and a sectional area of 71 sq.cm. Four inde- 
pendent coils, each of 150 turns of No. 18 D.C.C. copper 
wire, were wound side by side, the resistance of each coil 
being 1:2 ohms. Fig. 3 shows the core, and fig. 4 the 


* “Phase Displacements in Resistances and Transformers,” Elec- 
trician, No, lviii. p. 160. 


Current in Ampéres 


LOre LOSS in Ergs per CC per cycle 


Fig. 3.—Isometric view of Transformer Core, 
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relation of the magnetizing and core-loss currents to the 


core induction, determined experimentally. 
Figs. 5 and 6 show the connexions for determining the 
he 


current and P.D. ratios and phase displacements. T 
current ratio is determined by an ordinary wattmeter instead 


Fig. 5.—Connexions for Current Test. 


of the differential wattmeter previously employed. Figs- T 
and 8 (P1.IX.) show the current ratio and phase-displacements 
for this transformer, while figs. 9 and 10 give the P.D. relations 
. 1, have been determined over a greater range of core 
- guction than before. 
1D = a test of formule 14 and 17 for the ratio and phase- 
ee cement when used as a current transformer, we will take 
disp VII., where the coils were separated and a secondary 
i of 59 ohms non-inductive was employed. The core 
so Ruction was then found from the voltages in the unuse 
j 
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coils and was taken at 1565 for a secondary load of 5 amps. 
On measuring the equivalent reactance of the transformer it 
came out at 5°12 w or 2°56 æ for the secondary leakage 
reactance. From this we get a total secondary resistance of 
Tl æ, reactance of 2°56 w, and impedance of 7°5 œ approx. 
cos $= "94 and sin d= "34. 

Formula 14 gives us as the loss of ratio ner cent. 
oe R = 100 o cos $, + Tr sin $. Y, 
which works out at 1:92 per cent., while the experimental 
value is 1°8 per cent. 

The phase-displacement in the same case may be taken as 


Am A. . 
A cos ¢;— A sin @,, 


which works out to ‘58°, the experimental value being *75°. 

In the case of a lagging load as in curve VI. but with the 
coils close together, the calculated loss of ratio is 1°87 per 
cent. as against 2°7 per cent. by experiment, and the phase- 
displacement works out at °57°* which agrees with the 
experimental value. The agreement between calculation and 
experiment is not always therefore very close, but this is 
probably due to the difficulty of determining the core induc- 
tion. In a current transformer the magnetic leakage may be 
quite comparable with the main working flux, owing to the 
small value of the latter, and hence the distribution of flux in 
the core is very irregular. Tbe mean value of the induction, 
however, as calculated by formula 27, agrees very fairly with 
the experimental value, being 1575 as against 1565 in case 
VII. and 1345 as against 1385 incase VI. Calculations have 
not been made in other cases, as the induction densities are 
too low. 

The statement on p. 243 that a non-inductive secondary 
circuit should give a better ratio than an inductive one of the 
same impedance, is amply borne out by comparing curves V. 
and VI. The advantage of a low induction density is also 
manifest. 

Calculations of P.D. ratio and phase-displacement show an 


100 


t 


* The curves for current ratio and phase-displacement appeared in 
the ‘Electrician’ (loc. cit.), but in case VI. the phase-displacement was 
unfortunately given with reversed sign. 
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agreement within °1 per cent. in the ratio and ‘01° in the 
displacement, which is sufficient for most purposes. The 
theory is in each case confirmed. 

Tests made with instrument transformers of various makers 
have in no case shown anything like such good results, and 
the writer is of opinion that these results represent nearly the 
best that can be obtained without using some special alloy of 
low core-loss, and also of high permeability. In view of the 
importance which magnetic leakage assumes in current trans- 
formers, the secondary current nearly always lags 20° to 30°, 
and the magnetizing current is therefore nearly as important 
as the core loss-current. 

Fig. 11 (P]. IX.) gives the relation between A, and Am and is 
consequently the locus of the end of the no load vector A, for 
various inductions. This vector is therefore over a con- 
siderable part of the range, at about 45°, and consequently 
the best ratio should be obtained with a secondary circuit 
leading by about 45°. In fig. 12 a curve is given for 
the relation of * to — which is of use in working out tho 
P.D. ratio and phase- displacement. 

Figs. 13 and 14 show curves of ratio and phase-displace- 
ment for three current transformers made by Messrs. Everett & 
Edgcumbe and Messrs. Nalder Bros. & Thompson. In the 
former, the primary and secondary windings were close 
together, giving good ratio but large phase displacement ; 
and it is noticeable that throughout lower phase-displacement 
is got by greater loss of ratio, as indicated in the tests on the 
experimental transformer. In the Nalder transformer, the 
primary and secondary coils are wound on thick porcelain 
bobbins side by side. The leakage is therefore somewhat 
large, producing a variation of ratio of about 8 per cent. 
between 2 and 18 amperes ; but this is accompanied by a 
phase-displacement which is less than *2° over the range 
from 6 to 18 amperes or the upper two-thirds of the range. 
Such a transformer therefore, if used with a wattmeter, and 
calibrated with it, should do fairly well for commercial testing. 

In conclusion it should be noted that the tests on all four 
transformers give results which are not very widely different 
and the results may therefore he taken as fairly representative 
of the behaviour of instrument transformers. 
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The writer wishes to express his thanks to his senior 
Demonstrator, Mr. A. C. Jolley, for great assistance in the 
experimental work, and to Mr. A. F. Burgess, B.Sc., fer 
checking the calculations. 


DIscussioNn. 


Mr A. CAMPBELL expressed his interest in the thorough manner in 
which Dr Drysdale had gone into the question of the use of transformers 
with measuring instruments, With regard to the Author's criticism of 
his (Mr Campbell’s) work on the subject (which was carried out twelve 
years ago) he should like to mention several points, The main object of 
the first quoted paper was to show that with air-core transformers the 
transformation ratio becomes more and more constant (for various 
frequencies) the higher we make the time-constant of the secondary 
circuit; thus high inductance and low resistance are wanted. Mr 
Campbell stated that in his paper he also gave several experiments to 
show that iron-ring transformers “may in many cases be used in a 
similar way,” care being taken to have the resistance of the secondary 
circuit small enough. In a later paper he stated that to make the ratio 
sufliciently constant and independent of frequency we require relatively 
low resistance and high inductance in the secondary circuit. Dr Drysdale 
showed that for the special case of constant frequency, relatively hich 
inductance does not give the most constant ratio. His (Mr Campbell's) 
experiments were not complete enough to settle this point and he was 
careful not to dogmatize on the matter. He was glad that Dr Drysdale 
had elucidated it. 

Dr A. RusSELL expressed his interest in the paper. He suggested 
that the Author should take the mutual inductance between the shunt 
and the instrument into account. If L,, R, be the constants of the 
instrument and L,, R,, those of the shunt, and if M be the mutual in- 
ductance between them, the multiplying factor for the reading will be the 
L—M_L,—M 

RO R 

Mr KENELM EDGCUMBE referred to the fact that the Author re- 
commended small core-losses, and pointed out that he had seen it stated 
that in special cases it was possible to improve the ratio and phase errors 
by increasing the core-losses. 

Dr DRYSDALE, in reply to Mr Campbell, said his praise of the air-core 
transformer was justified, but in practice instrument-makers were forced 
to use iron for commercial reasons. Similarly, the ring form of trans- 
former was generally impossible as in practice instrument transformers 
were used to insulate the observing instrument from high pressure mains, 
and considerable insulation between the windings was necessary. The 
reason why an iron-cored transformer behaved differently to one with an 
air core chiefly resided in the core-loss current which was not proportional 
to the magnetizing current. The method of testing the transformers 
would be shown in operation in the laboratories, 


same whatever the frequency provided that 
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AV. Experiments on Artificial Fulgurites. 
By Dorotny Drang BUTCHER*. 


[Plates X.-XIII.] 


Introduction. 


FULGURITES are tubes formed by lightning striking sand or 
rock and fusing it. The rock fulgurites somewhat resemble 
worm-borings lined with a glassy substance. It is with the 
sand fulgurites that we are concerned. 

These latter have been found in many different parts of 
the world—Drigg in Cumberland, Senner in Lippe, Dibla 
near Lake Chad, the Libyan Desert, South Carolina, Florida, 
and many other places. They have been found in the sand- 
dunes at Bondi, near Sydney, New South Wales, by Mr. J. 
W. Grimshaw, who has kindly given us the opportunity of 
examining his collection. 

The fact that the tubes found are of two sorts—strong, 
rocky, thick-walled tubes, and smooth, cylindrical tubes with 
glassy walls—was pointed out by Dr. Fiedler in 1817 (1), and 
he suggested the possibility that one sort was formed by 
positive and the other by negative electricity. This idea 
seemed to be supported by the fact that the cross section of 
a thick tube shows a radial structure bearing a marked re- 
semblance to the Lichtenberg figures made by a spark from 
a positively charged conductor. 

It was with the view of testing this hypothesis that attempts 
were made to form fulgurites artificially. 


Natural Fulgurites. 


The thin-walled tubes are found much more frequently 
than the others. The former are very often squeezed together 
and flattened as if the tubes had been subjected to pressure 
when in a molten condition. This is probably due to the 
pressure exerted on the thin walls by the surrounding sand 
and the simultaneous decrease of pressure within the tube as 
the hot gas cools (Pl. X. fig. 5). 


Of the reports of fulgurites examined only 8 localities 


* Read April 10, 1908. Communicated by Sidney Skinner, M.A. 
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produced thick tubes, whereas there were 18 localities where 
thin tubes were found, and in five cases the thin tubes had 
relained their cylindrical form (figs. 1 2, 3). Amongst the 
Bondi fulgurites both thin and thick walled specimens 
occur. 

Some of the tubes are branched whilst others appear to be 
unbranched, but as very few are found unbroken it is 
difficult to make sure of this. The tubes appear to be more 
or less tapering as they go down, but very few bave been 
excavated to their ends. The fulgurite found near Dresden 
by Dr. Fiedler and now in the British Museum (2) is 17 feet 
long, and consists of 532 pieces; that found at Drigg in 
Cumberland was traced for over 30 feet without any sign of 
the end being found (3). 

Amongst the tubes found near Macclesfield in a bed of 
sand 100 feet thick, one was removed complete, and it was 
found to taper almost to a point. These tubes started 12 feet 
below the surface and were 9 or 10 feet long, with an internal 
diameter 0'7 to 0°1 inch (4). 

As a rule the tubes are vertical, but they are sometimes 
inclined at an angle of 45° to 60° either for the whole or for 
part of their course, and when there are branches these are 
occasionally horizontal or even inclined upwards. Good 
tubes are found only in sand. It appears, therefore, that 
the chemical nature of the soil determines the completeness 
of the tube. 

In one case at Zankendorf near Vienna (5), where there 
was a bed of moist clay under the sand, the tube terminated 
in a small hollow lump with several openings in it. The 
course of the lightning could be clearly seen under these as 
long red threads penetrating the clay for about 8 inches, 
and radiating in all directions like fine roots. There was no 
fusion after the lightning left the sand, but the fact that 
these threads were caused by the lightning was shown 
experimentally by the clay turning red when heated 
artificially. 

Microscopical and chemical analysis show that the tubes 
are composed of silica, being often purer in composition than 
the sand in which they are formed (6). The melting-point of 
silica is very high, bat it is possible that the salts present in 
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the soil act as a flux and render a somewhat lower tempe- 
rature sufficient (7), but even then the temperature developed 
by the electricity must be very high. 


Artificial Fulgurites. 


Since the means at our disposal make it uscless to attempt 
to produce a large quantity of heat by a spark, some material 
with a lower melting-point than silica had to be used. The 
substance must be capable of being reduced to a fine powder, 
must fuse easily, and should be a poor conductor of electricity. 
Several substances were tried such as salt, sugar, borax, 
resin, and sealing-wax, but the best results were obtained 
with powdered glass. 

This material mixed with common salt had already been 
used in attempts to manufacture artificial fulgurites in Paris 
in 1828 (8). The “ Batterie du cabinet de Charles,” the 
largest Leyden battery in Paris at that date, was used and 
tubes were made 25 mm. long and 1% to 3 mm. across. 
Unfortunately no drawings of these tubes are available, and 
the only description given is that they are “just like 
the natural ones, but more delicate than those found by 
M. Fiedler.” 

In our experiments we used a battery of 12 Leyden jars 
made of thin glass beakers 8 in. high covered with tinfoil 
to about 2} in. from the top. These were charged by a 
small Wimshurst machine worked by a motor.’ 

The powdered glass or resin was placed in a hole in a 
block of paraffin wax, and the spark passed from a point 
above to a metal plate below the hole. 

When the spark was passed through a mass of finely 
powdered resin about 8 mm. thick, a circular hole with 
slightly melted walls was formed, but the walls fell in when 
the powder was shaken. A similar result was obtained with 
powdered borax crystals. 

The chief difficulty lay in overcoming the explosive effect 
of the oscillatory spark. Unless the powder was tightly 
packed into the wax and covered securely, it was blown 
about the room. With the idea of obviating this, the oscil- 
lations of the spark were damped by introducing resistance 
in the circuit in the form of a piece of wet string. The 
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result was most successful, the tubes obtained being larger 
and sufficiently thick to bear handling. 

The resistance used was about 80cm. of wet half-inch 
tape. With too long a string there was no sharp discharge 
but a gradual oozing of the electricity, and the precise length 
required seemed to vary on different days—probably because 
there was more evaporation from the string on dry days. 

Some of the tubes were branched, but there was no definite 
difference between the two ends which could be ascribed to 
difference of polarity. The branches were always towards 
the plate end, whichever way the current passed (PI. XIII. 
fig. 16). : 

The early attempts with powdered glass were unsuccessful, 
but this was found to be due to the powder being so coarse 
that the spark passed through the air between the particles 
without melting the powder together. With powder which 
had been sifted by repeated washing and allowing the larger 
particles to settle, fine smooth tubes were obtained—the 
finer the powder the smoother were the walls of the tube. 

The largest tube thus obtained was 9°5 mm. long and 
‘5 mm. in cross section. The length could not be increased 
as the jars would not give a spark of greater length. 

Experiments with the powder under pressure greater than 
the atmospheric up to 30 in. excess gave very similar results. 

When the wet string was removed from the circuit no 
tubes could be made in the powdered glass under the ordinary 
conditions. 

To explain this action of the wet string, experiments were 
made with a form of Kinnersley’s electric thermometer. 
This apparatus consisted of a T-piece of narrow glass tubing 
having the tail of the T turned up again and ending at a 
somewhat higher level than the crosspiece. Platinum wires 
were sealed into the two arms of the crosspiece, and the 
junction of this with the vertical tube was blown out into a 
small bulb. The vertical tube was half filled with water 
and acted as a manometer tube, being open to the air at the 
free end. 

When a spark passed between the two platinum wires, the 
air in the bulb was headed and expanded driving the water 
out of the U. The level of the water served to measure the 
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expansion of the air, and thus, indirectly, the heat developed 
by the spark. It was found that the oscillatory spark threw 
the water violently up in the tube, but the water immediately 
returned to a point which served to measure, by its distance 
from the original level, the heat developed. As was ex- 
pected, the heat developed without the string was some three 
times greater than with the string. It was evident, therefore, 
that the repulsions between the elements of the oscillatory 
current prevented the formation of a tube with that form of 
discharge. 

Once or twice when using the undamped spark, when the 
powder was very tightly packed into the wax cylinder and 
the two terminals sealed on the ends by a thick coating of 
wax to prevent any possibility of the powder escaping, very 
fine lacework tubes were obtained of much greater size than 
those got with the damped spark. They were about 1 cm. 
long and 2 to 4 mm. in diameter, but fell to pieces on being 
touched, the walls being a mere network of fine threads and 
looking more as if the particles had been stuck together, than 
like the result of a fusion of the particles themselves Thess 
tubes were only obtained once or twice, most attempts only 
resulting in blowing away the powder. 

The small size of the tubes formed was apparently merely 
due to the want of power of the electrical apparatus ; the 
length of the tubes which it was possible to make being 
approximately equal to the length of the spark which could 
be obtained from the jars. 

We might therefore hope to get much larger tubes if we 
could enlarge the potential and capacity of the Leyden jars 
used, but those obtained are quite of sufficient size to prove 
the question which was under consideration. 

The results of these experiments may be summarized as 
Follows :— 

1. The tubes are formed by fusion of the powder which 
surrounds the column of air in which the spark passes. The 
length and thickness of the tube depend on the energy of the 
spark, and also on the character of the spark, ¢. e. whether it 
is unidirectional or oscillatory. This latter is shown by the 
fact that the same quantity of energy stored in the Leyden 
jars does not form a tube when the discharge is abrupt and 
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oscillatory, but forms one if the discharge is rendered less 
oscillatory by the intervention of a wet string resistance, 
although a large portion of the energy in the latter arrange- 
ment is absorbed in overcoming the resistance of the string. 

2. There is no appreciable difference in the two ends of a 
tabe provided that the two electrodes are alike. When one 
electrode is a point and the other a flat plate, any branching 
that may occur will be towards the plate whichever electrode 
is made positive. 

In nature, the flat plate would be represented by the moist 
lower strata of the soil. Therefore we cannot say from the 
character of the tube whether the lightning discharge was 
from a positive or negative cloud. 

3. The difference between thick and thin tubes is due 
probably to a difference in the sharpness of the flash and the 
resulting explosive effect. When the explosive effect is great 
and the quantity of material melted is small, the result will 
be a large-bored thin-walled tube. Whether this remains 
circular or becomes pressed together and distorted, depends 
merely on whether the fused matter has time to cool before 
the outward pressure of the blowing has been overcome by 
the inward pressure on the surrounding gand or not. In 
Nature, the damp sand or soil probably acts as the da 
string in these experiments, and consequently causes man 
lightning discharges to be unidirectional, In the Reef 
mental tubes the outward pressure was so great and the 
quantity of fused material so small, that the walls were broken 
through and left as a mere network. i 

Such network tubes much larger and stronger have also 
been found naturally (9), although it is more frequent to find 
only one or two isolated holes in the walls (figs. 7 & 9). 


mp 


BIBLIOGRAPHY. 


(1) Karl Gustav Fiedler: “ Ueber die Blitzrébren ung 
ihrer Entstehung.” Gilbert’s Annalen, vol. lv. 
pp. 121-164. 
(2) Do. Gilbert’s Annalen, vol. Ixxiv. p. 213, 
3) Transactions of Geological Society, vol. v. p. 617. 
(4) Geological Survey of Great Britain: Memoir on 
Sheets 81 N.W. and 81 S.W. by A. H. Green, Dp. 76. 


260 EXPERIMENTS ON ARTIFICIAL FULGURITES. 


(5) Gilbert’s Annalen, vol. Ixxiv. p. 213. 

(6) Proceedings of U.S. National Museum, vol. ix. p. 83. 

(7) Taschenbuch der gesammt Mineralogie, vol. i. p. 313. 

(8) Beudant Hachette & Savart: Annales Chimique et de 
Physique, t. xxxvii. p. 319. 

(9) American Journal of Science, vol. xxviii. p. 252. 


South-Western Polytechnic Institute, 
Chelsea. 


DISCUSSION. 


Dr ALEXANDER RUSSELL congratulated the Authoress on her in- 
teresting paper. Although he had never found a fulgurite he had noticed 
several phenomena which seemed connected with their formation. 
Several years ago, during a thunder-shower on the sea, he noticed several 
flashes striking its surface. Where they struck puffs of steam apparently 
shot upwards. The appearance was not unlike the splash made by a 
gannet when diving. It was probably caused by the evaporation of the 
water in the path of the discharge. Now, a striking peculiarity about 
fulgurites is that they have a hollow core. The material originally 
filling it has probably been vaporised. It is therefore highly probable 
that when a lightning flash strikes sand, a puff of smoke will be shot out 
from the end of the fulgurite. When testing insulating materials with 
high voltages, a puff of smoke from the perforation is often the firat 
indication of the breakdown. Electricians frequently notice that when 
a fuse consisting of a thin wire embedded in sand “blows,” a tube of 
siliceous material is formed. W hen there is considerable power involved, 
the tube is raised to a very high temperature and, like the glower of a 
Nernst lamp, it allows quite a considerable current to pass through it. 
It would be of interest if the Authoress would investigate the con- 
ducting power of fulgurites when heated. The difference between 
thick-walled and thin-walled fulgurites appears to be only one of degree. 
If we assume that the energy to be got rid of is the same in the two 
cases, then, when a lightning discharge has a long path to traverse 
before reaching a good conducting stratum, the fulgurite would in general 
be thin-walled, but when the path is short it would be thick-walled. 
It is obvious that a very appreciable amount of energy must have heen 
expended in making some of the fulgurites, parts of which were 
exhibited. 

Dr C. H. Less asked if fulgurites, when found, were hollow or filled 
with sand Xe. 

The CiratrMANn asked if there were any changes in the magnetic pro- 
perties of a material when it was formed into a fulgurite. 

Mr SKINNER expressed his interest in the remarks of Dr Russell on 
the electrical conductivity of fulgurites, and pointed out that if the sand 
contained salt the fulgurites would probably be conducting. The sug- 
gestion that there might be changes in the maguetic properties was 
interesting and might be tested by experiment. 


INVESTIGATION OF THE NATURE OF THE y RAYS. 261 


XVI. An Experimental Investigation of the Nuture of the 
y Rays. By W.H. Braca, M.A., F.R.S., Elder Professor 
of Mathematics and Physics in the University of Adelaide, 
and J. P. V. Mapsen, D.Sc., Lecturer on Electrical 
Engineering *. 

In papers recently published in the Proceedings of the 
Royal Society of South Australia (May and June 1907) 
and in the Philosophical Magazine (October 1907) an attempt 
was made to show that the wther-pulse theory of y and X 
rays might prove to be incorrect after all, and that most of 
the known properties of these rays could be explained more 
simply and directly on the supposition that they were 
material and consisted of neutral pairs. The arguments 
were based on a comparison of known phenomena with 
deductions from each of the two opposing hypotheses. At 
that time there did not seem to be any opportunity of appeal 
to a decisive experiment. 

The object of this paper is to give a preliminary account 
of an investigation which appears to us to give the final 
answer as regards the y rays, and to show that they are 
material in nature. 

The argument is as follows :— 

Secondary radiation which is excited in an atom by a 
passing wave or pulse must be distributed symmetrically 
with regard to a plane passing through the atom perpen- 
dicular to the direction of motion of the pulse. If we speak 
of the primary pulse as going forwards, the secondary radiation 
is just as likely to go backwards as forwards. This is a 
well-recognized principle. For example, J. J. Thomson 
divides the secondary radiation due to y rays into two equal 
parts which he supposes to move away symmetrically in 
opposite directions, and, for convenience of calculation, 
parallel to the direction of the primary rays (‘ Conduction of 
Electricity through Gases,’ p. 406). Suppose, therefore, a 
pencil of y rays to pass normally through a plate so thin 
that its absorption may be neglected, the secondary radiation 
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should be exactly the same on the two sides of the plate in 
amount, in quality, and in distribution ; and it ought not to 
be possible to discover, by any comparison of the secondary 
radiations on the two sides, which is the face of entry and 
which of emergence. 
Fig. 1. 
I 


a 


Qd 


A 
B' 


‘onsider now the ionization-chamber represented in fig- l. 
The two ends are closed by plates, of which A and A’ arè 
alike ; so also are Band B’. The material of A and A” 
different to that of B and B’. The nature of the side walls 
is of no consequence. A pencil of y rays passes along the 
axis of the chamber, which is represented by a dotted line. 
The ionization current within the chamber is measured 8 
usual by inserting a high-potential electrode connected to 4" 
electroscope. 

When the plates A and B are inverted thero is a chang® 
in the amount of the current: so also when A’ and B’ arè 
inverted. By an extension of the principle already stated 
it ought not to be possible, on the ether-pulse theory, tO 
discover which way the rays are going (up or down in the 
figure) by comparing the consequence of inverting A and B 
with that of inverting A’ and B’. 

As a matter of fact the direction can be discovered with 
ease 5 the more easily the greater the difference between the 
atomic weights of A and B. | 

For example, in one experiment of ours the chamber was 
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of cylindrical form, 7°5 cms. high and 25 cms. diameter. 
The plates used were aluminium and lead ; the thickness of 
each plate was a little less than 2 mm. Inversion of the top 
plates A and B made a difference in favour of Al of less 


Fig. 2. 


dA 


i a 


than 1 per cent. ; i. e., the current was Slightly larger when 
the Al was next the chamber. On the other hand, inversion 
of the bottom plates made a difference of 44 per cent. in 
favour of Pb; i.e.,the current was 44 per cent. larger when 
the Pb was on top. The details are shown in the figure. 
Allowance was made for all radiation other than that which 
proceeded down the conical opening in the lead block. 

It may be well to point out that this effect cannot be 
ascribed to any complication due to secondary or tertiary 
rays. No doubt the radiation in the chamber is very complex ; 
but the fact is immaterial. Provided that the chamber is 
symmetrical in the first place, then the secondaries must 
be symmetrical also if the sether-pulse theory is correct, and 
therefore the tertiaries and so on. Nor is it necessary to 
consider whether the secondary radiations are 8 rays or 
scattered y rays. | 

Also it must be remembered that the secondary radiations 
which enter the chamber have their origin almost entirely ir, 
a very few millimetres of material bordering on the chamber. 
Therefore the y rays are in almost exactly the E i 
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both as to quality and as to quantity, when they excite 
secondary radiations from the top plate as they enter the 
chamber, and secondary radiations from the bottom plate as 
they leave. 

The details of the experiment may be varied greatly ; but 
in all the cases we have tried the want of symmetry is obvious. 
In fig. 3 are shown the details of one other case, in which 
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(1) Current with plates arranged as above.... 598 
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carbon and lead were the materials used, and the form of 
the chamber was different. It seems unnecessary to give 
more, because in the first place the experiments are easy to 
repeat : and in the second place, the complete quantitative 
analysis of the figures depends on several factors, the in- 
fluence of which is imperfectly understood, such as the 
previous screening of the rays, the form of the chamber, and 
the respective parts played by the original y rays, cathode 
rays, and secondary y rays if any such exist. The experi- 
ments as they stand show how far away is that symmetry 
which the æther-pulse theory demands. It seems to us that 
there is no escape from the conclusion that the y rays are 
not æther pulses. 
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Let us therefore proceed to consider the hypothesis that 
the y rays are material. In the paper already mentioned it 
was argued that they might well consist of neutral pairs, 
liable to be broken up on encountering atoms or parts of 
atoms ; and that the secondary cathode radiations might be 
the negative particles thus set free. Let us suppose, pro- 
visionally, that the particles when set free move at first in 
the direction of the y stream, but are subsequently scattered 
in the usual manner of £ rays. [It is here that the absence 
of symmetry arises. On the pulse theory the particles should 
go equally backwards and forwards; indeed, if they were 
ejected by atomic explosions, the result of energy accumu- 
lated by passing pulses as suggested by J. J. Thomson in 
the case of X rays, they would move equally in all 
directions. ] 


Fig. 4. 
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Wigger gives a table (Jahrbuch der Radioaktivität, Bd. ii. 
p. 431) showing that the y rays are absorbed according to a 
density law pretty strictly, except for the smaller thicknesses 
in the case of the substances of larger atomic weight. 
Assume this law to hold good: and also assume for the 
present that the absorption of £ rays follows the density 
law. The latter is only roughly true, of course; but we 
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may deal with quantities in a broad fashion first, and make 
the proper amendments afterwards. 

We can now compare the quantities of cathode radiation 
which should emerge from the far sides of two plates of 
different densities, p and p’. Let these be represented by 
AD and A’D’ in fig. 4 (p. 265) ; and let BC and B/C’ be cor- 
responding strata of equal weight, in fact let AB/A’B'= 
BC/B’C’=CD/C’D’=p’'/p. Let the plates be crossed by 
equal pencils of y rays, as shown in the figure. A certain 
quantity of y radiation is absorbed in crossing BC: in the 
language of our present hypothesis we should say that a 
certain number of y particles are stripped of their positives, 
and the negative remainders go cn. An equal number of 
negatives are set free in B’C’ because the two strata are of 
equal weight. Of those set free in BC only a certain 
number emerge from the face D because of the absorption 
of the plate CD. Since CD and (’'D’ are cf equal weight a 
similar absorption occurs in the case of the particles set free 
in B’C’. Thus the same number emerges from each plate. 
Integrating for all effective strata, the whole cathode radia- 
tions emerging from the two plates are equal. 

We thus find that if the absorptions of @ and y rays both 
followed the density law, the secondary cathode radiation on 
the far side of a plate—we may call it the “emergence” 
radiation—would be the same for all materials. There should 
be no such relation between the amount of the radiation and 
the atomic weight of the plate as various observers have 
shown to be true for the secondary cathode radiation of 
“incidence,” a relation which is closely parallel to that 
found in the case of @ rays. 

Experiment is in agreement with this theory, for it shows 
that no such relation exists in respect to the emergence 
radiations : in marked contrast to what happens in the case 
of the radiation from the front sides of the plates of various 
materials—the incidence radiations. 

It is true that the emergence radiations are not all equal, 
but this is to be expected, because (1) the amount of secondary 
cathode radiation depends, as Kleeman has shown, on the 
previous screening of the y rays, (2) the 8 rays are not 
absorbed strictly according to a density law, (3) the y rays 
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also depart from this law. We have made no serious attempt 
as yet to disentangle the effects of these various disturbing 
factors. In fact the task promises to be long and intricate, 
for it will be necessary to find out bow much of the ioniza- 
tion in the chamber is due to each class of rays: to discover 
the law of distribution of the radiations in space so that the 
form of the chamber may be allowed for, if necessary: to 
find out the nature of the departures from the density law of 
those @ and y rays which are in question, and so on. Never- 
theless the results are satisfactory, so far as we have gone. 
The amount of emergence radiation is found to depend on 
the previous screening of the rays. In one case the in- 
version of a C, Pb pair of plates from ——> C,Pb to 
——zx Pb, C altered the current in the ratio 1: 1:11 when 
the rays had been previously screened by Pb; but in the 
ratio 1:°96 when the screen was changed to C. Again, 
when the rays had previously passed through an iron screen, 
the inversion ——» Pb Fe to ——» Fe Pb changed the 
current in the proportion 1 : 1°12, but when a lead screen was 
substituted for an iron one the change was 1: 1:04. In 
illustration of the ettect of the second disturbing factor 
mentioned above, we have found that, other things being 
equal, the substances of small atomic weight give the most 
secondary radiation, in a general way; and it may be no 
coincidence that in some cases we have found Sn and Fe to 
give surprisingly small amounts. This is in agreement with 
what is to be expected; for it is clear, on consideration of 
the argument already given, that the greater the §-ray 
absorption of a substance in proportion to its density, the less 
“ emergence” radiation should issue from it. Some observers 
have found Sn and Fe to possess exceptional absorbing powers. 
We do not wish, however, to lay any stress upon these last 
observations, some of which we may not have interpreted 
correctly ; but we mention them in order to show that the 
inequalities that are found to exist between the emergence 
radiation of various substances promise to be reducible to 
order as soon as the difficulties of interpretation have been 
surmounted. 

Let us now consider the cathode radiations on the front 
sides of the plates. Of the cathode particles set free in BG 
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and moving at first in the direction of the y rays, a certain 
proportion, say p, is returned by what is beyond. These move 
towards the face A, and a certain number of them succeed 
in reaching it and emerging therefrom. In the case of the 
other plate the proportion returned is p’; the absorption in 
B'A’ is the same as in BA because the weights are the same. 

‘omparing the two plates stratum by stratum, we find that 
the “incidence ” radiation of one plate is to the incidence 
radiation of the other plate as p to p. Now pand p’ are 
the well-known constants of the 8 rays. 

When a stream of y rays is allowed to fall upon a plate, 
the cathode radiation which issues from the place of inci- 
dence must be divisible into two parts. One consists of 
scattered 8 particles derived from the stream of such particles 
which was travelling with the y rays before incidence, and 
which was formed during the previous transit of the screens 
employed—solid, liquid, or gaseous. This part is scattered to 
an extent which depends on the atomic weight of the plate, 
according to the usual (McClelland’s) law of £8 particles. 
The other part is originated in the plate itself in the manner 
Just described, and the amount of it is also regulated ac- 
cording to the -ray law. When, therefore, observers have 
measured the secondary radiation due to y rays, and have 
found a law corresponding to that for 8 rays, the reason 
of the correspondence has been that they really were measuring 
the secondary radiation due to 8 rays. Properly speaking, 
the secondary radiation produced by y rays, or rather from 
y rays, is proportional to the density of the substance traversed 
(cf. Wigger’s table) ; and this is only another form of the 
law of absorption of y rays. 

The relative importance of the two parts of the incidence 
radiation just mentioned must depend on the circumstances 
of the experiment*. The researches of Kleeman (Phil. Mag. 
Nov. 1907) show very well how the second part, which is 
influenced by previous screening, modifies the effect of the 
first part, which is not so influenced, but which follows the 
law of 8 rays strictly. 

* In a recent letter addressed by one of us to ‘Nature,’ too much 
stress was laid on the part played by the first part under all 
circumstances, 
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It is easy to show, by comparing corresponding strata at 
the front and back of one plate, that the incidence radiation 
should be somewhat less than p times the transmitted radia- 
tion,—somewhat less, because the cathode radiation which 
is turned back is scattered and softened in the process. 

To sum up :— 

On the æther-pulse theory we ought to find perfect 
symmetry in the secondary radiations from the two sides of 
a plate; but. experiment shows nothing of the kind. 

On the material, or neutral pair theory, the “ incidence ” 
radiations should follow the B-ray law. This is known to 
be the case. The “ emergence” radiations should not follow 
the -ray law; and experiment shows that they do not. If 
the density law held for both 8 and y rays, and if the y rays 
were homogeneous, the emergence radiations should all be 
equal, As already explained, experiment shows that the 
observed inequalities give promise of ready explanation on 
the ground that no one of these suppositions is quite true. 


It is perhaps better not to extend the preliminary account 
of these experiments by any lengthy discussion of the issues 
arising from them. Many points that invite consideration 
have been discussed already in the papers first referred to. 
Moreover, our own further experiments are incomplete ; and 
their full interpretation is not yet certain. We will therefore 
confine ourselves to one or two questions which seem to be 
of special interest. 

The X rays resemble the y rays so closely that it is 
practically inconceivable that the two radiations should be 
essentially different. The secondary cathode radiations which 
are set free when X rays impinge on any material must 
therefore have been part of the X-ray stream, and must start 
their independent existence by moving on in the line of the 
X-ray motion. Their velocity is much smaller than that of 
the secondary cathode rays due to y rays, and they are much 
more readily scattered. It may still remain an open question 
whether or no the X-ray stream contains wether pulses. 
Perhaps their existence must be supposed in order to explain 
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the velocity experiment of Marx, and the diffraction experi- 
ment of Haga and Windt. Possibly they are also required 
in order to explain Barkla’s polarization experiments; but 
we do not think that the experiment described by Barkla in 
‘Nature’ (Oct. 31, 1907) is in any way decisive. 

It seems proper to consider a possibility that the negative 
particle, when it moves on in the original line of motion of 
the pair from which it came, retains also its original velocity. 
It is a striking fact that the cathode particle due to the 
y rays has the same speed, very nearly, as the 8 particle 
issuing from the original radioactive material. And it looks 
quite unlike a coincidence that similar comparisons can be 
made in the case of the X rays. The secondary cathode 
radiations due to these rays have velocities which, at the 
least, are of the same order as the velocities of the cathode 
particles in the X-ray bulb. If we examine the table given 
by Innes (Proc. Roy. Soc. Aug. 2, 1907, p. 461), and if we 
may be allowed to adopt an interpretation differing somewhat 
from the author’s, but more natural, it seems to us, in view 
of the conclusions of this paper, we find that the velocities 
of the electrons emitted by all the metals are practically the 
same, zinc being an exception because it is unable to break 
up the hardest rays. We find that the velocities range from 
about 6 x 10° to 7°5 x 10° for soft rays, and 6 x 10° to 8x 10° 
for hard rays. Remembering that bundles of X rays are 
very heterogeneous, the natural conclusion seems to be that 
the softest rays give the slowest speeds, and that the velocity 
of the secondary rays increases with the hardness of the 
X rays from which they are derived. Now the hardness of 
the rays grows with the speed of the cathode particles in the 
bulb. Is it then possible that the cathode particle is first 
set in motion by the electromotive force in the bulb, strikes 
the anticathode and picks upa positive there, becomes neutral 
and is now called an X ray, is subsequently stripped of the 
positive and becomes a secondary cathode particle, the identity 
of the negative remaining the same throughout and its speed 
invariable or nearly so? The difficulty comes in when we 
try to consider the part played by the mass of the positive. 

And, again, may not the 8 and y forms be interchangeable 
at times? A y particle which had been stripped of its 
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positive and become a secondary cathode or 8 ray would be 
lost to measurement as a y ray ; and we should thus have an 
explanation of how the y rays are “absorbed,” and why the 
absorption follows an exponential law. And in the same 
way, if a 8 particle picked up a positive it would disappear 
from view as a B particle ; it would be “ absorbed.” 

Although we have made a tew experiments with magnetic 
fields, we have not yet come to any conclusion as to whether 
or no there are y pairs which have become loosened in the 
attachment of positive to negative, forming a softer and 
more ionizing radiation. Their existence might be suspected, 
since there is an analogous effect in the case of X rays; and 
probably they would be found more at the back of the 
penetrated plate than in front of it. 

A few further experimental illustrations are shown diagram- 
matically in figs. 5 and 6 with the explanations attached. 


. Fig. 5.—The upper figure shows the general arrangement. 
The lower figures are diagrammatic, and show the currents 
for different arrangements of the Pb and Al at the bottom of 
the chamber, and at the top with the exception of the plate 
through which the y rays enter. Inverting the top plates 
makes little difference when the upper of the two plates at 
the bottom is Al; but an appreciable difference when it is 
Pb, because in the latter case a good deal of secondary 
radiation is thrown up by the Pb, and there is a tertiary 
from the top plate. 

The same, when the conical opening is completely filled 
by a Pb stopper :— 
12°6 12°6 17:7 18:3 
The differences show the effects of those rays only which 
are stopped by the Pb stopper :— 


277 287 39:9 44°7 


These show the effect of inverting that portion only of the 
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top plate where the y rays enter. Three Pb plates=°55 cm.; 
Al plate='16 cm. 
The same, with Pb stopper inserted :— 


14°1 14:7. 


Fig. 6.—The upper figure shows the general arrangement. 
The wall of the cylindrical vessel was of brass: a Pb or an Al 
lining could be inserted as shown. The lower figures are 
diagrammatic, and show the currents for different arrange- 
ments of Pb and Al at top, bottom, and sides. Inversion of 
the plates throuyh which the y rays pass into the chamber 
makes little difference ; but there is a great change if the 
material is changed on which the y rays fall, or the “ emer- 
gence ” radiations from the top plate. The base is of less 
importance than in fig. 5; but the sides of more importance. 
This should clearly be so, for geometrical reasons. When 
the conical opening was filled by a Pb stopper the currents 
were all reduced considerably, but retained the same propor- 
tions pretty nearly. | 

When a small pencil of § rays was admitted through 
hole in the centre of the top plate a change of the material 
of the bottom became more effective, and of the sides less 
effective than before; but this difference became smaller 
when thin Al sheets were so placed as to scatter the 8 rays 
on their entry into the chamber. 


In conclusion we should like to add that Wigger was the 
first, so far as we know, to show clearly that the secondary 
radiation of Al, on the far side of the plate, was greater than 
that of Pb. A comparison of the emergence radiations of 
different metals was made by Dawes (Phys. Rev. xx. p. 182), 
who showed that they did not follow the law of the incidence 
radiations. The same effect was indicated in the experiments 
of Eve (Phil. Mag. Dec. 1904). We have little doubt that 
the interesting experiments of Mackenzie (Phil. Mag. July 
1907) are to be explained on the lines indicated in this 
paper. In fact it is clear that this is the case in a broad 
sense ; but it is difficult to give a complete explanation until 
the laws are so completely worked out that they can be 
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applied to the interpretation of experiments which are really 
very complicated, althongh at first sight they may seem to 
be simple. 


DISCUSSION. 


Dr R. S. WiıLLows criticised the paper and expressed the opinion that 
the experiments described could all be accounted for by an extension of 
the æther-pulse theory. On the other hand, he instanced phenomena 
which would be difficult to explain on the neutral pair theory. 


XVII. Short Spark Phenomena. By W. Duvvet., F.R.S.* 
[Plates XLV.-XVIL.] 


IN connexion with some measurements of the current in 
the secondary circuit of an induction-coil, I have noticed 
two curious effects, which are probably well known but 
which I do not remember having seen described anywhere. 
The apparatus in use consisted of a 12-inch Newton induction- 
coil which was supplied from the 200 volt direct-current 
mains. A large resistance was placed in series with the 
primary of the coil to limit the current, and the current was 
interrupted by means of a mercury-jet interrupter ; the 
connexions are shown in fig. 1. The secondary circuit 
Fig. 1. 


$ INTERRUPTER 


WATER RESISTANCE 
— 


contained a galvanometer G to measure the mean current 


and thermo-ammeter T. A. to measure the root-mean-squared 
current. 


The galvanometer was specially constructed for the Purpose 


* Read April 10, 1908. 
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so as to have a sufficiently low sensibility without using a 
shunt. It was of the moving-coil type and was well insulated 
from earth by means of porcelain insulators. The sensibility 
was such that 1 milliampere gave a scale-deflexion of 200 
divisions (1 division equals 1/40 in.). The thermo-ammeter 
had a resistance of about 101°5 ohms and gave its full scale- 
deflexion for about 70 milliamperes R.M.S. value. 

By breaking the current through the primary by means of 
a switch, the direction of the deflexion of the galvanometer 
corresponding to breaking the primary current was 
determined. A deflexion, in this direction I will call, in 
what follows, a positive deflexion, and a deflexion in the 
opposite direction, that is corresponding to the make of the 
primary current, I will call a negative deflexion. 

When there was no spark-gap in the secondary circuit and 
the coil was in action, the mean current, as read by the 
galvanometer, was zero, as it should be, and the root-mean- 
squared current had a value of about 3°8 milliamperes. 

If now a microscopic spark-gap, say between two aluminium 
points, is introduced into the secondary circuit two curious 
eects take place. Firstly, the R.M.S. current enormously 
Increases in value; and secondly, a very large deflexion is 
produced on the galvanometer, reading the mean eurrent, 
and this deflexion is in the negative direction, that is to say, 
in the direction corresponding to making the primary circuit. 
I will consider these two effects separately. 

In order to give an idea of the magnitude of the increase 
in the R.M.S. current produced by introducing a very small 
spark-gap into the secondary circuit of the coil, I have plotted 
in fig. 2 the R.M.S. current corresponding to various 
lengths of spark between 0 and 15 mm. In making these 
observations the resistance in the primary circuit of the coil 
and the frequency of the interrupter of the primary current 
were kept constant, the resistance being 137 ohms and the 
frequency 75 interruptions per second. The current through 
the primary of the coil was about 1/4 ampere. 

A large number of points were taken and are plotted on 
the curve. They do not give very consistent results, so it is 
difficult to draw a smooth curve through them; but the 
general appearance of the phenomenon can be seen. On 
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introducing a spark-gap 1/10 mm. long the root-mean-squared 
current instantly rose from 3°8 to 38:5 milliamperes, and 
continued to increase with increasing spark-length until it 
reached a maximum at a spark-length somewhere in the 
neighbourhood of 1:L mm. The exact point is slightly un- 
certain owing to the R.M.S. current just exceeding the 
range of the instrument that was in use. From 1-6 to 5 mm. 
spark-length the R.M.S. current gradually fell in value and 


RMS Current in MILLIAMPERES 


LENGTH OOF SPARK GAP IN MILLIMETERS 


attained a minimum value of 104 milliamperes. Further 
increase in spark-length produced a gradual increase in the 
R.M.S. current up tothe maximum length of 15 mm. that 
was used in the experiments. 

There is no doubt in my mind as to the cause of this effect. 
It is due to very high frequency oscillations being set up in 
the wires connected to the secondary circuit of the coil when 
a spark-gap is introduced. The magnitude of the oscillations 
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will depend on the voltage between the terminals of the spark- 
gap just before the spark passes and on the resistance that 
the spark-gap offers. Now the P.D. between the terminals 
of the spark-gap will increase with increasing length and so 
will the resistance, so that on increasing the spark-length we 
have two conflicting agencies at work, one tending to increase 
the magnitude of the oscillatory current, and the second 
tending to decrease the magnitude. I think that it is due to 
this ditferential action that the curve is such a curious shape. 

The presence of the oscillations in the secondary circuit can 
easily be made evident by taking a well insulated metal plate 
and touching various points in the secondary circuit with it. 
The effect of this plate will be to largely increase or decrease, 
generally increase, the value of the R.M.S. current. The 
practical aspect of this question from my point of view was 
that, owing to the unexpectedly large value of the R.M.S. 
current, I burnt up several thermo-ammeters before I dis- 
covered the cause of the trouble. 

I bave obtained the effect with brass, iron, zinc, and 
aluminium electrodes and it probably takes place with all 
other metals. I think that, so far, the best metal to show the 
effect has been aluminium. 

The large deflexion in the negative direction observed on 
the galvanometer was investigated by recording the wave- 
forms of the P. D. and the current by means of an oscillograph. 
The sensibility of the oscillograph was adjusted so that 1 mm. 
deflexion equals 1 milliampere for the current wave-forms. 
To obtain the P.D. wave-forms a water resistance of about 
1 megohm was placed in series with the second moving system 
of the oscillograph so that 1 mm. equals about 1000 volts. 
The speed of the plate on which the records were taken was 
1500 mm. per second. For this series of tests, the frequency 
of interruption was 75 per second and the resistance in series 
with primary of the induction-coil was 37 ohms. 

Records were made for a series of spark-lengths between 
aluminium-point electrodes. 1 have selected from these some 
typical results which are shown in Plates XIV.-AVI. figs. 3, 
4, 5, 6, 7, 8. 

Fig. 3 is the current wave-form when the spark-gap is 
short-circuited, length 0. The straight line across the centre 
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of the figure is the true zero line. Deflexions above this 
zero line represent current in the positive direction and below 
the zero line represent current in the negative direction. It 
will be noticed that the maximum current in the positive 
direction (14°5 milliamperes) is much less than the maximum 
current in the negative direction (35 milliamperes), but the 
length of time that the negative current lasts is much shorter 
than that which the positive current lasts; so that the areas 
of the two sides of the zero line are equal and the mean 
current zero. 

The smallest gap that I could make in this circuit between 
the aluminium electrodes, at once changed the wave-form to 
the type shown in fig. 4, which is for spark-length 1 mm. 
In this figure, the straight parts of the curve along the centre 
of the figure are in the position of zero current. This was 
carefully checked by taking records with a fixed datum-line 
at the zero of the curve. The line was afterwards moved to 
the lower part of the figure in order not to hide small details 
of the curve near the zero. The effect of introducing the 
spark-gap of 1 mm. is, while leaving the maximum current 
on the two sides of the zero at practically the same value, to 
reduce the area of the curve on the positive side of the zero 
line nearly to zero, so that instead of the areas on the two sides 
being equal there isa large excess of area on the negative side 
causing a large mean current in the negative direction. 

On increasing the length of the gap a small area on the 
opposite side of the zero line again begins to form, which 
increases with increasing length of gap, until the condition 
shown in fig. 6 is reached. In this figure, the spark is some- 
times rectifying or stopping the current flowing round the 
circuit in the negative direction altogether. We have in this 
figure the large triangulir current wave form which corre- 
sponds to the current flowing in only one direction round the 
circuit, and the smaller triangular current pulses accompanied 
by a large current in the negative direction at make. 

Further lengthening the spark-gap brings it into the 
normal condition of long sparks ; the current wave of this jg 
shown in fig. 7. The datum-line across the centre of the 
plate, in this case, is true zero line. 

It was necessary in order to obtain the wave-form of these 
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longer lengths to disconnect the circuit for recording the P.D. 
wave-form, as the leak which it formed, having a resistance 
of only 1 megohm, prevented the sparks passing across the 
Bap. 

Fig. 8 shows the P.D. wave-form with so long a spark- 
gap that the spark could not jump across it. This is the 
normal wave-form given on the secondary of the induction- 
coil when supplied from a high voltage direct-current circuit. 

It will be noted that the voltage induced in the circuit at 
the break is about 23,000 volts and at make about 13,500, so 
that the make voltage exceeds one half of the break voltage. 
Also, the voltage induced at the make dies away less rapidly 
than that induced at the break. It may be enquired how it 
is possible, if the make voltage is less than the break voltage, 
for the current to be larger at make than at break. I think 
that this question must be answered by noting that during 
the make period the primary of the induction-coil is connected 
to the supply mains so that the energy may be directly trans- 
ferred from the primary to the secondary circuit by magnetic 
induction; that is to say, as long as we maintain a steadily 
increasing flow of current into the primary, we can continue 
to take energy from the secondary. During the break period, 
however, things are very different. The whole of the energy 
that we can get out of the secondary is that stored up in the 
magnetic field which is linked with the secondary winding. 
The greater part of this magnetic field will pass through the 
core. The magnetization of the core will depend upon 
the resultant magnetizing ampere-turns which is equal to the 
primary ampere-turns less the secondary ampere-turns, At 
the moment of break the current in the secondary is ata 


value of say 35 milliamperes, and the current in the primary 
cannot have exceeded ao Y} or 5:4 amperes. 
3¢ ohms 

Ido not know the exact ratio between the numbers of 
turns on the primary and on the secondary of this induction- 
coil, but it is probably of the order of 100, so that the 35 
milliamperes flowing in the negative direction in the secondary 
would correspond to a demagnetizing current of about 34 
amperes in the primary, which would leave a comparatively 


small margin of resultant magnetizing ampere-turns, 


- v= 
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If this is the case, the energy that can be got out of the 
secondary on break is very limited, which would account for 
the rapid dying away of the current to zero when even a very 
small spark-gap is introduced in the circuit. Directly the 
length of the spark-gap is sufficient to prevent the current 
flowing in the negative direction round the secondary circuit, 
the whole of the demagnetizing effect of the secondary current 
is done away with,and under the conditions of the experiment 
the magnetizing current in the primary is mainly limited by 
the large resistance in thecircuit ; hence, we get a very much 
larger amount of energy avilable directly the secondary 
current i is prevented from flowing in the negative direction. 
This I think accounts for the large difference in the size of 
the current waves in fig. 6, and shows the great importance 
of preventing any current from flowing round the secondary 
circuit in the negative direction at make when using the 
induction-coil on a high voltage supply. 

I made certain that the phenomenon was not due to any 
want of symmetry in the pints of the spark-gap by reversing 
the electrodes of the gap and also by interehan ving the 
connexions toit. The material of the electrodes did not seem 
to appreciably affect the results, but the shape of the electrodes 
was important in so far that the spark-length at which the 
galvanometer deflexion changed sign depended on the shape. 
Thus with two spheres the galvanometer deflexion changed 
sign at a shorter length than with points. 

I have brought these two observations forward in the hope 
that in the discussion either my views as to the explanations 
may be confirmed or that better ones may be suggested. 


DISCUSSION. 


Dr ALEXANDER RUSSELL thanked Mr Duddell for his valuable 
paper and for the exceedingly interesting and very successful demon- 
stration of short-spark phenomena. The Author's complete analysis of 
the phenomena he has discovered would be a great help in elucidating 
the difficult theory of the action of the induction-coil and would throw 
light on many still unexplained ettects. He believed that the change of 
sign of the direct current component in the secondary circuit of an 
induction-cuil was first discovered by Mr Duddell, and the Physical 
Society was to be congratulated on having heen the fitst Socicty to which 
this phenomenon was clearly described and demonstrated. He considered 
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that the rise in the value of the effective current when the air-gap was 
widened was a resonance phenomenon. The capacity between the 
electrodes was in series with the inductance of the secondary, and hence, 
as the Author pointed out, Kelvin oscillatory discharges were continually 
taking place. The shape of the curve showing the connection between 
the effective current and the distance between the electrodes was strong 
evidence in support of this view. The explanation of the direct current 
component when the electrodes are at considerable distances apart, may 
be wade by remembering that the wave pulses of E.M.F. round the 
secondary at “make” and “ break” are of very different shapes although 
their integral values are the same. The maximum value of the induced 
E.M.F. at break is much greater and the consequent rush of electricity 
is more “impulsive” than at make. Hence, when the electrodes are 
sulliciently tar apart the air-gap is only broken down by the bieak E.M.F., 
and so we get a unidirectional pulsating current of triangular siete. 
When the electrodes are closer together we get an alternating current, 
the shape of the positive and negative waves being quite different owing 
to the differently shaped waves of E.M.F. at make and break. When 
they are very close together, the Author's oscillograms show that we get 
a pulsating unidirectional current in the direction due to the “make ” 
E.M.F. The reason for this strange phenomenon is by no means 
obvious, 

Mr S. SKINNER expressed his interest in the paper, and referred to the 
experiments on the electrolysis of steam carried out by J. J. Thou:son 
by a modification of Perrot’s method. He found that with short sparks 
the hydrogen appeared at the positive electrcde instead of at the negative 
as in ordinary electrolysis, Perhaps this phenomenon was due to the 
same causes as the effects shown by the Author. 

Dr R. S. WiLLows asked if the maximum current obtained was 
connected in any way with the minimum sparking voltage. 

Prof. Casstk pointed out that the minimum sparking voltage occurred 
at distances very much less than those used in Mr Duddell’s experi- 
ments. 

Mr C. C. Patterson asked if the Author had tried experiments with 
spark-raps of different capacities. 

Mr A. CAMPBELL asked if it was possible that the rectifying action 
of the spark-yap might be similar to that of an ordinary aluminium 
electrolytic rectitier, 

Mr DuppEtr said he did not think the effect was in any way con- 
nected with the minimum sparking voltage. He had tried varying the 
materials of the electrodes and using electrodes of various capacities aud 
the effect was the same, 
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XVIII. The Production of Small Variable Frequency 
Alternating Currents suitable for Telephonic and other 


Measurements. By B.S. Conen, A.M.ILLE.E.” 
{Plates X VII.-XX.] 


Ivrropuction.—The devices described in the latter part of 
this paper are the outcome of experiments carried out in 
the Investigation Branch of the Enginecring Department 
of the National Telephone Company, in order to obtain 
suitable alternating currents both of simple and complex 
wave form to act as substitutes for the voice in telephonic 
measurements. Although primarily designed for this purpose, 
it is considered possible that the apparatus to be described is 
capable of more extended use. 

A short summary of the methods known to the author of 
obtaining small alternating currents of the kind suitable for 
telephonic measurements may prove of interest as an intro- 
duction. 

Statement of the problem.—The ordinary telephonic current 
is a few milliamperes at a potential of about 2 to 10 volts 
and is of complex wave form. The frequency of the funda- 
mental harmonic generally lies between 100 and 300 complete 
periods per second, 2. e. it varies from 10J~ to 300~, the 
highest harmonic having a frequency of 4000~ to 5000~, 
although all harmonics above 1500~ are comparatively un- 
important. The average frequency of the whole wave is 
about 800~. From consideration of these data it follows that 
the ideal device for supplying such alternating current is 
one which will give currents of any frequency lying between 
100~ to 500~, singly or in combination. The output of this 
apparatus should be about 1 watt, and it is necessary that it 
should be capable of working uniformly over a fairly con- 
siderable period of time. 

Simplicity and portability are also highly desirable. 

Alternators.—A sine wave alternator coupled to a motor, 
the combination being capable of running at a constant speed 
for a considerable period, is a very useful form of apparatus 


* Read May 22, 1902. 
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for investigations in connexion with telephony. A suitable 
machine is, however, difficult to obtain. 

The Western Electric Company build a machine with an 
output of about 30 watts at frequencies varying from 800~ 
to 1800~, and the wave form is stated to resemble a sine 
curve closely at all loads. 

Messrs. Siemens and Halske also make a machine with an 
output of 3 or 4 watts at about the same frequencies. Both 
these machines are of the inductor type, the purity of the 
wave form being secured by the shape of the teeth and pole 
faces. | 

Mr. Duddell’s work with high frequency alternators is 
well known. He has also made several medium frequency 
machines, one of which, with a wound rotor, gives an output 
of about 20 watts, but only runs up to about 500~. 

In the Investigation Department of the National Telephone 
Company we have built a small alternator of the inductor 
type on the lines of the Siemens machine. This is illus- 
trated in Pl. XVII. fig. 1. 

With a 30 volt battery connected to the field windings, the 
output is only about *3 watt, but the wave form is fairly good, 
i. e. it approximates to a sine wave. By decreasing the air 
gap, the output can be considerably increased at the expense 
of the purity of the wave form. 

With the best air gap (about ‘015 mm.) the P.D., which 
is independent of the frequency, is 10°5 volts. 

Fig. 2 (Pl. XVII.) shows the wave form of this machine 
when the frequency is 800~. Measurements of the capacity 
of small mica condensers made with the current from this alter- 
nator on the assumption that it isa pure sine wave, are accurate 
to within about 3 per cent., and this forms a very good test. 

For more accurate measurements this machine has been 
used with a wave filter, consisting of series inductances of low 
effective resistance and parallel capacities, similar to that 
described by G. A. Campbell (Phil. Mag. March 1903). The 
wave form when at a frequency of 800~ this filter is used is 
shown in fig. 3 (Pl. XVII). 

Humming Telephone.—The interaction between a receiver 
and a transmitter setting up an alternating current whose 
frequency depends on the free period of the apparatus 
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ean be utilized. The method, however, is untrustworthy, 
and the output small. 

The wave form is also far from sinusoidal, as might be 
expected when it is considered that it is influenced by the 
action of the polarized electromagnet in the receiver. Fig. 4 
(Pl. XVII.) shows the wave form using the local battery type 
of telephone instrument. 

Mr. A. Campbell’s modification of the humming telephone 
consists of a steel bar with a free period of the frequency 
de-ired, and this is set in motion by a polarized electro- 
magnet, which has attached to it a light microphone, which 
maintains the interaction and supplies current to the external 
circuit through a transformer. This apparatus is more reliable 
than the humming telephone. The output, however, is limited 
by the transmitter, and the wave form is similar to that 
of the ordinary humming telephone *.  . 

Organ Pipes etc-—Organ pipes, other wind instruments, 
and tuning forks sounding in transmitters, were experimented 
on for a short time, and might under certain conditions give 
satisfactory results. It is difficult to avoid trouble, however, 
with all such arrangements, owing to irregularities intro- 
duced by the transmitters and to their limited output. 

Vibrating Wire Interrupters—The vibrating wire inter- 
rupter described by Wien, Orlich, Campbell, and others, 
has when suitably modified given very satisfactory results, 
and I propose to describe a special form of this apparatus f. 
It has been found very difficult to construct a vibrating wire 
which will run reliably at a frequency much above 300~, 
and I have been unable to find references to wires which 
could be maintained in vibration at a frequency higher than 
500~. The output is also very limited, and the frequency 
difficult to determine and vary. 


* For further particulars of these devices see Note by R. Appleyard, 
Elect. Rev. pp. 57 & 656, vol. xxvi. 1890; Paper on Humming Tele- 
phones, F. Gill, Journal I. E. E. vol. xxxi. 1901; A. Campbell, Proc. 
Royal Soc. p. 208, June 12th, 1906; J. E. Taylor, Journal I. E. E. 
p. 396, voL xxxi. 1901; F. Dolezalek, Zeitschrift für Instrumenten- 
kunde, p. 240, Aug. 1903. 

t (1) Max Wien, Wied. Ann. xlii. p. 593 (1891). 

do. do. xliv. p. 681 & p. 689 (1891). 
(2) Orlich, Electrotechn. Zeitsch. vol. xxvi. (1903), 
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In order to overcome these drawbacks the instrument illus- 
trated in fig. 5 (Pl. XVIII.) has been designed. The upper 
figure shows details of mercury cups and electromagnet, and 
the lower figure gives a general view of the whole instrument. 
The wire is steel, 1:06 mm. in diameter, and supports a soft 
iron armature which is maintained in vibration by an electro- 
magnet with a laminated core of stalloy, which is an alloy of 
iron much used in electrical work, a mercury cup and a 
platinum wire contact. The wire is provided with a tension 
adjuster, and will run steadily at frequencies varying from 
100~ to 250~. 

The frequency of the alternating output is quite inde- 
pendent of the wire frequency, and is obtained by means of a 
separate circuit, mercury cup, and contact. The mercury 
cups are made from glass tube 4 mm. in internal diameter, 
and these are enclosed in brass tubes to which the mercury 
is connected by means of a platinum wire fused into the 
glass. 

The cups thus made slip into brass adjustable carriers from 
which they can readily be removed for cleaning purposes, 
and the carriers admit of a fine vertical adjustment. 

Experiments have been made with cups of varying 
diameter. Those with the smallest diameters gave the best 
results. 

It would appear that the mercury in the small cups 
remains much steadier under the action of the vibrating 
contact than in those of larger diameter, owing possibly to 
the greater surface-tension effect. 

Single Action Circuit.—Several forms of oscillating circuit 
have been used of which the two principal ones may be 
described as “ single action” and “ double action ” 
respectively. 

Fig. 6 shows the single action circuit and also the wire 
driving circuit. The latter requires no explanation. The 
former consists of a platinum contact and mercury cup which 
in the make contact position connects a battery to a capacity 
in parallel with an inductance and transformer primary. 

On the break between the cup and contact an oscillation 
occurs in the circuit. 

By this method a series of damped trains of oscillations of 
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any frequency can be produced, the trains following cach 
other with the frequency of the wire vibrations. 


Fig. 6.—Single Action Circuit. 


In 


Theory of Actton.— Oscillations will occur when a 
S ha - With the 
LK 4L? 

values of L, K and R used, the last term can be neglected and 


1 a/ 1 
formula becomes Oar LK: 


their frequency being given by z 


The total output in watts, excluding all losses, will be the 
energy stored, divided by the interval of time between each 
succeeding train of waves. 


The equation to the line joining the peaks of the damped 
aR 


waves is Y =e 7, so that for small damping L must be 
large and R small, which also gives the maximum output. 
_ In one of the circuits used the inductance is ‘037 henry, 
and its effective resistance which is practically invariable 
over the range of frequency used is 10 ohms. (These figures 
include the resistance and inductance of the primary of 
transformer.) 

Fig. 7 (Pl. XVIII.) shows an oscillogram of damped wave 
trains produced in the manner just described. 
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The three frequencies are 490~, 959~, and 2880~ pro- 
duced by using the three capacities, 2°88 mfd, °8 mfd, and 
‘1 mfd respectively. 

The frequency of the vibrating wire was 90~ in all three 
cases. It will be observed that only part of a complete train 
is utilized in the lower frequency waves. 

Problem of Output.—The transformer used in this circuit 
is a small one of the telephone type, with a few turns and a 
somewhat loose coupling. By reason of this, variations in 
the frequency and damping of the output caused by variations 
of the load on the secondary affecting the effective seli- 
induction of the oscillating circuit are rendered small, but at 
the same time the output is reduced. 

Tn cases where the load is constant it is possible to use a 
more efficient transformer and so obtain a considerable increase 
in the output. 

It is worthy of mention that in the apparatus as constructed, 
the chief storage of energy occurs in the coil and not in the 
condenser. The single action circuit has proved of value 
for telephonic purposes, 

Double Action Circuit.—The double action circuit previously 
referred to is illustrated in fig. 8. 

This circuit, unlike the single action one, gives a pronounced 
oscillation on the make contact, as well as on the break. 

On referring back to tig. 6 it will be seen that no oscil- 
lation can occur on the make contact as the battery short- 
circuits the oscillating circuit during that period. 

By introducing resistance into the battery circuit, however, 
an oscillation on the make contact can be obtained in addition 
to the break oscillation. This oscillation is of the frequency 
of the main oscillating circuit. 

Although the results might have been predicted theoreti- 
cally, the following serics of oscillograms (Pl. XIX. fig. 9) 
are inserted as they show in a rather interesting manner 
the effect of insertion of resistance. 

This series shows the variations obtained in the make 
contact oscillations in a circuit as shown in fig. 6, when the 
resistance in series with the battery (which is of negligible 
internal resistance) is varied from 4000 to 0 ohms 
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The make oscillation is most evident when the resistance is 
reduced to 1000 ohms. 

At 300 ohms the oscillation begins to appear during the 
current rise on the make contact, whilst at 100 ohms the 
oscillation is entirely confined to the rise during the make 
contact. 

The resistance is still large enough to cause the current to 
rise very quickly to its maximum value, thus giving a nearly 
square shouldered wave. 


Fig. 8.—Double Action Circuit. 


R 


As the resistance is still further reduced the current takes 
longer to rise to its maximum value and at the same time 
the oscillation is reduced, until ultimately at 0 ohms the 
familiar current rise curve with no superimposed oscillation 
is produced. 

In the double action circuit as illustrated (fig. 8) a 
capacity shunted by an inductance is introduced in place of 
the simple resistance. This somewhat modifies the action 
of the circuit. If the inductance L, is inserted as shown in 
the figure and the capacity K, omitted, the effect is to give 
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an oscillation on the make contact, the frequency of which 
is determined by the combined inductance of Ly and L, and 
the capacity K,. When the capacity K, is added a similar 
effect is produced. The resulting make frequency being 
due to the combined effect of both inductances and capacities. 
The break oscillation will be that dae to L, and K, only. 
Fig. 10 (Pl. XIX.) shows two waves produced by this 


circuit. The following small table gives the necessary data:— 


Values of Frequency of oscillation : 
Wave. 
L, henrys. | Lz henrys.| Kı mfds. | Ke mfds. | make contact.) break contact. 
a | ‘O37 037 1-67 167 1020~ 715~ 


b e! 037 "037 "167 1°67 1020~ 2160~- 
| 


Double Action Circuit with two Transformers.—By inserting 
a second transformer in circuit as shown in fig. 11, two 


Fig. 11.— Double Action Circuit with Two Transformers, 


separate and distinct oscillations can be obtained. If the 
circuits are similar two separate waves will be produced the 
shape of which will be exactly similar. 
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By joining up the two secondaries so that these two waves 
either assist or oppose each other, some interesting results 
are obtained. 

Fig. 12 (Pl. XIX.) shows two 900~ break oscillations 
assisting one another. The make oscillations oppose each other 
and are therefore wiped out, the result being to give a wave 
exactly similar to that obtained with the single action circuit, 
but with about double the amplitude. 

When the secondaries are joined up so that the break 
oscillations oppose each other, whilst the make oscillations 
assist, the result, if these oscillations are equal in frequency 
but unequal in amplitude, is to give a continuous and more 
or less uniform wave. 

The first wave in fig. 13 (Pl. XIX.) shows the effect of 
opposing two 850~ oscillations, and the second the effect with 
two 490~ osciilations. The continuous waves resulting are 
850~ and 490~ respectively. 

The regularity of the continuons wave can be best modified 
by slightly varying one of the inducti.nces, which have air 
cores by inserting in the cores one or two strands of fine iron 
wire. 

It is obvious since the ontput depends on the difference 
between the two circuits that it will not be large. To in- 
crease the output, different inductances for each of the two 
circuits can be used, and the capacities adjusted so as to get 
the same frequency in each circuit. 

It is of course impossible to obtain a pure sine wave by 
this method, and the exte:.t of the impurity has not yet 
been examined analytically. Some tests have, however, been 
made by using these waves for measurement purposes. These 
are given further on. 

Complex Wave Form.—It is worth noticing that a number 
of double action circuits can be operated by means of a single 
mercury-cup and contact. From fig. 11, it will be seen that 
any number of oscillating circuits can be joined in series. 
The oscillations which ensue on break are quite independent, 
each having the frequency of its particular circuit. 

The make oscillations will depend on the total capacity 
and inductance of all the circuit. 

The secondaries of the transformers can be joined up in 
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series or in parallel to suit the external circuit conditions, 
and can also be joined to Oppose or assist each other. By 
this means compiex waves of definite formation can be built 
up. 
Fig. 14 (a) Pl. XX. shows only the make oscillations when 
three oscillating circuits were used, and (b) gives the resulting 
complex wave, inclading both make and break oscillations. 
The three break frequencies are 415~, 590~, and 1442~ 
respectively, 

Modified Double Action Circuit. —F ig. 15 shows a modified 
form of double action circuit which has been found to give 
a greater output when obtaining continuous oscillations by 
opposition than the circuit previously described. 


Fig. 15.—Modified Double Action Circuit. 


hj 


The two transformers are replaced by a single one put in 
osition that both oscillations pass through it. 
such T 6 (Pl. XX.) shows continuous waves of 1020~ 
} Toos produced by this method. 
a -ariation in the three 1020~ waves shown are produced 
i ~ asertion of iron in the core of one of the inductances- 


a : | 
(a) One e $ No. 22 S.W.G. Soft Iron Wire. 


: fect of superimposing an Oscillation on an Oscillatory 
INES similar period.—If the oscillations produce y 
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one circuit are superimposed on a second similar circuit, as 
shown in fig. 17, a continuous oscillation results. 

Fig. 18 (Pl. XVII.) shows the resulting wave forms when 
each of the two circuits is tuned to 830~, (a) being the applied 
oscillation, and (b) the resultant. The modus operandi appears 
to be as follows :— 

The damped oscillation applied to the second circuit causes 
resonance in the latter, and the oscillation set up will be in 
the reverse direction of the original oscillation inasmuch as 
it will tend to rise to a maximum whilst the latter is falling. 


Fig. 17.—Continnous Oscillation Circuit. 


By suitable adjustment of a series resistance, or preferably 
an inductance placed at x, therefore, it is possible to obtain 
in the second transformer a wave which is the resultant of 
two equal and opposite trains of waves. This resultant wave 
is practically continuous. 

Mercury Contact effect—A phenomenon, in connexion with 
a vibrating-point contact in a mercury cup, bas been noticed 
to which I have not been able to find any reference. I refer 
to a series of sparkless points which occur at regular intervals 
as the distance between the contact and the mercury is varied. 
With the vibrator described in this paper the contact point 
has an amplitude of motion of about 4 mm. 

If the cup is adjusted whilst the contact is vibrating until 
the point just makes contact on the mercury surface, a spark is 
observed. 

If then the distance between the mercury and the contact 
VOL. XXL Y 
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is slowly decreased, a series of sparkless points will be reached 
which are very sharply defined, as when such a point is 
reached, a variation either way of about ‘07 mm. gives the 
sparking condition again. . 

The writer has not so far made any investigation into the 
reason for this action. 

It is, however, most probable that this action is partly 
mechanical as at the sparkless points the vibrating surface 
of the mercury seems to be set in a rigid condition. 

Use of continuous Waves for Absolute Measurements.— 
The wave forms illustrated in fig. 13 (Pl. XIX.), fig. 16 
(Pl. XX.), and fig. 18 (Pl. XVII.) might conceivably be 
accurate enough for use when making absolute, as opposed to 
merely comparative, measurements. 

The following table gives some results arrived at by 
measuring the current and p.d. with standard condensers 
subjected to these waves. 


Wave form used. Frequency. Standard Percentage 
eet error. 
tested. 
Se ee ee Bats 
i i [| 1442 -167 —18 
Wave similar to that illustrated a be ee 
in fig. TS E E A 598 Sa p 
Wave similar to that illustrated | 833 ee 4+3 
in fig. 16 (a) E E EAE ET | 1442 -167 +42 
Wave similar to that illustrated 833 33 42°4 
-a fig. 18 (5) ecer 833 167 41:8 
a 1440 "167 4+ ‘5 


These results were determined by inserting a non-inductivé 
-tance of known value in series with the condenser, taking 
ee otential-difference across both by means of a sensitive 
aN static voltmeter, and then calculating the capacity bY the 
ae . 10'*/pV, where A and V are the effective values 
ee "harging current and potential-difference respective ys 
og gary satisfactory as very little time was spent 1” 
is H 


djusting the waves. l a 
i F far as these tests goit would appear that the amoun 


=e 
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the departure from the sine shape in these continuous waves 
is comparatively inconsiderable. 

Telephonic Measurements.—The special form of vibrating 
wire described was primarily designed for telephonic measure- 
ments ; and although the tests carried out in this direction 
are far too extensive to describe in any detail in this paper, 
a brief outline may perhaps be given. 

Telephonic measurements are now mainly carried out by 
expressing the attenuation of speech-waves in any line circuit 
or apparatus in terms of the attenuation over a given length 
of a certain type of cable line settled on as a standard. 

It has been found that the words representing the numbers 
1, 2, 3, 4, 5, embody all the frequencies of telephonic im- 
portance, and these numbers are invariably used for testing 
purposes. 

Inspection of the oscillograms of these five words as spoken 
hy a number of persons shows that they may be approximately 
represented by fig. 19 (Pl. XVII), which is given by the 
equation 

y='29 sin pt + °32 sin 2 pt +°39 sin 3 pt +°55 sin 4 pt 


+ 1:06 sin 5 pt + 6°5 sin (6 pt- 7)- 1:06 sin 
7 pt —'56 sin 8 pt—'39 sin 9 pt —*32 sin 10 pe 
—°29 sin 11 pt, 

where p = 2a x 145. 


The general resemblance of this wave to some of those 
produced artificially, see figs. 7 and 12, is obvious on 
inspection. 

It has been found that by replacing the human voice and 
transmitter by the vibrating wire producing these waves, 
and by using the correct frequencies, similar results to those 
produced by the voice can be obtained. 

Having obtained a satisfactory substitute for the human 
voice, it is next neces=ary to replace the ear and receiver by 
some measuring instrument. 

Simple measurements of the comparative current attenua- 
tion over the standard line and the line or apparatus under 
test do not give accurate results, and it was suggested by my 
assistant Mr. A.J. Aldridge, to whom I take this opportunity 

y2 
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for expressing my indebtedness for considerable help given 
in carrying out the investigations embodied in this paper, 
that direct measurements of the comparative volumes of 
sound issuing from the telephone receiver could be made by 
allowing the receiver to sound into a transmitter connected 
up in the usual manner to a battery and induction-coil, and 
to measure the current in the secondary of the induction- 
coil. 

This method has been found to solve most of the difficulties, 
and with the vibrating wire at the sending end of the line 
and at the other end of the line a receiver sounding into a 
transmitter, the latter being connected to a barretter used as 
an alternating current milliammeter, it has been found possible 
to carry out comparative telephonic measurements with greater 
accuracy than with the voice and ear, owing to the elimination 
of the personal equation and the greater sensibility to volume 
variation of the apparatus used. 

This method can be used for such diversified tests as 
comparison of loaded with unloaded lines, comparison of 
standard and non-standard apparatus, such as receivers, 
transmitters, induction-coils. 

Conclusion.—Apart from telephonic measurements, the 
modified vibrating-wire interrupter may possibly have a 
field for both comparative and absolute electrical measure- 
ments, and especially for use with the vibration galvanometer. 
The ease with which the frequency can be varied together 
with the steadiness of the resulting wave and the simplicity 
of the apparatus are certainly great recommendations. The 
author must express his indebtedness to the National Tele- 
phone Co. for the facilities afforded to him, to Dr. A. Russell 
for great help in the revision of this paper, to Mr. A. Campbell 
for references to humming and vibrating wires, and a tribute 
must also be paid to the oscillograph which has been of such 
great assistance in these investigations. 


DISCUSSION. 


Mr A. CAMPBELL mentioned that with his vibrating-bar microphone 
hummer he had found it easy to obtain more than one frequency from 
the same bar by altering the supports to suitable nodal points and tuning 
the magnet circuit with a condenser. Harmonics of the fundamental 
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frequency are thus produced. He asked if any of the composite wave 
forms shown gave vowel sounds in the telephone. 

Dr RusseLL congratulated the Author on his interesting and valuable 
paper, and thanked him for the instructive demonstration he had given 
of methods of producing high-frequency currents suitable for telephonic 
and other measurements. He understuod that the Author’s main object 
was not the obtaining of currents of excessively high frequency, but 
obtaining currents having frequencies varying between 100 and 5000 
which followed the harmonic law. Some of the methods described, in 
particular the Author’s “double action circuit” method, seemed well 
adapted for this end. In some of these circuits there are two free 
periods of vibration, and it was exceedingly interesting to see the 
accuracy with which the oscillograph gave the resultant of two slightly 
damped trains of high-frequency waves of different periods. Tuning for 
resonance the Author obtains a very perfect sine wave. He thought 
that the thanks of the Meeting were also due to the National Telephone 
Company for the facilities they had afforded Mr. Cohen. 

Mr. CoHEN expressed his interest in Mr. Campbell’s statement that it 
was easy to get more than one frequency from his vibrating bar hummer. 
The currents shown, when passed through a telephone receiver, did not 
produce vowel sounds. 


XIX. A Vacuum- Tube Model for Demonstrating the Propa- 
gation of Alternate Currents in Cables. By Dr. C. V. 
DRYSDALE *. 


[Plates XXI. & XXII.) 


As is well known, the propagation of electric waves along 
conductors can be conveniently shown on the small scale 
by means of a helix, fed from a suitable source of high 
frequency, high potential oscillations. In this case the helix 
is found to glow with brush discharges at the antinodes of 
potential, remaining dark at the nodes. Experiments of 
this kind have been shown by Prof. J. A. Fleming and by 
G. Seibt+. The glow is, however, very faint, and may be 
rendered much more visible by the use of a vacuum-tube, 
as Prof. Fleming himself suggests. 

When experimenting lately in this direction, the present 
writer noticed that if a long vacuum-tube was laid parallel to 


* Read March 27, 1908. 


t See ‘The Principles of Electric Wave Telegraphy,’ by Dr. J. A. 
Fleming, pp. 251-261. 
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the helix, light and dark portions were observed, but that 
these did not coincide with the points of maximum and 
minimum potential respectively; and it was of course evident 
that such a tube is influenced not by the actual potential, but 


T 
by its slope or ov along the tube. As the intrinsic equation 
of propagation is A =IC, it is clear that the brightness 


of the tube is proportional to the current in the helix, and 
that therefore the whole distribution of current and potential 
can be exhibited by vacuum-tubes fixed parallel to and per- 
pendicular to the helix respectively. A few photographs of 
the effects observed were published in a recent paper*, but 
these were obtained by successive exposure of the same tube 
in different positions. 

In order to show these effects with the greatest convenience 
the model shown in fig. 1 (P1. XXI.) has been made. The 
helix is 182 ems. long and 2°65 cms. in external diameter. It 
is wound on a glass tube with 25°5 turns per cm. of 13 mil. 
D.S.C. wire; and has a resistance of ‘43 w, an inductance of 
md? n? 
“1000 
riments with a metal tube of similar diameter appears to be 
9:2 x 10-8 mfd. per cm. 

This helix is supported in a wooden frame, and has above 
it a carbon-dioxide vacuum-tube 1 inch diameter. Immediately 
below the helix and about 2 mm. from it are the spherical 
bulbs of 18 vertical carbon-dioxide tubes, which are mounted 
in brass sockets on a metal strip fixed to a shelf at the 
bottom. 

The helix is excited from a 10 in.-spark induction-coil with 
an oscillation-circuit consisting of six leyden-jars of about 
°(02 microfarad each, which can be connected in series or 
parallel; and an adjustable helix having a maximum in- 
ductance of 000365 henry. 

In order to exhibit the effect of different receivers at the 
end of the line a water resistance, consisting of a tube about 
5 mms. diameter and 30 ems. long, was made up, as well as 


=44 microhenrys per cm. The capacity from expe- 


* “The Theory of Alternate Current Transmission in Cables,” Elec- 
trician, vol. 1x, No. 10, p. 358, 
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an adjustable parallel-plate condenser about ‘7 sq. ft. in area, 
and an inductance-coil of 110 yards of No. 16 G.P. covered 
wire in a hank about 10 in. diameter. By means of mercury 
cups and paraffin blocks, various arrangements of leyden-jars 
and loads could be easily made. 

The photographs, figs. 2 to 9 (Pl. X XII.), are of the appa- 
ratus, and of the effects observed when currents of different 
frequency were employed, and different terminal conditions. 
The sending end was in each case on the left. In figs. 3, 
4, and 5 the frequencies were about 600,000, 1,140,000, and 
1,800,000~ per sec. respectively, giving one, two, and three 
half-waves, In each case the current and potential waves 
are out of phase ; and at the higher frequency, where resist- 
ance is of less effect, they are almost exactly in quadrature, 
as required by theory. 

The remaining figures are all with the low frequency and 
should be compared with fig. 3. Fig. 6 shows the effect of 
earthing the receiving end through the water resistance; and 
that, as theory indicates, the current and P.D. become much 
more uniform in magnitude. In fig. 7 the receiving end is 
earthed, resulting in a shifting of the waves to the right, so 
that a second current-loop appears. 

Fig. 8 illustrates the effect of increasing the capacity of the 
helix by introducing an earthed wire inside it, and shows that 
with the same frequency the wave-length is decreased, so 
that there are two half-waves instead of one. 

Finally, fig. 9 shows the etfect of earthing the receiving end 
through a condenser. The current-loops are shifted forward 
as when the receiving end was earthed, and at the same time 
they are much more definite. With inductance the same 
result is observed, but the shift is backward, as the theory 
indicates. 

No attempt has as yet been made to check the results by 
theory with great accuracy, nor does it seem probablo that 
this will be of much value, as the presence of such a large 
number of vacuum-tubes alters the capacity and introduces 
leakance into the helix. But the general effects observed are 
of value in illustrating the theory of wave-propagation. 

The author’s thanks are tendered to Mr. C. M. Dowse who 
has taken considorable troublein arranging the apparatus and 
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experiments, and to Mr. A. C. Cossor for the construction of 
the vacuum-tubes, which were only obtained sufficiently 
uniform after a considerable amount of trouble. 


Discussion. 


Mr W. DupDELL expressed his interest in the experiments, and asked 
why the points of zero potential were not more clearly marked. Was it 
due to absorption of energy by the tubes or to the superposition of 
oscillations with higher frequencies? Had the Author used a single 
long tube with a strip of tinfoil on the outside? He also asked what 
gas the Author used in the vertical tubes, and whether he had tried 
helium. 

Dr DRYSDALE in reply said that the tubes were filled with CO,. It 
was somewhat difficult to ensure their equality, and no attempt had 
therefore been made to use rare gases. Doubtless still better results 
could be obtained, but the CO, tubes were sufficiently bright for most 
purposes, He believed that the energy taken by so many tubes was the 
cause of the absence of complete darkness at the nodes, as with a single 
tube sharper results had been obtained. For this reason the single tube 
with a strip of tinfoil on the side had not been used. 


XX. An Elementary Treatment of the Motion of a Charged 
Particle in a Combined Electric and Magnetic Field. By 
W. B. Morton, M.A., Professor of Natural Philosophy, 
Queen’s College, Belfast *. 


One of the methods employed by Prof. J. J. Thomson 
in his fundamental work on the ratio of charge to mass 
of a corpusclef depends on the theorem that a charged 
particle, liberated without appreciable velocity at a metal 
surface, and moving under the combined influence of a 
constant electric force, urging it at right angles to the surface, 
and a uniform magnetic field parallel to the surface, will 
describe a cycloid. The result comes at once by inte- 
gration of the equations of motion of the particle, but in 
view of the importance of the matter it may be worth 
while to point out that it can be established in a geometrical 
way without requiring anything more advanced than a 
knowledge of the velocity and acceleration of a point ona 


* Read June 12, 1908. 
t J. J. Thomson, Phil. Mag. [5] xlviii. p. 547 (1899). 
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wheel which is rolling steadily along a straight line. It is 
only necessary to show that the acceleration of such a point 
can be resolved into two components, one of constant magni- 
tude and direction, perpendicular to the line along which 
the circle rolls, and the other perpendicular to the instanta- 
neous direction of motion of the point and proportional to 
its velocity. These correspond to the accelerations given to 
the corpuscle by the electric and magnetic fields respectively. 
If the point is on the circumference of the circle its velocity 
will vanish when it is the point of contact with the fixed 
line, so its initial circumstances coincide with those of the 
corpuscle liberated at the plate. Therefore their paths aro 
identical. 
By taking the tracing point anywhere in the plane of the 
circle, we get the more general result that a corpuscle pro- 


jected in any manner in a plane perpendicular to the mag- 
netic lines, will describe a trochoid. 


Fig. 1. 


Let P (fig. 1) be any point in the plane of the circle 


which is rolling along the horizontal line with constant 
angular velocity w. 
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Then A is the point of zero velocity, 
C the point of zero acceleration. 

Therefore the velocity of P = its velocity relative to 
A = w.AP, in direction perpendicular to AP, and the ac- 
celeration of P = its acceleration relative to C = w’.PC 
along PC. 

Replace this by 

w’.PA along PA and 
w°.AC parallel to AC. 


This is evidently the resolution required, for the latter com- 
ponent is constant in magnitude and direction, and the 
former is wx (velocity of P) and is perpendicular to this 
velocity. 

On identifying the accelerations with the electric values 
we obtain at once the size of the circle and its rate of motion. 

Using a for the radius and v for the velocity of P at the 
instant 


5 Ee 
w.a = — 
m 
Hev 
w.PA = wv = —, 
m 


where the charge e on the particle, the electric force E, and 
the magnetic force H are expressed in absolute electro- 
magnetic units. 

Hence wa = velocity of rolling = E/H 


ra Em 

= Hre 
It is the height of the cycloid (2a) which is determined in 
Prof. Thomson’s experiments as the greatest distance from 
the plate reached by the corpuscles. 

It will be seen that we have now the following representa- 
tion of the motion of a corpuscle projected from the point P 
with velocity vin a given direction perpendicular to the lines 
of H. Drawa line PA at right angles to the direction of 
projection (towards the side to which H exerts its force}, 
measure off a length v'w=vm/He to the point A. Describe 
a circle of radius Em/H?e with A as its highest point, and 
let this circle roll, along the horizontal tangent at A, with 


and 
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velocity E/H, carrying the point P along with it. Thus the 
size and motion of the circle are independent of the manner 
of projection. 

In further confirmation of the agreement between the 
motion of the charged particle and this geometrical repre- 
sentation, it may be noticed that the mechanical force 
arising from H, being always perpendicular to the motion, 
does no work on the particle. Thus the kinetic energy of 
the latter is derived wholly from the work of the electric 
force, and we have 

mv? = Eey + constant ; 


where y is the vertical distance below the horizontal plane. 
In the rolling circle we have 


v? = w?. PA?=?{ AC? + CP? + 2AC(AN—AC)} 
= 2w*ay + constant 


= ean + constant 
m 


in agreement with the last. 

When P is on the circumference of the circle we get the 
eycloidal path, the corpuscle coming to rest on the fixed 
straight line. If P is outside the circle the trochoidal path 
is looped, and the corpuscle crosses the fixed line when its 
direction of motion is vertical. When P is inside the circle 
the path is a wavy one, at mean distance a below the line. 

It is easy to express the condition which determines the 
form of path, in terms of the magnitude and direction of the 
velocity v. Let @ be the angle between v and the horizontal 
= PAC in figure 1. 

Then we have a looped path if i 


PA > 2acos 0, 


i. e. v>2 cos 6, 
So the path is looped or waved according as the velocity of 
projection is greater or less than the component of the 
velocity of the lowest point of the circle, resolved along the 
direction of projection. 
It seems of some interest to find the greatest distance from 
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the metal plate which would be reached by a corpuscle pro- 
jected normally with velocity u, say, instead of being liberated 
without velocity. In this case P is outside the circle, and 
the plate takes the place of the line along which the circle 
rolls. 
@ 
Fig. 2. 


Taking P on this line we have (fig. 2) 
u = w . AP, 


CP = 4/ ae, 
@ 


The maximum distance reached is 


a+CP=a]{ 1+ \/1+ na. instead of 2a 
aw 


Thus the correction is of the second order in the ratio of tho 
velocity of expulsion to the velocity E/H. The latter 
velocity in the experiments described by Prof. Thomson (loc. 
cit.) was of order 10° cm. sec.~!. 
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There is an alternative mechanical way of describing the 
motion in the cycloidal case. It can be shown without 
difficulty that it is identical with the motion of a cycloidal 
pendulum, or of a particle sliding on a smooth cycloidal wire, 
the range of swing extending from cusp to cusp. Here the 
acceleration of gravity takes the place of the electric force, 
and the normal reaction of the wire or string that of the 
magnetic force. But this analogy cannot be extended to the 
trochoidal motion; the velocity of the moving corpuscle does 
not alter in the same way as that of a particle sliding under 
gravity on a smooth trochoid. 


28rd May 1908. 


XXI. A Directive System of Wireless Telegraphy. 
By E. BELLINI and A. Tost*. 


Part I.—Bilateral Directive Wireless Telegraphy using Closed 
Oscillatory Circuits: (i.) for Transmission; (ii.) for Reception; (iii.) for 
both Transmission and Reception. 

Pant IJ.—New Unilateral Directive Method: Simultaneous Use of 


Closed Oscillatory Aerial Circuits and the Open Oscillator or Vertical 
Antenna. 


Tae authors, having lately obtained some interesting and 
very remarkable results in the course of their work upon 
a further development of their directive system, propose to 
give an account of the arrangements employed and the 
results attained. 

Since the complete understanding of these experiments 
depends upon the properties shown by the closed oscillatory 
circuits used by the authors, it is considered desirable, in 
the first part of the paper, to recapitulate, as briefly as 
possible, the main features of the original method, thus 
enabling a more comprehensive view to be taken of the later 
arrangements, as well as supplying the necessary informa- 
tion to those who are not familiar with the earlier work, 
which has been fully dealt with elsewhere f. 

* Read June 12, 1908. 

t Electrical Engineering, ii. pp. 771-775 (1907), and iii. pp. 348-351 
(1908). The blocks referring to this part of the paper have been kindly 
lent by the Kilowatt Publishing Company. 
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Part I. 


The aerial of the bilateral system is composed of vertical 
closed oscillatory circuits. 

The closed oscillatory circuit is, as is known, an oscillatory 
circuit, the metallic portion of which forms a geometrically 
‘“‘nearly closed” figure, the electric field of which is concen- 
trated in a very narrow region, and the conditions of 
vibration of which are independent of the position of the 
spark. 

Although in such circuits the electric field is situate almost 
exclusively between the armatures of the condenser, none 
the less there always exists an electric field of dispersion 
the lines of force of which go from different points of the 
circuit to neighbouring conductors and to earth. Conse- 
quently, if one of these circuits be vertically placed in 

roximity to the ground, and with the condenser at the 
upper part, a number of lines of force will reach the earth, 

iving rise to an electromagnetic field which propagates 
stself in space. Since one of the armatures of the condenser 
has at the same instant an equal potential of opposite sign to 
that of the other, the electromagnetic field of one side will 
be opposed in phase relative to the field of the other side. 

s a result it is evident that in the direction perpendicular 
to the plane of the circuit there is no radiation whatever ; 
that is to say, the said type of circuit radiates principally in 


its Own plane. 
p oscillatory circuit placed in an electromagnetic field 
will become the seat of an E.M.F. due to the variation of 
agnetic flux across the surface bounded by the circuit. 
TI oe E.-M.F. will vary with the cosine of the angle which 
: Jane of the circuit makes with the direction of propa- 
the P of the field. 
Be gng the Duddell thermogalvanometer, the authors have 
"ined the diagrams of the energy emitted or received 
deter ch a circuit. The energy diagrams obtained were 
by su nd composed of two equal tangent curves (fig. A) 
equal equation is E = E, cos*a, where a is the angle which 


vo „ection of propagation makes with the plane of the 
the 
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circuit. The diagram of the electromagnetic field is composed 
of two equal tangent circles (fig. B). 


Energy Transmission Transmission Diagram 


Diagram (Micro- of Electromagnetic 
watts). Field Intensity 
(Microamperes). 


It is owing to these properties possessed by closed oscil. 
Hatory circuits that such circuits were chosen by the authors 
for use as directive aerials; and the triangular form of 
<ireuit, open at the apex, was employed, owing to the fact 
that it could easily be sustained by a single mast. In order 
to be able to transmit and receive to or from any direction 
whatsoever, without having to turn the aerial, or having 
Necourse to a large number of aerials in fixed positions, the 
Serials were built up of two equal closed oscillatory circuits, 

Nertically placed and mutually perpendicular. This aerial 

S=svstem is connected up to special instruments for trans- 

Snission and reception which the authors have called “ Radio- 
~ goniometers.” 

The radiogoniometer for transmission comprises two fixed 
‘indings, m, n, mutually perpendicular, one of which is 
nserted in each of the two aerial circuits AB, A,B,, a, 

Shown diagrammaticaily in horizontal projection in fig. Ç, 
—__A third winding s, enclosed by the two first, is arranged go 
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as to be movable on its vertical axis, which axis is that of 
the intersection of the planes of the two fixed windings. 
This winding s is included in the oscillatory exciting circuit, 
by means of contact brushes. S is the secondary of the 
spark coil or transformer. 

It is evident that on placing the movable winding in 
different positions the magnetic flux which passes through 
the two fixed windings will vary, as also will the oscillatory 
currents in the aerials. The electromagnetic field in space 
will be produced by the superposition of the partial fields 
created by the two aerial circuits. Its intensity will be 


Fig. C. 
A 


os »ndent of its direction, and this latter will coincide 
indep he direction of the central plane of the movable 
wit -n g. The law of angular variation of the energy and 
pnagnetic field is the same as for a single circuit. 
of the apparatus is provided with a fixed dial over which 
The a pointer rigidly attached to the movable winding. 
move? ng the pointer in the direction of the station to which 
On sett als are to be sent, the emission will be a maximum 
the si vertical plane which contains the transmitting and 
in the ox stations—that is to say, hoth towards the receiving 
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station, and at 180° from this. The receiving radiogonio- 
meter is similar in construction to that for the transmission. 
The fixed windings m, n (fig. D) are connected to their 
respective aerial circuits. The movable winding s, is suitably 
connected up to the detector, through two brushes. 


Fig. D. 
A 


The oscillatory currents set up in the two aerials, when 
these latter are subjected to the influence of an electro- 
magnetic field, create, in the interior of the fixed windings, 
a resultant magnetic field of an intensity which is inde- 
pendent of the direction of the transmitting station. When, 
therefore, the movable winding is perpendicular to this re- 
sultant field, that is, its central plane is oriented towards the 
transmitting station, the effect on the detector will be a 
maximum. In this position the reception is practically 
limited to the plane containing the transmitting station, and 
the pointer indicates on the dial the direction of this plane. 
One is, however, not able to determine which side of the 
receiving station the transmitting station is located. 

The receiving radiogoniometer is provided with special 
contucts for tuning the fixed windings to the lengths of the 
waves to be received, which is effected by varying the number 
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of active turns equally and simultaneously on the two 
windings. 

The experiments with the system have been carried out at 
three stations on the French side of the English Channel, at 
Dieppe, Havre, and Barfleur respectively. The distance 
Dieppe-Barfleur is 107 miles, all over sea; that between 
Dieppe and Havre 54 miles, entirely over land; the angle 
made by the three stations Havre-Dieppe-Barfleur is 23°. 

Employing this bilateral system it has been possible to 
transmit from Dieppe to either Havre or Barfleur without 
the emission which was directed towards the one post 
troubling the other one. The energy sufficing for this 
purpose was about 500 watts. 

By the use of the receiving radiogoniometer at the Dieppe 
and Havre stations the authors have been able to determine 
the direction of stations both known and unknown. Further, 
by receiving the same transmission (signals) simultaneously 
at both Dieppe and Havre, and determining at each station 
the bearing of the unknown station, it has been possible to 
locate, by intersection, the actual position of the station 
which was transmitting. The accuracy obtainable by the 
use of the receiving radiogoniometer is about one degree 
of arc. 

The triangular closed oscillatory circuits comprising the 
aerial system were 45 metres high, with a base of 55 metres. 


Part II. 


The system of wireless telegraphy reviewed in the first 
Part allows of transmission and reception in the plane in 
which the station with which one is communicating is situated. 
That is to say, in transmitting, one is sending the signals to 
the corresponding station and at the same time in the opposite 
direction also. As regards the reception, either of two dia- 
metrically opposite transmitting stations will affect the receiver 
in the same way, and it will not be possible to decide as to 
which side of the receiving station the transmitting station is 
actually located. 

Since the sending of the waves in a single useful direction 
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is often of greai importance, and it is desirable to be able to 
decide not merely the direction but the azimuth, the authors 
have worked out a method of achieving this object, and have 
solved the problem in the following manner. 

Transmission.—The diagram of the electromagnetic field 
of the bilateral directive system already described is composed 
of two equal tangent circles, and the one half-field, repre- 
sented by one of tho circles, is opposite in phase to the other 
half-field. 

If one operates simultaneously, at the same station, both 
the directive System and an ordinary system giving @ circular 
emission, whose vertical antenna is symmetrically placed 
with reference to the directive aerial, the resultant electro- 
magnetic field of the simultaneous emissions of the two 
systems, can, in general, be obtained by vectorially adding 
the partial diagrams of the two systems. 


Fig. 1. 
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As an example, let a, and a; (fig. 1) be the two tangent 
Z 2 
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circles forming the diagram of the electromagnetic field of 
the directive system ; the circumference b represents the 
diagram of the system with circular emission, of amplitude 
equal to the maximum amplitude of the directive system ; 
let the phase-difference between b and a, be zero, and that 
between b and a, 180°. The resultant diagram c is obtained 
in this case by adding algebraically the radii vectores of the 
curve a, to those of the diagram b and by subtracting the 
radii vectores of the curve b from those of curve a}. The 
resultant diagram is represented by a * cardioid.”’ | 

It is evident from the figure, that the resultant maximum 
electromagnetic field is directed to one side only ; that it has 
a value double that of the component electromagnetic fields ; 
and that the field on the other side is zero. 

The intensity of the electromagnetic field set up by the 
directive system at a point whose direction makes an angle æ 
with the maximum radiation, is expressed by Ccosa. Let 
M be the intensity of the electromagnetic field produced by 
the circularly radiating system at the same point, and let ¢ 
be the phase-difference between the electromagnetic field of 
the circular system and that of one side of the directive 
system. 

The intensity of the resultant electromagnetic field at the 
point considered will be 


I=,/(M + U cos a cos p)? + C? cos? a sin? o 
=/ M? + C? cos? a + 2MC cos a cos $. 


Tbe minimum of I with reference to a is obtained when 


This value of cos æ is imaginary when M cos ġ>C. 
In the case when M cos $<C, one has Imin = M sin $; when 
M cos ġ >C one has 


Lmin = VM? + C? cos? a—2MC cos a cos d. 


In the special case when ¢=0 the equation of the resultant 
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electromagnetic field transforms itself into 
I=M+Ccosa, 


which is the equation of a curve that can have three 
different forms according to the value of the ratio M/C. The 
curve represented by the condition M=C is the cardioid 
above mentioned. 

But since in wireless telegraphy the action depends chiefly 
upon the energy, it will be useful to consider this in prefer- 
ence to the intensity of the electromagnetic field. 

In the general case the energy radiated in the different 
directions is expressed by the equation— 


W =M? + C? cos? a+ 2MC cos a cos œ, 
and in the case of the cardioid by the equation— 


W = M?(14 cosa}, 


Fig. 2. 
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The corresponding curve is given in fig. 2. 
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Fig. 3 represents the energy diagram in the case where 
M/C=0°72 and ¢=53°. 


Fig. 3. 
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Fig. 4 shows the same diagram for the case where M=2C 
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and ¢=0, and finally fig. 5 the same diagram for M=C and 
6 =90°. 


Fiy. 5. 


In consequence, one can conclude that the shape of the dia- 
gram of the energy radiated in the different directions depends 
upon the value of the phase-difference of the component electro- 
magnetic fields, and that the superposition of a circular system 
on a directive system allows of the concentration of the emitted 
energy in the desired direction and in the useful sense 
only. 

Fig. 6 (p. 816) shows diagrammatically the advantages 
which the employment of the mixed unilateral systein has 
over the ordinary circular, or the simple bilateral directive 
method. 

Let it be supposed that a station A ought to transmit to a 
station B. If the station A uses a circular system the energy 
is radiated all over the circular region a, affecting all the 
stations comprised within this region. If A uses the bilateral 
directive system the active area is the region bounded by the 
two tangent curves b, b. If the station uses the mixed 
unilateral system adjusted for M=C and ¢=0, the active 
area is considerably smaller than that with the other 
methods. 

The practical realization of the superposition of the two 
systems has been effected by employing as the directive 
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system the bilateral system already dealt with in Part I. 
It was evident a priori that, owing to the different conditions 
under which the radiation from the directive circuit takes 
place with reference to the radiation from the vertical 
antenna, a phase-difference between the emissions of the two 
systems should exist, for equality of phase in the excitations. 


As will be seen further on, the experiments have shown that 
this phase-difference is 90° or near to that value. The aerial 
of the unilateral system is formed by the aerial of the directive 
circuit to which has been added a vertical antenna in a position 
symmetrical with reference to the first. To secure the simul- 
taneous excitation of the closed oscillatory circuits and of the 
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vertical antenna, various arrangements have been employed 


which are diagrammatically depicted in figs. 7, 8, 9, 10. 


Fig. 7. Fig. 8. 


MAON 


Fig. 9. Fig. 10. 


, 
pend 70 


In the first of these arrangements (fig. 7) the excitati 
of the two systems are in phase; in the other three a 
they are in quadrature. The diagrams of the energy radiate 
in the different directions (figs. 11 and 12) are selected from ‘ 
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among the large number which have been determined. They 
were obtained with the thermo-galvanometer in a similar 
manner to that employed in the case of the bilateral directive 
system. In particular the diagram of fig. 11 was obtained 


Fig. 11. 
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when using the arrangement shown in fig. 7; and that of 
fig. 12 with the arrangement of fig. 10. In the last diagram 
(fig. 12) the phase-difference between the radiation from the 
two component systems turns out to be much smaller than in 
the preceding diagram, and only by means of this last 
arrangement (fig. 10) have the very small values of the 
backwardly radiated energy been obtained. This proves the 
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existence of a phase-difference of 90°, or thereabonts, between 
the emissions from the two systems. The diagram of fig. 12 
shows besides, that the problem of the emission of the energy 
exclusively on the useful side can be considered as having 
been practically solved. 


Fig. 12. 
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It is interesting to note that, even if the Phase-difforey, 
between the radiation from the two systems is as much E 
a certain number ol degrees, and the ratio of the partial p 
is slightly different from unity, the backward radiati 
always practically zero. The phase-difference has to bhe 
45° for the backward radiation to become noticeable 
order to see if the energy emitted by each component of the 
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system and by the resultant system satisfied the theoretical 
predictions, these have been measured in several cases with 
the thermo-galvanometer. The results were always in practical 
agreement with the theory. 

The simultaneous excitation of the two systems was effected 
by adding, internal to the primary of the transmitting 
radiogoniometer, a winding, fixed in position relatively to 
the primary and inductively excited by it. To this winding 
is connected the vertical antenna. On turning the movable 
winding of the apparatus the excitation of the vertical antenna 
remains constant whilst the excitations of the closed circuits 
forming the aerial of the bilateral system, vary. Consequently, 
to transmit by the unilateral system in a given direction, one 
has merely to turn the movable pointer until it points in this 
direction. 

The tests of the unilateral system at long distance were 
made between the stations of Dieppe and Havre, and have 
confirmed the results obtained at short range—that is to say, 
on placing the pointer of the transmitting radiogoniometer 
in the direction of Havre, reception was effected ; on turning 
the pointer to 180° from this the reception ceased entirely. 

Reception.—The same principle of the superposition of the 
two systems has been applied to the case of the reception. 
Considering the case of a receiving station provided with an 
aerial composed of a single closed oscillatory circuit, fixed in 
position, and of a vertical antenna symmetrically placed with 
respect to the closed oscillatory circuit, let it be supposed 
that any transmitting station is moving along a circumference 
of which the receiving station is the centre ; it is evident that 
the intensity and phase of the oscillatory current in the vertical 
antenna of the receiving station will remain constant, whilst 
in the closed oscillatory circuit they will vary with the position 
of the transmitting station. The intensity passes through two 
maxima and two minima, and its phase varies by 180° 
when the transmitting station passes from one side to the 
other of the plane perpendicular to the closed oscillatory 
circuit, Further, although a closed oscillatory circuit utilises 
the variation of magnetic flux across the surface bounded 
by such circuit, the E.M.F. generated in it will be in 
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quadrature with the E.M.F. generated in the vertical antenna, 
and the same phase-displacement will exist between the 
currents in the two types of aerials if these latter are both 
tuned to the length of the waves received. 

Let it be supposed, for instance, that the closed oscillatory 
circuit is oriented in a certain meridian and that the trans- 
mitting station in moving about arrives in the plane of the 
closed oscillatory circuit, on the north side. In such ag 
position, by bringing the actions of the two systems on the 
detector into phase by any means, the effects of the two will 
be added. When the transmitting station finds itself, 
similarly, in the plane of the closed circuit but on the south 
side, the effects of the two systems counteract one another. 
If the directive aerial of the receiving station is composed 
of two closed oscillatory circuits connected to the receivin 
radiogoniometer, the phase of the E.M.F. induced in the 
movab!e winding of the apparatus will vary by 180° when 
the coil is turned through 180°. So that the action of the 
directive aerial in one case will add itself to that of the 
vertical antenna, and in the other case will subtract itself 
therefrom. It follows that, to the position of maximum 
reception of the movable coil, there corresponds a Position 
of zero or minimum reception when the coil is turned through 
180°, which thus permits of the determination not Merely of 
the direction of the transmitting station, but also of the an 
which it is on. 

The action of the detector depends, as in the case of th 
transmission, upon the values of the phase-difference Beee 
the actions of the two systems and on the ratio M/C, l 
law of variation of this action is the same as that st T 
variation of the resultant electromagnetic field at the tra i 
mitter and the diagrams are the same. ner 

To obtain quadrature between the actions of the verti 
antenna system and that of the directive bilaterą v F 
several arrangements have been tried which are m a 
figs. 13, 14, 15. n an 

In the case of fig. 13 the phase displacement was 
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the aerial circuits ; in the arrangements of figs. 


l4 and 15 
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the shift of phase was produced automatically when the 
circuits were all carefully tuned, but the arrangement of fig. 14 


Fig. 13. Fig. 14. 
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Fig. 15. 
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is preferable owing to its simplicity, rapidity, and certainty 
of operation. In this case, as can be seen from the figure, 
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the vertical antenna is joined to one end of the secondary 
circuit of the receiving radiogoniometer, through a self- 
inductance S; the other end of the secondary is earthed 
through the detector R. The working of the arrangement 
is very simple, since it only requires the tuning of the two 
circuits as in ordinary cases of circular reception. The 
diagrams of the reception were obtained in the same way as 


Fig. 16. 
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those of the transmission, by means of the therm 
galvanometer in place of the detector, and by turniy,, th, : 
movable secondary of the receiving radiogoniomete, fe 
transmitting station being fixed. The curve of fig. 16 - 
particular was obtained by means of the arrangement sho ei 
in fig. 13; the curve of fig. 17 (p. 324) by that of fie h 
and the curve of fig. 18 (p. 324) by the arrangement of fi n l fi 
a-r. ° 
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The arrangements have always enabled the sense of the 
received transmissions to be determined, and in many cases 
to get no reception when the pointer of the movable coil of 
the receiving radiogoniometer was turned in the opposite 
direction, which was precisely the object to be achieved. 

The directive system of wireless telegraphy described can 
be employed in many ways, according to the requirements, 
owing to the facility with which one can pass from one 
system to the other. For example, when the operator expects 
a message from a station whose position is unknown, he 
could employ the single vertical antenna system; a soon as 
reception is effected he can, by using either the bilateral or 
unilateral system, determine the direction and upon which side 
the transmitting station lies, and make himself independent 
of other transmissions. 

For the transmission the operator could, similarly, employ 
the system with circular radiation when he does not know 
the position of the receiving station or when he wishes to 
send the same message to several stations. He could in other 
cases use the unilateral or bilateral system according to 
the position of the stations which should not receive the 
messages. 

The directive system described presents some advantages 
over other systems, which are very important either from the 
commercial or the strategic point of view. 

So far as the commercial services are concerned, the 
possibility of transmitting messages to one station without 
affecting the others, results in the stations having an increased 
working capacity and consequently in an enhancement of their 
commercial value. The ability to receive from one determined 
direction renders the receiving station independent of extrane- 
ous transinissions, and even owing to this circumstance alone 
the working capacity of the stations is raised. Further, the 
ability to determine the origin of a transmission, apart from 
its obvious advantages, presents the advantage of enabling 
the route to be followed by a ship proceeding to the assistance 
of another in danger, to be indicated. 

From the strategic point of view the directive reception 
enables one to learn of the presence of the enemy in a certain 
direction and to follow him in his movements. The directive 
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transmission will allow, when ‘suitably employed, of trans- 
mitting to one’s friends without the enemy being able to 
receive the waves—for the simple reason that there are no 
waves there to be detected in the undesired region. 

In conclusion, the following is given as one practical 
example of the main strategical advantage of the directive 
system. Supposing it were necessary to send radiotelegraphic 
messages to the cruiser squadrons on the north east, north, 
north-west, and west coasts of the United Kingdom ; if the 
messages were sent by an ordinary vertical antenna system 
they would be perceived in Denmark, in Germany, in Belgium, 
Holland, and France. Employing, on the other hand, the 
unilateral system, the messages sent from London to the 
Fleet would not be received outside the United Kingdom. 

The authors desire to thank Mr. L. H. Walter, M.A., for 


translating this paper from the original. 


DISCUSSION. 


Dr FLEMING said that he had long been acquainted with the interesting 
experiments of the Authors of this paper, and desired to express his 
congratulations on the skill and inventiveness with which these inves- 
tigations had been prosecuted. He was glad to see that the experiments 
of the Authors confirmed in many ways the theory which he (Dr 
Fleming) had given of the operation of a bent antenna as employed by 
Mr Marconi. 

When Mr Marconi read his paper at the Royal Society in March 
1906 describing his experiments on directive telegraphy, he gave no 
theory in the matter, but Dr Larmor pointed out in the discussion that 
an antenna partly vertical aud partly horizontal was equivalent to the 
sum of a magnetic oscillator and an electric oscillator, and shortly after- 
wards he (Dr Fleming) had gone more carefully into the matter 
mathematically and showed that the observed effects could be accounted 
for on this theory. 

Both Mr Marconi and he himself had obtained by the same methods 
as those employed by Messrs, Bellini and Tosi the same type of pear- 
ehaped radiation curves obtained by the Authors of the paper by com- 
bining together the efluct of closed and open oscillators. Although this 
theory had been criticised by Dr Mandelstam lately, yet nevertheless 
there did not seem sufficient grounds for objecting to it. Mr Marconi 
had, as everyone knew, employed directive antenn for a long time past 
in his Power Stations at Poldhu and Clifden, and had also given demon- 
strations showing that the position of ships out of sight could be located 
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by means of such receiving directive antenne. Nevertheless, Messrs. 
Bellini and Tosi had worked out extremely ingenious arrangements for 
determining the direction of the radiant point without moving the 
antennæ themselves. He (Dr Fleming) had also shown that, having 
the power to locate the radiant point, two stations equipped with such 
antenne at a known distance apart could by simultaneous observations 
determine also the distance of the radiant puint, and this might become 
important in connection with marine work. 

It ought also to be noticed that Dr F. Braun, of Strasburg, had by the 
employment of three open antenne having oscillations in them of definite 
phase difference, been able to obtain radiation curves having the form of 
& cardinid similar to some of those given by the Authors of the paper. 

Dr W. IL Eccirs warmly congratulated the Authors upon their 
beautiful and original method. On this method, by merely rotating a 
small coil of wire on the table, a fixed aerial directive system of any size 
was made to do what could otherwise only be done by turning the whole 
system of aerial wires in azimuth. The essence of the system was the 
piece of apparatus styled the radiogoniometer, which, by causing appro- 
priate component radiation from two fixed wire triangles set at right 
angles, brought about a resultant radiation in any direction desired—just 
as if a virtual aerial of the full size of the fixed aeriais were being rotated 
in the air. Someone had compared the result so achieved with that 
obtained by Marconi’s well-known arrangement of a number of fixed 
bent antenne with their horizontal portions directed from a centre to 
various points of the compass. Apart from the fact that it is rarely 
feasible to fix up a large number of antenne, the radiogoniometer method 
has the advantage that the direction of transinission or reception can be 
altered perfectly smoothly; so that if it can be used, as stated by the 
Authors, accurately to about one degree of arc, the radioguniometer is 
the practical equivalent of 360 bent antennm. 

The looped aerials used by the Authors did not seem to the speaker to 
be the best kind of radiator for utilising the principle they had developed. 
The radiogoniometer would prove to be capable of giving excellent 
results with two fixed antennz of the bent type set at right angles, one, 
for example, in the meridian plane and the other in the east-west plane. 
The two looped aerials of the Authors may each of them be assimilated to 
a pair of vertical antennæ emitting waves of 180° phase difference, and 
with the assumption that for a single vertical aerial the inverse square 
law holds for the propagation of electrical effects from a single aerial, the 
speaker showed by aid of the ordinary equation of wave-motion that a 
looped antenna obeying the condition stated emitted two waves of equal 
period, of phases ditfering 90° and 180° respectively from the phase of the 
radiation from either side of the loop, and of amplitudes having a ratio 
proportional to A/x. This means that one portion of the resultant radia- 
tion obeys an inverse square law and the other portion an inverse cube 
law; the latter portion is the more important of the two when the 
distance 2 is small, the former is the more important when the distance x 
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is much greater than the wave-length A. This explains why Dr Fleming's 
measurements of the radiation from closed oscillators, which were carried 
out at short distances, gave small promise of powerful propagation to a 
distance, and why Messrs Bellini and Tosi had found as a fact that good 
propagation occurred to great distances. 

As regards the phases of the two portions of the radiation, the im- 
portant portion for wireless telegraphy, namely that obeying the inverse 
square law, was 90° out of phase with the near side of the loop; and 
thus it is clear that the vertical aerial the Authors had used to 
cancel the radiation to one side of the sending station, must for that 
purpose emit radiation 90° out of phase with the near side of the loop. 
Messrs. Bellini and Tosi had reached this conclusion in the course 
of their experiments, 

After eliciting that the power-supply to the primary of the induction- 
coil for the Dieppe-Havre experiments was 500 watts, Dr Eccles con- 
cluded by remarking that the Authors were worthy of special congratu- 
lation because in their method of unilateral transmission by phase and 
intensity adjustment of several radiators they had eluded the difficulties 
of managing the phases that had apparently baffled F. Braun when he 
was using the same principle. 

Mr W. DUDDELL complimented the Authors upon their paper and 
asked for the wave-length of the waves given out by the transmitter. 
He also asked what would be the eflect of opening the closed antennse 
at the top. 

Mr Tost, in reply to Dr Fleming, stated that Braun’s cardioid diagram 
was a theoretical diagram only; the method had not succeeded and no 
actual diagram obtained experimentally had ever been shown. 

Referring to the similarity which Dr Fleming said the pear-shaped 
diagram of Marconi bore to the Authors’ diagrams, Mr Tosi could only say 
that they had purposely shown some bad diagrams as well as some good 
ones. The good diagram of Marconi’s corresponded to the Authors’ bad 
diagram, With the Marconi horizontal aerial it would, moreover, be 
necessary, a8 Dr Eccles had pointed out, to employ 360 such wires to 
obtain an accuracy in locating the bearing of the radiant point equal to 
that secured with the system now described. Further, if the emitted 
energy is actually represented for longer distances by Marconi’s pear- 
shaped diagram, it is difficult to understand why the transatlantic 
messages from Clifden to Glace Bay are readily picked up off the 
Algerian coast, at right angles to the line of transmission, 

In reply to Mr Duddell he saia that the wave-length of the waves 
employed was from 350 to 400 metres. 
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XXII, On the Resistance of a Conductor of Uniform Thick- 
ness whose Breadth suddenly changes, and on the Shapes 
of the Stream-Lines in the immediate neighbourhood. By 
CaarLes H. Less, D.Sc., F.R.S., Professor of Physics in 
the East London College, University of London *. 


A KNOWLEDGE of the resistance of a conductor whose 
section suddenly changes is of considerable practical im- 
portance, but mathematical difficulties have prevented an 
exact solution of the problem. Lord Rayleigh ł has given 
an approximate solution of the case in which a cylinder of 
circular section is joined at one end to the plane surface of a 
large conducting solid, and Professor Hicks ¢ has solved the 
case of a wire of small diameter ending in the surface of a 
conducting sphere §. 

The mathematical difficulties of the problem disappear if 
the conductors are of rectangular section and one dimension, 
e.g. the thickness, remains constant, while the other, the 
breadth, suddenly changes, and the two are joined together 
either with their axes or with two sides colinear. For a 
longitudinal flow through the conductors the former case 
becomes the latter by section through the common axis, 
which by symmetry is a line of flow. 

Let the thickness of the conductor be t, the breadth of the 
wider part c, that of the narrower b, and let k be the con- 
ductivity of the material. Take the plane of the conductor 


Fig. 1.—z plane. 


a E 
-i Oo 
bimini 


as the z plane, fig. 1, and convert the outline of the conductor 
* Read June 12, 1908. 


t Lord Rayleigh, Trans, Roy. Soc. London, lxi. p. 77, Nov. 1870: 
and ‘Scientific Papers,’ vol. i, p. 5U. See also Phil. Mag. viii. p. 481 
(1904). l 

+ Professor Hicks, Messenger of Mathematics, xii. p. 183 (1883). 

§ A list of cases which have been worked out will be found in Professor 
Auerbach’s articles “ Flächenströme ” and “Körperliche Ströme” in 
Winkelmann’s Handbuch der Physik, 2nd edit. iv.pp. 238, 246. 
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by means of the Schwarzian transformation 


To= ACEH ISH. 0 


into the axis of & in the € plane fig. 2, the corresponding 


Fig. 2.—¢ plane. 


P Q 
-æ ~i O 


points being indicate] by the lettering in the figures. 


1 /g+1 
c= Al, 7 
= iF T 
write tta 0? 


and the integral becomes 


(a—1)d0 
=al Cer 5) 
= a TE p) 

a f+a tan) / ota 
=2A4 arg coth ) č+1 -arg coth a(S+ tre 
where the origin in the z plane i is taken at the point corre- 
sponding to £= —a,n=0 in the ¢ plane, and tanh or coth is 
taken according to whether the quantity under the root sign 
is less than or greater than unity. 


In order to show the connexion between the z and ¢ planes 
graphically, we write 


+a = re", C+1l= ne", 


where fa, Ôa, 71, 9, are the coordinates of the point En, with 


* The form argtanh has been retained throughout because of the 
symmetry of the norm and amplitude when this is done. 
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respect to the points —a and —1 (fig. 2), and 


cos 8 +“ 
= 2 
r2 =1? + 2ar cos 0+ aè, cot b= — 
cosg +} 
r2 =r +2r cos 0+1, cot 0 = — . 


sin 0 
Resolving each term of the above equation into its norm and 
amplitude, we obtain 


6.- 6, . 6. aes 6, 
cos sin——— 
2 : 2 ; 
z= A| argtanh (+ ane eens -) — arctan C a + unt 
cosh we sinh Vv 
ri 1 
os 2 -i 0. = 
sin 


-l£ argtanh (+- ——*7,-) —i arctan ( + ——*_ +i ) tim} | 
cosh one ~ sinh =) 


where m and nare integers. The alternatives tanh and nn 
of equation (2) both lead to the same result. 

On determining the values of the constants A and a so as 
to make y=0 from F=—o to E= —a, y=c—b from E=—1 
to &=0, y=c from €=0 to E=, we find that the negative 
sign must be assigned to the terms in the small brackets 
that A=c/7, Va=cjb, and the equations become 


2b tanh E+ 1 2c ‘tanh E41 
setive sare leoth )p ae 8 \coth )V E+ 2 
i cos —— . sin —; 
= a argtanh Ee. = ~=}? A T 
; o= "1 ‘< l — T 
cosh low iv a sinh log 5 3 
7 cos—-. < sin —5-- ) 
—— $ argtanh —————— — zarctan——__—______ },* 
T : r 
cosh log aon sinh loga / = 
* The term argtanh —-—~ es. 


Soak igo: ED may be more familiar in the forms 


iog hereon 


p "42 2p cos 0+1 
cosh lor =} log- 
og p— cos 0 


p“ a— 2p cos 6+1 
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where the arctan terms are to be taken within the limits 
0 and r. 

The curves in the z plane into which this equation con- 
verts the orthogonal system of circles 0, — 0, = constant, and 
r,/ra=constant, of the ¢ plane, are shown in fig. 3 for the 


Fig. 3. 


Full lines are equipotential lines, dotted lines are stream lines, when 
the end 1A is kept at potential 9, and the rest of the contour at 0. 
Ratio of breadths 1: 2. 


case c/b=2. They may be considered either as the potential 
and stream curves for a source at 1 and an equal sink at A, 
or for the edge 1A kept at one potential and the whole of 
the remainder of the edges at another. 


Fig. 4. 


Lower part equipotential and stream lines calculated from (3) ; upper 
part equipotential lines observed. Ratio of breadths 1: 2. 


The curves in the z plane corresponding to log = constant 
in the ¢ plane are shown in fig. 4 lower part, and represent 


Digitized by Google 


” CONDUCTOR OF UNIFORM THICKNESS. 333 


the equipotential and stream lines for a current flowing 
along the two strips in series. The upper part shows the 
observed equipotential lines *. 

To determine the resistance of the compound conductor 
to the flow of current along its length, we find the distri- 
bution of the potential in the corresponding problem in the 
g plane. This is the case of a source at the point £=7=0, 
sending a current C into the upper half of the plane. 

The vector function wæu+iv for this case is given by the 
‘equation : 


w=< log f e. b. o o > (4) 
where é is the thickness of the conductors and + is the con- 
ductivity of the material of which they are composed. 

If £,,0, are the coordinates of a point P near O in the 
plane, and x, is its X coordinate in the z plane (figs. 1 
and 2), then by equation (3) : 


_ 2b c etl _ 2e E+] 
=~ argcoth $ pap pa argtangy / E+) ’ 


which since $, is small reduces to 


2b =e Je 
Tp = = argcoth /1 + o Ee. - argtanh 7 


-2 Stoo 4° a TEs Et? 
E Si a sd | m Sect 


ìn virtue of equation (4). 
Hence 


Similarly if E, 0, are the coordinates of a point Q near 
+æ in the ¢ plane, and są is its X coordinate in the = plane, 


* I have to thank my colleague Mr. W. H. White for making the 
observations on a thin strip of german silver transmitting an electric 
eurrent, from which these curves have been drawn. 
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then by equation (3) 


2h 4 +1 — 2e ‘ V £ &+1 
£,.= = — argeoth 5 A EFOD = argtanh ETa ie 


which, since &, is large, reduces to 


ar =? argeoth + 22 z ergtanh V 1 - TE 


b c+b c 4b? Tkt 
=~ log — £ f loga + cep 


in virtue of equation (4). 
Hence 
mkt mT 4 bD e+h 
T Ug = —7tq— log P e 4 log p 
Thus 
kt 
Gos Ss et deb * eb Bet 
Hence the resistance between two transverse sections 
of the conductors through the points P and Q situated at 
considerable distances from the change of section and on 
opposite sides of it, is equal to the sum of the resistances of 
the lengths of conductor on the two sides of the change of 
section, each considered as part of an infinite length, plus the 
resistance of a length of either conductor equal to 


tp tq. * (210g 5 c? — }? e+ +) 


a + c+ bP logt 
b —b Í 
times the breadth of that conductor. 
When the ratio of the breadths ¢/h=n becomes large, the 
correction approximates to 


9 
z gen — 386), 
and when very large to 


= low 
‘ Elle 
T = 
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When, on the other hand, the ratio n of the breadths hecomes 
nearly unity the correction approximates to 


(n—1)?¢1 1 2 
= fatig p 


and when it is very nearly unity to 


(n—1)? 


m 


$1:19 — loge (n— 1)}. 


In order to exhibit the character of this correction the 
following table has been calculated. 


Correcrion to be added to the length of one conductor in terms of 
the breadth of that conductor, in order to make the total 
resistance equal to the sum of the resistances of the two 
conductors, each considered as part of a conductor of infinite 
length. 


g | 
Ratio of ` No. of breadths to ! Ratio of 


; No. of breadths to | 
' breadths. ` he added to length. | breadths. 


be added to length. | 


| bs Peeps tal ie 


i, 
| 19 0 | 30 48 
1-2 032 4-0 85 
DE e 080 | 6-0 00 
17 17 10:0 124 i 
2+) 25 150 ! 1-46 | 
25 “37 HO 165 
Discussion, 


Dr RUSSELL congratulated the Author on having obtained the exact 
solution of an important problem and thanked him for giving it in a 
form in which it could be utilised readily by electricians. Somewhat 
similar problems are of frequent occurrence in practice, in particular he 
instanced the measurement of the resistance of the bonds connecting the 
rails in electric tramway systems. The difficulty in this case is in 
knowing where the rail ends and the bond begins. 

A small variation in the position of the potential contacts makes n 
large variation in the reading of the galvanometer. In many cases the 
only way of attacking the problem is to calculate the resistance from 
the known resistivity of the metals by the approximate method indicated 
by Maxwell. An exact solution, therefore, like the one obtained by the 


Author, would be of great value in checking the accuracy of the 
approximate method. 
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Fia. 13.— Ratio Tests on Current Transformers. 
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“P.D. and Current Wave-Forms of Short Sparks. 


Fie. 3.—Spark-lengih equals zero. 
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P."D. and Current Wave-Forms of Short Sparks. 


Fie. 5.—Spark-length 5 mm. 
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P.D. and Current Wave-Forms of Short Sparks. 


Fie. 7.—Spark-length 30 mm. 
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Waves in primary and secondary of humming telephone instrument. 7.7 
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Wave Forms. Continuous oscillation circuit. 
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Details of mercury cups, etc. 


VIBRATING WIRE INTERRUPTER. 
General View. 
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EFFECTS OF RESISTANCE IN SINGLE ACTION CIRCUIT, 
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DOUBLE ACTION CIRCUIT WAVES. 
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Wave Forms, Modified double action circuit. 
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Fic. 2.—Apparatus and eccessories. 


Fic. 5,—Frequency about 1,800,000. Receiving end open. 
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Fig, 8.— Frequency 600,000. Capacity increased by internal wire. 
Receiving end open. 


Fig, 9.—. 


Frequency 6C0,000. Receiving end earthed through condenser. 
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When, on the other hand, the ratio n of the breadths becomes 
nearly unity the correction approximates to 


(n—1)?¢1, 1 =} 
T BELTS , 


and when it is very nearly unity to 


-=D iiig — loge (n—1)}. 


I-n order to exhibit the character of this correction the 
following table has been calculated. 


Comerecrion to be added to the length of one conductor in terms of 
the breadth of that conductor, in order to make the total 
resistance equal to the sum of the resistances of the two 
conductors, each considered as part of a conductor of infinite 
length. 


Ratio of No. of breadtha to Ratio of No. of breadths to 
breadths, he added to length. || breadthse. | be added to length. 


1:0 0 
1:2 032 
1-4 080 
1-7 "17 
2-0 "25 
2°5 37 


DIscussIon. 


Dr Russe. congratulated the Author on having obtained the exact 
solution of an important problem and thanked him for giving it in a 
form in which it could be utilised readily by electricians. Somewhat 
similar problems are of frequent occurrence in practice, in particular he 
instanced the measurement of the resistance of the bonds connecting the 
rails in electric tramway systems. The difficulty in this case is in 
knowing where the rail ends and the bond begins. 

A small variation in the position of the potential contacts makes a 
large variation in the reading of the galvanometer. In many cases the 
only way of attacking the problem is to calculate the resistance from 
the known resistivity of the metals by the approximate method indicateq 
by Maxwell. An exact solution, therefore, like the one obtained by the 


Author, would be of great value in checking the accuracy of the 
approximate method. 
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XXIII. Homogeneous Secondary Röntgen Radiations, By 
CHARLES G. BARKLA, M.A., D.Sc., Lecturer in Advanced 
Electricity, and CHARLES A. SADLER, M.Sc., Demonstrator 
in Physics, University of Liverpool *. 

THovcH there are many phenomena of Secondary Réntgen 

Rays still awaiting investigation, it seems desirable in pub- 

lishing the results of recent experiments—principally on 
the homogeneous secondary radiations—that a general survey 
should be made of the whole subject of “ Secondary X-Rays 
emitted by substances subject to X-Rays,” and that a more 
concise sfatement of the experimental results and the con- 
clusions based on these should be given. This, indeed, 
appears a necessity not only in order to make intelligible 
the results of what would otherwise appear isolated experi- 
ments of little significance, but to exhibit the observed 
limitations or the generality of laws which are continually 
being tested by further experiments on a variety of sub- 
stances and under a variety of conditions. 

As has been shown in previous papers f, the behaviour of 
Substances subject to X-rays varies enormously with the 
atomic weight of the substance exposed, and generalizations 
cannot safely be arrived at except after an extensive series 


of experiments on a large number of elements. 
The results which have so far been found to be perfectly 


general will be briefly stated ł :— 
Read June 12, 1908. oy 


The expenses of this research have been partially cove 


Government Grant through the Royal Society.— C. G. B. poate 
t As frequent references are made to the following papers, they 


denoted by the letters a-g :— 
Barkwa: a. Phil. Mag. June 1908, pp. 685-698. 


6. Phil. Mag. May 1904, pp. 543-560. 
c. Phil. Trane. A, vol. 204, 1905, pp. 467-479. 
d. Roy. Soc. Proc. A, vol. 77, 1906, pp. 247-255. 
e. Phil. Mag. June 1906, Do 
. Phil. Mag. Feb. 1908, pp. 285-200. ; 
BARELA & Sa DLER fF Phil. Mag. Sept. 1907, PP. 408-422. hai 
t These results were given in the papers to which e 
£lready been made; later experiments have not revealed any os 
It appears quite possible, however, that under certain con 
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All substances subject to X-rays are a source of secondary 
X-rays. 

The radiation from a given element is independent of the 
physical state of the substance and of its mixture or even 
chemical combination with other elements. 

The character of the secondary radiation from an element 
is independent of the intensity of the primary radiation 
producing it. 

The intensity of secondary radiation from an element is 
proportional to the intensity of the primary radiation of 
definite character producing it. 

The absorption by a thin sheet of any substance of the 
secondary rays from various elements subject to the same 
primary beam is a periodic function of the atomic weight of 
the radiating substance. 

There are, however, groups of elements of neighbouring 
atomic weight into which substances may conveniently be 
divided ; for when a primary beam of ordinary penetrating 
power is used, the radiations from the various elements in 
one group are very similar in properties, while those from 
elements in different groups differ considerably. But it 
should be understood that this grouping is somewhat 
urbitrary, as elements of intermediate atomic weight emit 
radiations possessing intermediate properties, and the classi- 
fication depends to a certain extent on the character of the 
primary radiation. It is, however, convenient for the 
purpose of description. 


H-S Grovp. 


The group of substances of atomic weights from that 
of hydrogen to that of sulphur appears simplest in behaviour 
under X-rays of ordinary penetrating power. 

Each element, when subject to such a primary beam, 
emits a secondary radiation which has almost exactly the 


exceptions will be found. Crowther, who by careful experiment has 
further verified some of these results (Phil. Mag. Nov. 1907), finds much 
less intense radiation from nickel when in combination as nickel carbonyl 
than we have obtained from the pure element in the solid state. Asthis 
cannot be accounted for by variation in the primary beams used, it is 
perhaps worthy of further investigation. 
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same penetrating power as the primary producing it. The 
secondary beam is complex like the primary, and contains 
the rays of various penctrating powers in approximately the 
same proportion as the primary (a & J). 

Though it is very difficult, if not impossible, to detect bv 
direct methods a difference in the penetrating powers of 
primary and secondary beams, when the primary is not 
more than moderately penetrating, it appears from indirect 
evidence that the secondary radiation is always slightly 
more absorbable than the primary (b). With more pene- 
trating primary rays the difference is more marked (b & *). 

The intensity of radiation emitted by these elements is 
proportional merely to the quantity of matter passed through 
by a primary beam of definite intensity, if of low to moderate 
penetrating power : in other words, the intensity of radiation 
from an atom is proportional to the atomic weight f (a & b). 

The secondary radiation proceeding from one of these 
substances in a direction perpendicular to that of pro- 
pagation of the primary is fairly completely polarized, 
when the rays are of the absorbable type (d). 

The intensity of secondary radiation from each of these 
suhstances varies in different directions perpendicular to 
that of propagation of a polarized primary beam (e). 

The amount of polarization in a primary beam, as in- 
dicated by the secondary rays, diminishes with an increase 
in the “hardness” of a given X-ray tube emitting the 
primary radiation. 

The secondary radiation from these substances is approxi- 
mately twice as intense in the direction opposite to that of 
propagation of the primary rays as the average in directions 
at right angles, when the primary beam consists of rays 
of the easily absorbed type (g). (Polarization produces 

variation in different directions at right angles to the 
primary beam.) 


-® Beatty, Phil. Mag. Nov. 1907, pp. 604-614. 

+ It was considered possible that the discrepancy in the case of 
hydrogen, as found by one of us, might be explained by the mixture of a 
small quantity of air. Crowther, however, from more recent experiments 
has concluded that hydrogen and helium in this group are exceptions to 
this law of intensity. 
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This ratio varies somewhat with a variation in the cha- 
racter of the primary rays, but has not been found to exceed 
2:1. 


The results of all the experiments when an easily absorbed 
primary was used as the exciting beam, may be explained on 
the theory as given by Professor J. J. Thomson * shortly 
after the earliest systematic experiments on light gases. 
The electric displacement in the primary Röntgen pulses 
when passing over the electrons produces accelerations in 
these in the direction of that displacement, and thus causes 
the emission of secondary pulses of equal thickness. The 
natural deductions from this theory have all been strikingly 
verified by experiments on substances of low atomic weight 
when subject to an easily absorbed primary beam. 

Before the phenomena of secondary X-rays from these 
light atoms may be said to be fully understood, we must 
explain the effects produced when the primary rays change 
to those of more penetrating type. In experiments that 
have been described the secondary rays began to differ 
in penetrating power from the primary,—they were more 
easily absorbed ; they gave less evidence of polarization of 
the primary beam, the variation falling from about 20 per 
cent. to 6 or 7 per cent. in experiments made while the 
primary became more penetrating ; the ratio of intensity of 
secondary radiation in the direction opposite to that of 
propagation of the primary beam to that in one at right 
angles dropped considerably; the ratio of ionization in 
the secondary electroscope to that in one testing the primary 
beam increased slightly. 

These results might be explained qualitatively either by 
the introduction of a secondary radiation of different type 
superposed on the almost perfectly scattered, or by the 
scattering becoming more imperfect by the introduction 
of forces of considerable magnitude other than those pro- 
duced directly by the primary pulses during the passage 
of those primary pulses over the electrons, or by the intro- 
duction of a greater proportion of tertiary rays due to 


* ‘Conduction of Electricity through Gases’ (2nd edition) p. 321. 
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the emergence of the secondary rays from greater depths 
of the radiating substance, or by a combination of these. 

Though the experiments, the results of which are stated 
above, were not performed concurrently, it was evident that 
the variation in intensity of secondary radiation exhibiting 
the polarity of the primary beam changed from about 20 per 
cent. to only about 6 or 7 per cent. as the X-ray tube became 
“ harder,” even before a difference between the penetrating 
powers of primary and secondary beams could be detected by 
direct comparison. It was not evident whether this change 
was actually one in the polarization of the primary beam 
itself or in the efficiency of the secondary rays in exhibiting 
a polarization of constant magnitude. The latter appeared 
the more probable when considered in conjunction with the 
changes that had been found in the ratio of intensities of 
secondary rays in a direction almost opposite to that of 
primary propagation and one at right angles. Further ex- 
periments were therefore made to determine if the changes 
were all attributable to the same cause. It was found, how- 
ever, that although increasing the hardness of a given X-ray 
tube produced a decrease in the amount of polarization 
detected, the more penetrating portion of a primary which 
was transmitted through a sheet of aluminium did not 
exhibit less polarity but slightly more, indicating that the 
effect was due not merely to change in the penetrating power 
of the radiation but to some change in the polarity of the 
primary beam itself. This was supported by the fact that 
the secondary radiation did not become appreciably different 
in penetrating power from the primary producing it,—indi- 
cating a fairly perfect scattering. Finally, later experiments 
have shown that for a primary radiation proceeding from a 
tube in the state of hardness which has invariably been found 
to exhibit a minimum of polarity in the primary, the ratio of 
intensities of secondary rays in the two directions indicated 
has been such as would be given by an almost perfectly 
scattered radiation. 

We cannot then attribute the decrease in the amount of 
polarization of a primary beam exhibited by the secondary 
rays to the scattered rays being only partially a scattered 
radiation or to imperfection of scattering, but it is almost 
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certainly a decrease in the polarity actually existing in a 
primary beam when the tube becomes harder. 

These results are possibly due to the more swiftly moving 
cathode particles in the X-ray tube being productive of 
more secondary cathode rays in the anti-cathode. As the 
secondary cathode particles are not directed like the primary 
cathode rays, they produce radiation which is not polarized. 
The greater the number of secondary cathode particles pro- 
duced, the less is the polarity of the complex radiation. As 
the X-radiation from the secondary cathode particles is 
probably less penetrating than that due to the primary 
cathode particles, the more penetrating portion of the 
complex X-radiation exhibits slightly more polarity than 
the more easily absorbed. 

The small increase observed in the intensity of secondary 
radiation from air, paper, &c., as measured by the ionization 
produced in an electroscope, when the primary beam is made 
more penetrating, is possibly due to the superposition of a 
homogeneous unscattered radiation, such as is emitted by 
elements of higher atomic weight. This would account for 
the complex secondary radiation differing more and more in 
penetrating power from the primary as the latter became 
more penetrating ; for it has a definite penetrating power 
characteristic merely of the element emitting it. Though 
experiments have not yet been made to analyse this secondary 
radiation set up by the more penetrating radiation, it appears, 
for reasons discussed later, exceedingly probable that such a 
radiation does appear when a penetrating primary beam is 
used. Es 

A point still awaiting investigation is the change in the 
observed ratio of intensities of secondary radiation in direc- 
tions approximately opposite and perpendicular to that of 
primary propagation. Experiments have been made to 
ascertain the amount by which this ratio is affected by a 
change in the polarization of the primary beam, by the 
superposition of tertiary rays in greater proportion, and 
by the superposition of homogeneous radiation characteristic 
of the radiating element. In these later experiments, how- 
ever, the deviation from the theoretical ratio for perfect 
scattering has through all the changes made in the primary 
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beam been much less than in the first experiments ; and it 
has been found that even a fairly penetrating primary beam— 
much more penetrating than any used in the experiments 
referred to in a previous paper (¢)—sets up secondary rays 
whose intensity distribution is within a few per cent. of that 
which would be given by perfect scattering. This matter is 
being further investigated *. 


Cr-Zn Group. 

The radiation proceeding from elements of atomic weight 
between those of chromium and zinc, when subject to X-rays 
of ordinary penetrating power, is of a very different type 
from that discussed, for from no two elements in this group 
is the penetrating power the same. The absorption by a thin 
sheet of aluminium ‘0104 cm. thick is, between these limits 
of atomic weight, a decreasing function of the atomic weight. 
varying froin 94 per cent. for the radiation from chromium 
to 64 per cent. for the radiation from zinc. (One of the 
primary beams used was absorbed to the extent of about 
34 per cent. | 

Homogeneity.—One of the most remarkable features about 
the radiation from any one of these elements is that though 
the primary rays incident upon the substance are very 
heterogeneous, that is consist of rays varying considerably 
in penetrating power, the secondary rays are homogeneous. 
This point has been briefly referred to in a previous 
paper (/). 

To give a particular example :—The ionization produced 
in a given electroscope by a primary X-ray beam was 
diminished by 51 per cent. by placing a sheet of aluminium 
‘0208 cm. in thickness in its path ; after 77 per cent. had 
been absorbed by aluminium, a similar plate produced a 

* It ought to be remarked, that though an elementary consideration 
of the production of secondary rays indicates that the intensity of 
radiation is tbe same in the forward and backward directions, and that 
each of these is double that in a direction at right angles, a more complete 
theory shows that these results can at best be only approximately true.: 
It is only necessary to consider the action of the magnetic field in the 
primary pulses on the electrons as they begin to move under the action of 
purely electric forces, tu see that dissymmetry must exist. A complete 


theory must also take into consideration the distribution of the tubes of 
electric force round each radiating electron, 
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further diminution of this ionization by 27 per cent. ; after 
91 per cent. had been absorbed the same plate cut off only 
18 per cent., showing that the rays after each transmission 
became on the average more and more penetrating. This 
effect has been explained as due to the more absorbable 
constituents being sifted out. 

Although such a primary beam produced in one of this 
class of substances the secondary radiation experimented 
upon, it was found that the secondary radiation was of an 
entirely different type, being equally absorbed after trans- 
mission through sheet after sheet of absorbing substance. 

The radiation from thick copper was found not to differ 
appreciably from that from a very thin sheet which was only 
thick enough to absorb 14 per cent. of the primary rays. 
Thus the radiations from the deeper layers after transmission 
through the surface layers were of the same character as 
those from the surface layers. Consequently, in dealing 
with these secondary rays it is not necessary as in the 
H—S group to deal with very thin plates in order to 
determine the character of the radiation as emitted by the 
atoms themselves. 

Using zinc as the radiating substance, the direct ionizing 
effect of the secondary rays was determined, and afterward 
the ionization produced by the same beam after transmission 
through thin sheets of zinc and aluminium placed at a 
distance of several centimetres from the detecting electro- 
scope in order to avoid complications due to the more easily 
absorbed corpuscular secondary rays from the metal sheet. 

The effect of the radiation from air was determined by 
separate experiments, and correction was then made for this in 
each observation, though when a large proportion of the 
secondary rays was absorbed, the air radiation was quite a 
considerable fraction of the whole and the possible error was 
as a consequence greatly increased. 

Below are tabulated the percentage absorptions by a plate 
of zinc ‘00131 cm. thick and one of aluminium ‘0104 cm. 
thick of the secondary beam direct from zine and of this beam 
after transmission through various thicknesses of aluminium. 
These results exhibit the striking homogeneity of the radiation 
from zinc. 
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TABLE I, 
Radiation from Zinc (thick sheet). 


J; II. ITT. 
Percentage Absorption | Percentage Absorption | Percentage Absorption 
by Al by Zn (00131 em.) by Al (0104 cm.) 
previous to absorption after absorption after absorption 
in column II. or III. in column I. in column I. 
0 36°6 67°36 
22 36:2 67 
67 35°4 —- 
89 354 67 
97 33°9 66 


0 S42 


Similar experiments were made on the absorption of the 
radiation from zinc by zinc when that radiation had been 
passed through various thicknesses of zinc to absorb different 
proportions of it. 

The radiation from copper was examined in the same way. 


Tasir II. 
Radiation from Copper (thick sheet). 


I. II. 
Percentage Absorption | Percentage Abeorption 
by Zn by Zn ('00131 cm.) 
previous to absorption after absorption 
in column II. in column I. : 
0 43 
44 44 
0 41:4 
42:6 42:6 
67:5 43:1 
81:5 42 
96:7 41:8 
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All these experiments show extremely little change in the 
percentage absorption even after almost complete absorption. 
The contrast between primary and secondary beams is 
strikingly shown in fig. 1, in which the absorptions are 
represented by ordinates and the amount previously absorbed 
by abscissæ. The corresponding curve for the secondary 
radiation from paper (in this case subject to penetrating 


primary rays) is given for comparison (fig. 1). 


Fig. 1. 
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Independence of Primary Rays.—To exhibit the inde- 
es of the penetrating power of the secondary radiation 
ae one of these metals Cu, of that of the primary pro- 
7 Ing it, we have tabulated below the absorbability of 

arious Primary rays and that of the secondary rays produced 
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by these. Though the absorption of the primary by alu- 
minium *0208 cm. thick varied from 52 to 18 per cent., the 
absorptions of the corresponding secondary beams from 
copper by aluminium ‘0104 cm. thick were as nearly as 
observable the same, the experimentally determined values 
being 58°3 and 58:1 per cent. respectively. This constancy 
in character makes accurate experiments on these radiations 


possible. 


TABLE III. 
Radiation from Copper (thick sheet). 
I, Il. ITI. 
Percentage Absorption | Percentage Absorption 
by Al of of Primary Rays Percentage Absorption 
Primary Radiation by Al (0208 cm.) of Secondary Rays 
previons to incidence after absorption given by Al (0104 cm.). 
on Cu radiator. in column I. 
58 

ee 58°6 

52 58:3 

27 58:8 

51 58:4 

18 58-1 

61 58:8 


Each of these elements therefore emits a characteristic 
radiation which is independent of the penetrating power of 
the primary beam setting up this radiation, and being homo- 
geneous, the absorption-coefficient calculated from the 
relation [=IJge-* has a value which is independent of the 
thickness x of absorbing substance *—a property which 
appears to be unknown among X-ray beams hitherto experi- 
mented upon. 

The absorption-coefficients for the radiations from Fe, 

* After transmission through sheets of absorbing substance, secondary 
rays are superposed on the transmitted radiation, and the resultant 
radiation in some cases ceases to be even approximately homogeneous. 
This effect can, however, be readily distinguished from true hetero- 


geneity by using as absorbers only those substances in which a radiation 
of diferent type is not stimulated. 
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Co, Ni, Cu, and Zn, when absorbed by Al, Fe, Cu, Zn, Ag, 
Sn, and Pt have been given in a previous paper (f). 
Though it has been shown that the secondary radiation 
from some of the substances in this group (Cr—Zn) is re- 
markably homogeneous in comparison with the primary 
which produces it, the test applied is not one of extreme 
delicacy, and the presence of the scattered radiation similar | 
to that of the first group (H-S) and of intensity given by the | 
law found for that group would be exceedingly difficult to 
detect, as it would produce only about 34, of the total 
ionization actually produced by the secondary rays from 
a very thin sheet of copper. Now we have seen that a 
radiation after transmission through metals may contain a 
considerable proportion of the radiation which is character- 
istic of the metal traversed and which was not in the incident 
radiation. This acquired radiation may even, if the substance 


a 


TaBLeE IV. 
Radiation from Copper (thick sheet). 


II. 
I. Percentage Absorption by Cu, Zn, and Al 
iii Absorption after absorption in column I. 
X u 

previous to absorption 


by Cu, Zn, or Al. Ou 002% em. | Zn 00262 cm. | Al 0104 cm. 


i 


0 T4 69-7 72 
98-3 70 66 68 


a a e a ee ee 


Radiation from Iron (thick sheet). 


ee 


II. 
I. Percentage Absorption by Fe, Cu, and Al 
s erodtage = eorphien after absorption in column I. 
y Ke 


previous to absorption 
Fe, Cu, or Al. Fe 00313 om. | Cu ‘00296 cm. | Al -0104 cm. 


ee 


O 80°5 90 
80 79-8 89-5 
96 76:9 83-5 
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traversed has almost completely absorbed the incident radia- 
tion, constitute the bulk of the transmitted radiation. In 
such a case, experiments on the transmitted beam in order 
to analyse its constituents would be misleading, the con- 
stituents not being present in the original beam. 

To eliminate the possibility of this error, we have tested 
the radiation from copper after transmission through thin 
sheets of copper by absorbing by further plates of copper. 
Thus radiation of a fresh type was not introduced. 

It was found that after absorbing 98:3 per cent. of the 
copper radiation by copper, the absorption by copper 
00296 cm. thick had dropped from 74 to 70 per cent. The 
effect was more pronounced in the case of the radiation from 
iron, the numerical data for which are given below. 

There was thus evidence of a slight heterogeneity even in 
these radiations. 


Scattered Rays.—To test if this heterogeneity could be 
accounted for by the mixture of a scattered radiation, like 
that from light atoms, with the homogeneous radiation, a 
direct comparison was made between the ionization produced 
by the secondary beams from thin sheets of copper [°00067 
cm. ] and paper, subject to the same primary radiation. The 
paper which was used had ten times the mass of the thin 
copper, yet the ionization produced by the secondary rays 
from the copper was 19:5 times that produced by the 
secondary rays from paper even though a greater proportion 
of the radiation from copper was absorbed by the copper 
itself than that from the paper in the paper. As sheet after 
sheet of aluminium was placed in the path of the two 
secondary beams, the copper radiation was absorbed to a 
much greater extent than the radiation from paper; thus 
34 per cent. of the radiation from paper was transmitted 
through aluminium °0416 cm. in thickness, while only *7 per 
cent. of the copper radiation got through. The ratio of the 
ionization due to the copper radiation to that due to the rays 
scattered from paper, after transmission through ‘0416 cm. 
Al had dropped to °401:1. After transmission through 
‘0782 cm. of Al the two radiations appeared approximately 
equal in penetrating power, the last ‘26 per cent. of the 
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copper radiation being much more penetrating than the 
homogeneous radiation which had been practically all 
absorbed. When the two transmitted radiations were ap- 
proximately of the same character, the ratio of their ionizing 
effects was about ‘18:1; or from equal masses of copper 
and paper—disregarding all internal absorptions the inten- 
sities of the penetrating rays were in the ratio 1°8: 1. 


TABLE V. 
I, II. III. IV. 
Ratio of ionizations 
Toickne-s of Al Percentage Percentage due to 
in path of of Cu radiation | of Paper radiation ; Secondary beams 
Secondary beams. absorbed. absorbed. from equal masses 
of Cu and Pu per. 
0 0 0 195:5 :1 
"0208 94:5 51:8 22'1 :1 
0416 99:3 66 401:1 
"0574 99-6 71 1:94:1 
"0782 99°74 78 188:1 
*0990 99-3 83 183:1 


AE ne E E E AES, E A 

Allowing for the small extra absorption of the penetrating 
portion of the copper radiation in the copper plate itself 
above that of the corresponding rays in the paper—quantities 
which were determined by separate experiments—the radia 
tion from copper must have contained approximately twice 
as much of the penetrating radiation as the radiation from 
paper. 

By using a thicker copper plate as radiator the intensity 
of Secondary radiation was increased, but the correction for 
absorption in the metal itself was also increased so that the 
result could not be regarded as more accurate, this correction 
not being obtainable with great accuracy. The conclusion 
was however practically identical with the above. We thus 


18 a More penetrating radiation. The most penetrating 
Portion of this is about twice as intense as the corresponding 


radiation from substances of the H-S group. 


see that mixed with the homogeneous radiation from copper 
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The radiations from other elements of the Cr-Zn group 
have not been examined so minutely as that from copper, 
but it has been seen that these also contain a small quantity 
of a more penetrating radiation which is probably scattered 
radiation. This more penetrating radiation was more evident 
in the radiation from thick iron, probably because the homo- 
geneous iron radiation being very absorbable emerges from 
a thinner surface layer, while a scattered radiation emerges 
from greater depths than in the metals of higher atomic 
weight owing to the greater transparency of iron than sub- 
stances of higher atomic weight. Consequently the scattered 
rays—if we may assume them to be such—are in reality 
from a much greater mass of iron than the homogeneous 
rays, and produce more than their appropriate portion of 
the total ionization. 

It may be objected that in this case the radiation was 
transmitted through a second substance Al, and may have 
contained a considerable quantity of secondary radiation 
from Al of a kind not existent in the original radiation from 
copper. The production of a secondary radiation more pene- 
trating than the primary producing it is, however, contrary 
to all experience. i 

Energy.—The ionization produced by the secondary rays 
from one of the elements of this group has been shown to be 
enormous in comparison with that produced by the secondary 
scattered rays from an equal mass of an element of low 
atomic weight. From a sheet of copper ‘00067 cm. thick, 
absorbing 14 per cent. of the primary radiation, the secondary 
radiation produced an ionization in the detecting electro- 
scope 200 times as great as that from an equal mass of 
paper. Correcting for absorption of primary and secondary 
rays, the ratio of ionization produced by the rays from equal 
masses of copper and paper was approximately 300 : 1. This 
is considerably greater than would have been found if all 
the radiation absorbed had been simply scattered as an 
untransformed radiation. This, however, by no means gives 
us a measure of the energy of the secondary rays, for these are 
of much more absorbable type than the primary. The per- 
centage absorption by a thin sheet of aluminium is about 
five times as great for these secondary rays as for the primary. 
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If we assumed the same ratio for the ionizations produced 
in air by the two radiations if of equal intensity, we should 
be led to conclude that the energy of this homogeneous 
radiation is about 45 times that of the scattered radiation 
from an equal mass of paper, and about } the total energy 
absorbed in the copper *. 

Though it is impossible by such experiments to determine 
the energy with accuracy, we may safely conclude that the 
energy of the homogeneous radiation is many times greater 
than the energy of secondary radiation scattered from an 
equal mass of one of the light elements. 

Comparisons of the ionizations produced by the rays from 
other elements of this group have been made. They are all 
of the same order of magnitude. 

Distribution.—Ii has been shown by one of us that the 
secondary radiation from thick copper, when this is subject 
to a primary beam of ordinary penetrating power, is approxi- 
mately equally intense in a direction almost opposite to that 
of propagation of the primary and in a direction at right 
angles. As probably 98 per cent. of the ionization produced 
by the secondary radiation from thick copper is due to the 
homogeneous rays, this may be said to be the result for the 
homogeneous rays alone. | 

From thick iron, however, the radiation varied in intensity 
by an amount represented by the ratio 1-1: 1 in these two 
directions. But as we have shown, the heterogeneity of 
the radiation from thick sheets of iron is more marked, and 
this can be accounted for by the fact that from iron the 
homogeneous rays are very easily absorbed, consequently 
scattered rays emerge from a much thicker layer and appear 
in more than their normal proportion. The ratio 11:1 
verifies this by showing the presence of a radiation which is 
controlled by the electric field in the primary pulses. 

The result is of the order of magnitude that would be 
given by a mixture of scattered rays of about the same 


* The homogeneous radiation has been as-:umed to be distributed 
uniformly in all directions and the scattered radiation to be proportional 
to sin? Y, where 6 is the angle between the direction of radiation con- 
sidered and that of acceleration of the radiating electron. 

VOL. XXL 2p 
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intensity as found in the radiation from copper with the 
characteristic radiation uniformly distributed. 

Polarization Exvperiments——Though very careful experi- 
ments have been made with iron, copper, and zinc as 
secondary radiators placed in a partially polarized primary 
beam of Réntgen radiation, the secondary rays from these 
have not been found to give evidence of any polarity. Thus 
the intensity of secondary radiation in a given direction is 


independent of the position of the plane of polarization of . 


the primary beam producing the radiation ; in other words, 
the intensity of secondary radiation from members of this 
group is independent of the direction of electric force in the 
primary radiation. Again, this result may be taken as 
applicable to the homogeneous rays, as these constitute the 
bulk of the radiation from these metals. 

ficiency of Primary Rays as Secondary Ray Producers.— 
Although in addition to the relatively small amount of 
scattered radiation, rays of only one penetrating power were 
emitted by an elementary substance upon which a hetero- 
geneous primary beam fell, it was still possible that only one 
constituent (rays of one penetrating power) in each hetero- 
geneous primary beam was producing this radiation. It 
was therefore important to determine to what extent each 
constituent of the primary beam was effective in producing 
these secondary rays. 

To do this, a portion of the primary beam direct from the 
X-ray tube was sent through one electroscope while another 
portion was incident on a secondary radiator, some of the 
rays from which passed through a second electroscope.' The 
method was then simply to place absorbing plates in the 
primary beam before falling on the radiator, and to observe 
the extent by which the primary and the secondary radiations 
were reduced. It is obvious that the more penetrating con- 
stituents of the primary beam penetrate to greater depths 
than the absorbable constituents, and so are really trans- 
mitted through a greater mass than these. Hence, if two 
homogeneous constituents of primary radiation in passing 
through equal masses of radiating substance were equally 
efficient as secondary-ray producers, the radiation emitted 
by a thick plate would be produced principally by the more 


a =a — >. 
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penetrating constituents ; consequently an absorbing plate 
placed in the position indicated, would, by cutting off the 
more easily absorbed constituents, produce less diminution 
of the ionization in electroscope KE, than of that in E,. It 
was therefore necessary to use as the radiator a sheet of 
metal which would absorb very little of the primary radia- 
tion, so that even the deepest layers would transmit different 
constituents in proportions approximately the same as those 
transmitted through the first surface-layer. 

It was found that a sheet of Cu -00067 cm. in thickness 
when placed in the primary beam produced an absorption of 
only 14:5 per cent., as measured by the ionization produced 
in an electroscope. This was considered sufficiently thin for 
use asa radiator. The deflexions of the electroscopes were 
first observed when no absorbing plate was used. Aluminium 


TABLE VI. 


Radiation from Copper (thin sheet absorbing 14°5 per cent. 
of primary rays.) 


I. II. HI. IV. vV. 
Absorption Percentage 
Thickness | of Primary P t diminution of| Rautio of 
of Al by Cu eroenage | Secondary | Ionizations 


: f Prima : 
in Primary | (00293 cm.) | 2 ry by Al in Socondary 
min | after passing absorbed by All i. column I. | and Primary 


centimetres. | through Al oma, absorbing | electrosco 
in column I. Primary. (relative). 


2p2 
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plates of thickness shown in column I of Table VI. were 
placed in the primary beam, and the defloxions of the primary 
and secondary electroscopes were diminished by the amount 
given in columns III and IV. 

In fig. 2 the ionization produced by the primary beam in 
air is indicated by abscissze and that produced by the corre- 
sponding secondary beam from a thin sheet of copper as 
ordinates, when different portions of the primary beam have 
been absorbed. 
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As the secondary beam is practically homogeneous we have 
exhibited the relation between the ionization produced by a 
primary beam in the air, and its power of producing secondary 
rays in copper. We are thus led to the conclusion that the 
intensity of this homogeneous secondary radiation set up in 
a thin sheet of copper is proportional to the number of ions 
the primary beam would produce in a thin layer of air. 
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Thus if two beams of Réntgen rays, which in passing through 
a thin film of air would produce equal ionizations in that 
air, be sent through a thin sheet of copper, the intensity of 
secondary radiation produced on that sheet by one beam will 
equal that produced by the other, even though one is three 
or four times as penetrating to copper as the other one. As 
for such ranges of penetrating power as are possessed by the 
constituents of such a primary beam, the relative ionizations 
produced by those constituents in different substances are 
usually fairly constant, it is highly probable that the intensity 
of the homogeneous rays from copper is through wide ranges 
of penetrating power of the primary proportional to the ioni- 
zation which takes place in the copper, end is independent of 
the character of the primary producing it. 

It does not necessarily follow from this that the process of 
ionization produces thé radiation, but it seems to indicate 
that the energy of the homogeneous secondary radiation 
is, for such ranges in penetrating power, proportional to 
the energy of the primary beam spent in the process of 
ionization. 

When the primary radiation was transmitted through 
copper or iron before falling on the copper radiator, the 
ratio of intensity of secondary radiation to ionization pro- 
duced by the primary beam dropped slightly, showing that 
the radiation transmitted through these substances was less 
efficient as a secondary-ray producer in comparison with its 
power of producing ionization in air. This may have been 
due to the fact that in transmission through these plates, a 
gradually increasing quantity of secondary radiation from 
the plates was superposed on the primary. This being in 
"one case of the same penetrating power as the secondary 
emitted by the radiator, and in the other more easily absorbed 
than it, would not afterwards produce secondary rays in the 
copper (see later), When the radiation was absorbed by 
zine, the ratio remained fairly constant. This result would, 
on the corresponding theory, be due to the fact that the 
radiation from zine is slightly more penetrating than that 
from copper, consequently the zinc radiation acquired in the 
primary beam would be capable of stimulating a feeble 
secondary in copper. (See Table VII. p. 356.) 
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Taste VII. 
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Whatever may be the true explanation, these results show 
that the proportionality exhibited after absorption by alumi- 
nium is not general even when copper is the radiating 
substance- This result may be contrasted with the corre- 
sponding phenomena exhibited by the homogencous radiation 
from silver- In these experiments the homogeneous rays 

ary beam was made more absorbable 


disappeared when the prim 
and more efticient as an ionizer of air. The difference is 
nost certainly due to the fact that in the latter case the 


primary radiation passes from one more penetrating to one 
more easily absorbed than the secondary radiation charac- 
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emit a homogeneous radiation which can be detected. This 
appears to indicate no necessary connexion between ionization 
and radiation, but is not conclusive for various reasons. 

Special Penetrating Power.—In studying the absorption of 
these homogeneous radiations by a number of elements, it 
was found that the relation between the absorption by a 
given substance of the various homogeneous radiations from 
elementary substances and the atomic weight of those 
radiating substances was similar for all absorbing substances, 
except in the case of the radiating and absorbing elements 
being identical or possessing neighbouring atomic weights. 
Each substance appeared to be especially transparent to its 
own radiation, and to a less extent to that from elements of 
neighbouring atomic weight. 

The transparency of various elements to an ordinary 
heterogeneous beam of X-rays has been investigated by 
Benoist, who studied the phosphorescence produced by the 
beam after passing through absorbing substances. He com- 
pared the transparencies by finding the mass of a prism of 
absorbing substance of definite cross-section, which when 
placed in the path of the beam absorbed it by a definite 
amount. The relation between the transparency so defined 
and measured, and the atomic weight of the absorbing sub- 
stance was shown by a curve similar to that for paper given 
in fig. 3 (p. 358). It shows a rapid decline of transparency, 
with increase in atomic weight for low atomic weights, the 
rapidity of the fall of transparency diminishing with an 
increase of atomic weight. In the case of very soft rays 
this decline becomes a slight incline. 

By using thin plates of absorbing elements and testing by 
the ionization method the percentage diminution of intensity 
of the secondary beams by transmission through these plates, 
It was easy to calculate the thickness and hence the mass 
per unit cross-section necessary to absorb a given proportion 
—in this case 75 per cent. Some of these results we have 
given in a previous paper (f)*. They show that in place of 
the usual relation between transparency and atomic weight 
there is a strongly marked deviation in each case in the 


In the paper referred to the numbers given in Table II. represent 
mass ın grammes, not thickness in centimetres as stated. 


358 DR. C. G. BARKLA AND MR. C. A. SADLER ON 


neighbourkood of tl:e aton ic weight of the radiator, the rays 
from an element being especially penetrating to that element 
and to a less extent to elements of neighbouring atomic weight. 

That this special penetrating power is not due to the con- 
stituent easily absorbed by the radiating substance having 
been sifted out before emergence through the surface layer 


TRANSPARENCY. 


0 (0) 
ATOMIC IEICHT OF ABSORBER 


might be inferred from the fact of its homogeneous character, 
unless of all the constituents in the radiation as emitted from 
the atom itself this was the only one transmitted through 
even fairly thin layers of the substance. But we find other 
secondary rays transmitted with almost the same facility. 
We may conclude, therefore, that it is not merely from the 
surface of relatively thick sheets that the radiaticn emerges 
in a homogeneous state, but that it is so emitted by the 
atoms themselves. The special power of penetration is thus 
a specific property of the secondary rays and does not appear 
to be due to previous selective absorption. 
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Tertiary Rays.—Some of the most interesting phenomena 
in connexion with these homogeneous rays were those shown 
by experiments made in order to investigate the special 
penetrating power of these rays. 

When the characteristic homogeneous radiation from iron 
was passed through a thin sheet of copper—a substance 
whose characteristic radiation is of more penetrating type— 
it was partially absorbed, and the transmitted ‘radiation 
appeared unchanged in character. 

When, however, the radiation from copper was passed 
through iron there was superposed on the copper radiation a 
considerable quantity of iron radiation; when the thickness 
of the absorbing plate of iron was sufficient to produce almost 
complete absorption, the bulk of the transmitted radiation 
was iron radiation. 

Similar experiments were made on copper and zinc. The 
radiation from the former, which is more absorbable than 
that from the latter, when passed through zinc was trans- 
mitted without admixture of other radiations, but when the 
radiation from zinc was transmitted through copper it became 
more like the copper radiation. The effect was not so well) 
marked as in the case of the transmission of copper radiation 
through iron. 

Thus a characteristic homogeneous radiation was emitted 
by a metal when the primary beam to which the metal was 
exposed was of more penetrating type than the characteristic 
radiation. When the primary was of a more absorbable type, 
this characteristic secondary radiation was not emitted *. 


Ag-I Grovp. 

When subject to primary beams of moderate penetrating 
power such as those used in these experiments, the elements 
of atomic weights from that of silver to that of iodine are 
exceedingly susceptible to small changes in the penetrating 
power of that primary radiation, both as regards the character 
and the intensity of the secondary rays that they emit. This 
is indeed the most remarkable feature of this group of 
elements. 

Silver and tin are the only elements of this group which 

ave been examined in any detail, but they appear from 
* Details of these experiments will be given later. 
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superficial observation to be typical of the whole group. 
In previous papers it has been shown that the radiation from 
these two when subject to a primary beam of only moderate 
penetrating power, is not ascattered radiation like that which 
proceeds from elements of the H-S group, for it differs 
much more in penetrating power from the primary producing 
it than the radiation from the elements of that group, though 
not so much as the radiation from Cr, Fe, Cu, &c. The 
radiation does not exhibit the polarity of a primary beam 
where such exists, and it is not distributed in the manner of 
the radiation from substances of low atomic weight, the in- 
tensity in a direction almost opposite to that of primary 
propagation being approximately equal to that in a direction 
at right angles. It was not possible, however, to perform 
this experiment with anything like the degree of accuracy 
with which it was done in the case of the radiation from Fe, 
Cu, &c., because the ionization produced by the secondary 
beams from Ag and Sn was much less intense. 

Secondary Scattered Rays.—Experiments with the softest 
rays procurable from an X-ray tube of ordinary type, how- 
ever, considerably simplified the secondary radiation, for it 
was found that the secondary rays from silver then differed 
very little in penetrating power from the soft primary. 
When the intensity of secondary radiation set up by a 
powerfully polarized primary was examined in the two 
principal directions at right angles, it was found that it 
varied by approximately the same amount as that from 
elements of the H-S group, thus exhibiting the same per- 
fection of scattering. When tin was examined in the same 
way, the variation in intensity was found to be about half 
that exhibited by the rays from paper and from silver. Thus 
by using a very soft primary radiation, an almost purely 
scattered secondary radiation was emitted by silver, and a 
radiation consisting of a large proportion of scattered rays 
was emitted from Sn. 

To compare the intensity of this scattered radiation from 
silver with that from elements in the H-S group, the 
ionization produced by the secondary radiation from a thin 
sheet of silver ‘00064 em. thick was compared with that 
produced by the radiation from paper. The masses of silver 
and paper emitting the secondary rays were ‘2695 gr. and 
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2°72 gr. respectively. The relative ionizations produced by 
the secondary rays from these were 148 and 280. From 
other experiments on the absorption of the primary beam by 
sheets of silver and paper of different thicknesses, it was 
estimated that about 60 per cent. of the silver radiation and 
75 per cent. of the paper radiation was transmitted through 
the surface layer. The intensities of radiation froin these 
masses were, therefore, in the ratio 37: 56 approximately. 
From equal masses this was 37 : 5:6, or 6:5 : 1 approximately. 

As the primary radiation incident on silver became more 
penetrating, the ionization produced by the secondary rays 
increased enormously, the variation of intensity in the two 
principal directions at right angles to that of propagation of 
the primary rays gradually decreased from its original 
amount—about 14 per cent.—until it was inappreciable, 
though with the same primary the variation in the intensity 
of radiation from carbon had only dropped to about 6°5 per 
cent. The evidence of polarity of the primary given by the 
secondary rays from silver thus disappeared, while that given 
by the rays from carbon simply decreased from 14 per cent. 
to 6°5 per cent. It should, however, be noticed that the 
ionizing effect of the secondary rays from silver increased 
considerably, and when the evidence of polarity disappeared 
the total secondary ionization had increased about tenfold, 
so that such an effect would have been produced by the 
superposition of the homogeneous radiation, like that emitted 
by Cu, Fe, Zn, &c.; for such a radiation gives no evidence 
of polarity in a primary beam, being uniformly distributed 
around that beam *. 


* An early experiment by one of us on the radiation from tin (e) 
indicated that the scattered radiation was not emitted in even the 
intensity that could be given by an element of the H-S group. The 
experiment was performed by comparing a very penetrating portion of 
the radiation from tin with that from paper. There are possibilities 
which make such an experiment inconclusive, and we feel that it requires 
verification. If the numerical values for the polarization given in 
Table VIII. (p. 862) could be taken as strictly accurate throughout, we 
should be led to conclude that the evidence of polarity disappeared more 
rapidly than could be accounted for by mere superposition of the homo- 
geneous radiation, but the measurements in the final stages were too un- 
certain for such a conclusion to be based on them. We have, therefore, 
no conclusive evidence of a disappearance of the scattered radiation. 
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The evidence of polarity of the primary given by the 
radiation from tin disappears for even softer primary rays 
than in the case of silver. This must be connected with the 
fact that the characteristic homogeneous radiation from tin 
is less penetrating than that from silver, and is set up by a 
less penetrating primary radiation. It thus appears earlier 
in the process of hardening the primary and swamps the 
effect of the scattered radiation sooner. 


TaB_eE VIII. 


ee 


II. IIT. 


I. 
| Percentage Variation of 
| Ratio of Ionizations in intensity of Secondury 
Absorption | Secondary and Primary radiation exhibiting polarity; 
of Primary electroscopes. of Primary bean. | 
by 01 Al. 7 ie m a 
O radiator. | Ag radiator. | C radiator. | Ag radiator. | 
35:5 ‘803 "180 14 115 
32°6 ‘310 "359 10 95 4°45 
32:3 “318 "305 129 62 | 
32-0 B15 “369 129 45o 
30) : “349 ‘821 9°9 28 ! 
29-4 353 BH 96 245 
286 | 364 1:12 915 9 
239 | 30 1:35 T5 |o 
273 | 405 1:62 7 45 


256 | 425 182 65 0 


Homogeneous Rays.—An analysis of the radiation from 
silver similar to that made of the radiation from elements of 
the Cr-Zn group shows that when the primary radiation is 
moderately penetrating, such a homogeneous secondary radia- 
tion constitutes the bulk of the rays emitted. Absorption 
by thin sheets of aluminium showed slight heterogeneity at 
first, such as would be evident if the scattered radiation were 
superposed on the more penetrating homogeneous radiation. 
After the absorption of this more easily absorbed scattered 
radiation the remainder appeared perfectly homogeneous. 

The contrast between the constitution of the copper and 
silver radiations is shown by the curves given in fig. 1 (p. 345). 
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In the copper radiation the homogeneous rays are more easily 
absorbed than the scattered rays, so the curve is initially 
horizontal and finally slopes downwards. In the silver 
radiation the scattered rays are on the average more easily 
absorbed than the homogeneous rays, consequently the curve 
dips initially and finally becomes horizontal. The absorp- 
tions at successive states are shown in the following tables. 
With these results may also be contrasted those obtained for 
the scattered radiation from paper. 


TANE Ix —Radiation from Silver (thick). 


Percentage diminution | Percentage diminution 

Thickness of Al placed | of Ionization produced by’ of Ionization by Second- 
in Secondary beam Secondary rays by trans-| ary rays duo to absorp- 
from Ag. mission through Al in | tion by further sheet of 


| column 1 | AL (0208 cm.) 
| 0 | 0 | 159 
| 0104 em. 92 | 148 
0208 ,, 16 138 
0574 ,, BT 13-1 
124 ,, 58 13:5 
182, : 7 14 
263, 82-5 13-6 
387 92 13°8 
526, 97 14-2 
0 0 16 
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TaBLE X.—Radiation from Paper. 


Percentage diminution | Percentage diminution 
Thickness of Al placed | of Ionization produced by of Ionization by Second- 
in Secondary beam | Secondary rays by trans- ary rays due to absorp- 


from Paper. mission through Al in , tion by further sheet of 
column 1. Al (0208 cm.). 
0 0 28-1 
0104 cm. 13-7 | 20:9 
0208 ,, 28 17:4 
0574 ,, 475 | 10:9 
182 7 58 
5B yp &S | 2:5 
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W-Bi Grovp. 

The radiations from the elements with atomic weights from 
that of tungsten to that of bismuth have not been examined 
minutely. They, however, appear to be very similar to the 
rays from Cu, Zn, &. The ionization produced hy these 
rays is of the order of magnitude of that produced by the 
rays from elements of the Cr-Zn group ; but there appears 
slightly more variation in the character due to changes in 
the primary rays. 

Though accurate observations have not been made, it appears 
probable that the radiation is a mixture of the scattered with 
the homogeneous rays, the proportional effect of the scattered 
being greater than in the radiation from Cu, Zn, &e. 


Conclusions. 


Secondary Réntgen rays of two distinct types are emitted 
by substances subject to a beam of X-rays. One, a scattered 
radiation produced by the motion of electrons controlled by 
the electric force in the primary Röntgen pulses, has been 
dealt with in previous papers by one of us, and has been 
further discussed in this paper with the H-S group of 
elements. The other, a homogeneous radiation characteristic 
of the element emitting it, and produced hy the motion of 
electrons uncontrolled by the electric force in the primary 
pulses, has been but briefly mentioned. 

All the phenomena of secondary X-rays so far observed by 
us may be explained by means of these two. 

The experimental results of these investigations, both on 
the scattered radiation and the homogeneous radiation, are 
summarized below. In order to make the summary more 
complete, we have introduced several resuits which have 
been previously published. The references for these 
are given. 


Experimental Results.—Scattered X-rays—those produced 
by the motion of electrons controlled by the primary pulses— 
constitute the bulk of the secondary radiation from elements 
of the H-S group when these are subject to a primary beam 
of low to moderate penetrating power. 

Scattered X-rays are also emitted by many elements of 


a 
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higher atomic weight—probably by all—when subject to 
such a primary beam ; but unless the primary is very soft 
they are accompanied by homogeneous secondary X-rays 
(characteristic of the radiating element) which produce 
much greater ionizations. 

The law of intensity of these scattered rays which holds 
for elements of the H-S group—that the intensity of radiation 
from an atom is proportional to its atomic weight—cannot 
be extended to include the elements of higher atomic weight. 
From some elements at least the intensity is greater than 
would be given by this law. 

The scattered radiation from some elements whose charac- 
teristic homogeneous radiation is of comparatively penetrating 
type has been obtained free from admixture with this 
homogeneous radiation by the use of a primary beam 
consisting of less penetrating rays than the characteristic 
secondary. 

Those scattered radiations not thus isolated have been 
accompanied by a homogeneous radiation more easily absorbed 
than the primary radiation producing them. 

We have obtained no conclusive evidence that the relative 
intensity of secondary scattered and primary radiations 
changes with the penetrating power of the primary rays. 


All elements of atomic weight greater than that of sulphur 
which have been examined emit a homogeneous secondary 
radiation when subject to a primary beam of X-rays of 
ordinary penetrating power. Cr, Fe, Co, Ni, Cu, Zn, Ag, 
have been examined. All other elements whose secondary 
radiations have been examined less minutely appear similar 
in this respect. 

The penetrating power of this radiation from each element 
examined has been found independent of the intensity or the 
penetrating power of the primary radiation producing it; it 
ìs characteristic of the element emitting it. 

The penetrating power of this radiation is a periodic 
function of the atomic weight of the radiating element (e). 

The lonizing power of this radiation and almost certain] 


its energy is usualiy very much greater than that of the 
scattered radiation. 
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The homogeneous radiation has invariably been found more 
easily absorbed than the primary radiation producing it. 

In all cases, when a primary was used which was softer 
than the characteristic homogeneous radiation, this radiation 
was not emitted. Also there is reason (from the curve con- 
necting absorbability of a secondary radiation and the atomic 
weight of a radiator) for believing that those elements H-S 
which do not under ordinary circumstances emit such 
radiation, possess a characteristic radiation which is more 
penetrating than any primary beam used. 

The intensity of this homogeneous radiation from copper 
is for a considerable range in the penetrating power of the 
primary merely proportional to the ionization produced by 
that primary in a thin film of air and is otherwise independent 
of the penctrating power of the primary. This is not 
general, as in many cases—probably all—the homogencous 
radiation disappears when the primary radiation becomes 
more absorbable. 

The intensity of the homogeneous rays in a given direction 
does not depend appreciably on the position of the plane of 
polarization of primary beam producing them. 

The intensity of this radiation in a direction approximately 
opposite to that of propagation of the primary beam producing 
it, is within the small errors of experiment equal to that in a 
direction at right angles (g). 

This radiation is specially penetrating to the element which 
emits it and to a less extent to elements of neighbouring 
atomic weight (f). 

The fraction of the homogeneous rays from one element— 
copper—scattered by air, is the same as that for X-rays 
proceeding direct from an X-ray tube (within experimental 
errors) (b). 

The absorbability of the secondary rays from copper which 
are scattered by air—tertiary rays—is the same as that for 
the direct secondary (b). 

Theory. 

The theory of the scattered X-rays has been dealt with in 
various papers, and the experimental evidence in support of 
that theory—briefly referred to in this paper—is so over- 
whelming that it need not be further discussed here. 
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lt is important, however, to consider the evidence we have 
regarding the nature and origin of the homogeneous rays, 
which are characteristic of the elements emitting them. 

The fact that the homogeneous secondary rays from copper 
are scattered by air in approximately the same proportion as 
the primary rays proceeding direct from an X-ray tube, and 
that the absorbability of these scattered rays is the same as 
that of the direct secondary rays, is strong evidence that they 
are of the nature of X-rays, for neither the observed intensity, 
uor the scattering without degradation, would have been ex- 
pected on any corpuscular theory, whereas they are in perfect 
harmony with the ether pulse theory. 

The relation between the absorption of a mixture of the 
homogeneous rays from a number of elements by various 
elements and the atomic weight of those absorbing elements 
is also very different from that found for any material 
radiation, while it is very similar to that obtained by experi- 
ments on a beam of Röntgen rays *. 

The special powers of penetrating certain substances are 
such as have not been observed and are difficult to conceive 
of on any corpuscular theory. 

Neither electrostatic nor magnetic deflexion of these rays 
has been observed. 

Finally, the fact that the homogeneous rays are invariably 
produced by primary rays of more penetrating type, yet not 
necessarily more than just on the more penetrating side, 
appears some of the strongest evidence in favour of similarity 
in type between the primary and secondary rays. If the 
natures were different, the penetrating powers would represent 
totally different physical facts, and such connexion between 
them would be inconceivable. We can only conclude from 
consideration of this evidence that the nature of the homo- 
geneous rays is similar to that of the primary X-rays. 


As the homogeneous rays are of the nature of Röntgen 
rays, we must conclude that the radiation is set up by distur- 
bance of electrons produced directly or indirectly by the 
passage of the primary pulses. That this motion of electrons 


* Details of these experiments have not been given. 
VOL, XXI. 2E 
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is not controlled by the electric forces in the primary pulses, 
is proved by the equality of the intensities of radiation in a 
direction approximately opposite to that of primary propa- 
gation and one at right angles, by the absence of evidence 
from the secondary rays of polarization of a primary beam 
in which such polarization exists, and by the absence of 
dependence of the penetrating power of the secondary beam 
on that of the primary. 

The forces called into play which produce the accelerations 
resulting in radiation cannot then be directly due to the 
electric displacement in the primary pulses, but must be those 
called into play in the atom itself. The two possibilities that 
suggest themselves are that the radiations result from a dis- 
turbance of the atom, which quickly recovers its normal 
configuration, or that it is produced when the equilibrium of 
an atomic system is destroyed and forces of unusual magnitude 
are called into play. 

The homogeneity of the radiation and its independence of 
the primary rays suggest a regularity in the motion which is 
characteristic simply of the atom ; and although the relation 
between intensity of secondary radiation from copper and 
ionization produced by the primary in air is striking, it does 
not follow that the radiation is due to ionization in the 
radiating substance. Indeed, this appears highly improbaole, 
for the homogeneous radiation disappears when the primary 
radiation is made “ soft” and appears in great intensity when 
the primary is “hard.” 

If, then, the radiation were emitted simply during the 
process of ionization and were proportional to it, a soft 
primary radiation would produce little or no ionization and 
a more penetrating radiation—(that is one more penetrating 
to most substances)—would produce an ionization at least 
hundreds of times as great. Though experiments have no 
been made on the ionizations produced in these substances 
investigated, such variations in ionization are of a higher 
order of magnitude than any observed. Again, ioni- 
zation is undoubtedly produced in substances of the H-S 
group of elements when homogeneous rays are not emitted 
in appreciable intensity. We, however, do not know anything 
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of the homogencous rays from these substances except that 
they are probably of penetrating type. 

The relation between the absorption of a primary radiation 
and the intensity of secondary radiation emitted by the 
absorbing substance, also shows that the emission of homo- 
geneous radiation necessitates a special absorption of the 
primary beam. Also, as far as we can estimate from experi- 
ments made, the energy of the homogeneous radiation is more 
than accounted for by the special absorption necessary to the 
production of that radiation. 


Aromic WEIGHT OF RADIATOR 


Thus in fig. 4 we have plotted the coefficients of absorption 
of rays from Fe, Co, Ni, Cu, and Zn by Al, Zn, Ag, Sn, Pt 
In each case the radiations absorbed are not—if we generalize 
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These results show that a substance whose characteristic 
radiation is equally or more penetrating than the radiation 
incident upon it, does not absorb that radiation so much as 
when the incident is of more penetrating type and able to 
stimulate a secondary radiation in that substance. As the 
penetrating power of the incident radiation (as measured by 
most substances) increases, the absorption increases up to a 
certain point. A definite portion of the absorption thus 
appears to be connected with the secondary radiation, and 
may be proportional to it. But this does not conclusively 
show that ionization, or some kind of disruption in the atom 
is not the cause of the radiation, for the absorption of a 
certain amount of energy of the primary beam might be 
required to produce the instability which liberates more 
energy. 

The facts that the homogeneous rays have invariably been 
found more easily absorbed than the primary rays producing 
them, and, in the cases investigated, that the homogeneous 
rays disappear when the primary becomes more easily 
absorbed, indicate a relation between primary and secondary 
which would be difficult to explain if this radiation were 
directly due to a disruption of any kind taking place in the 
atom. It appears rather that the radiation is due to what 
may be regarded as quite a normal behaviour of an atom 
after it has been passed over by Röntgen pulses, such as a 
free vibration of electrons. 

Let us consider the passage of an electromagnetic pulse, in 
which the electric field is undirectional, over an electron 
with a free period of vibration much longer than double the 
time taken for the pulse to pass over it. (In this case the 
Réntgen pulse is thinner and more penetrating than the half- 
wave produced by the free vibration of the electron.) The 
electron receives an impulse and is left with kinotic energy 
after the pulse has passed. Consequently itis then acted upon 
by forces called into play in the atom itself. These produce 
a motion which is characteristic of the atom of which the 
electron forms a part, and this results in radiation—probably 
the homogeneous radiation discussed in this paper. 

When the thickness of the primary pulse approaches the 
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half-wave length characteristic of the vibratory motion of the 
electron in the atom, the restoring force in the atom is brought 
into play before the primary pulse has passed and the absorption 
of energy and energy of subsequent radiation are diminished. 
This explains the diminished radiation when the penetrating 
power of the primary decreases and approximates to that of the 
radiation characteristic of the radiating substance. When the 
primary pulse is thicker than the half-wave characteristic of 
the motion of the electron, the electron is displaced a short 
distance and is gradually brought back by the restoring force 
against a gradually weakening electric force in the primary 
pulse, so that when this has passed, the electron is near its 
position of equilibrium again and the motion and radiation 
produced in the other cases are now absent. It is impossible 
to give an exact solution without some knowledge of the 
distribution of electric force in the primary pulses, of the 
forces binding the disturbed electron to the rest of the atomic 
system, and of the structure of that system; but we may 
consider this to be an approximation to the behaviour of each 
electron directly concerned with the phenomena discussed. 
The number of such electrons may not exceed one in each 
atom of radiating substance. 

According to this theory, energy is taken from the primary 
beam and part, at least, appears as secondary homogeneous 
radiation, the rest being transformed into heat. 

As the energy of this radiation is quite a considerable 
fraction of the total energy absorbed, we should expect that 
the difference between absorptions of primary rays more or 
less penetrating than the radiation characteristic of the 
absorbing element would be evident from a study of the 
absorption of the various homogeneous beams. But we have 
seen that there is a large absorption of a homogeneous 
radiation hy an element which emits a much more easily 
absorbed radiation, because much of the energy is given to 
the electrons ; that for other elements which emit a radiation 
only slightly softer, the absorption is much diminished because 
only a feeble disturbance and consequent secondary radiation 
is set up in the absorber; and when the radiation charac- 
teristic of the absorbing substance is more penetrating than 
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the absorbed radiation, the absorption is small and no homo- 
geneous secondary radiation is produced. Thus what we have 
previously referred to as the special penetrating power of the 
homogeneous radiations may be explained by the small 
displacement produced in an atom by a radiation more easily 
absorbed, equally absorbed, or slightly more penetrating than 
the radiation characteristic of that atom, for reasons 
indicated. 

Though according to such a theory, if the displaced electrons 
were merely held by a body of much greater mass, we 
should expect the emission of wave-trains instead of pulses, 
yet if the atomic system consisted of a number of interacting 
electrons, the energy of vibration would be rapidly commu- 
nicated to other parts of the system and the motion of the 
displaced electron would be little more than half a complete 
vibration. The resultant radiation would in that case behave 
much as a number of isolated pulses. 

An explanation on the disruption theory would be similar 
in many respects, but the displacement of electrons would on 
such a theory be sufficient to destroy the equilibrium of the 
atomic system and produce some change in its structure. The 
evidence against this is perhaps not conclusive, but there is no 
indication from the energy of secondary X-radiation of such 
a phenomenon, and the relation between the primary and 
secondary radiations points rather to the latter being due to 
the motion of the atomic system in regaining its normal 
configuration. 

George Holt Physics Laboratory, 


University of Liverpool, 
30th May, 1908. 
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XXIV. On the Coeficient of Diffusion. By Basi W. Ciack, 
B.Sc., Lecturer in Physics at Birkbeck College”. 


[Plate XXIII.] 


1. Introduction. 
§ 2. Theory. 
3. Apparatus. 
§ 4. Method of Experiment. 
§ 5. Determination of Concentration. 
§ 6. Determination of ĝ. 
§ 7. Results tor KCl and KNQ,. 
§ 8. Earlier Method of Experiment [Method A}. 
§ 9. Length of the Tube. 
§ 10. Conclusion. 
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nations nor of chemical analyses is required to obtain the 
amount of diffusion which has taken place. 

The method may be looked upon as an extension of that 
employed by Fick (Pogg. Ann. xciv. p. 59, 1855) and by 
Graham, but the method of obtaining the quantity of salt 
diffused is essentially different, as they determined this amount 
by chemical analysis. 

Again, it does not appear that Fick took any account of 
the effect of the movement of the liquid along the tubo, 
mentioned in the next section, on the quantity diffused. 
Although this omission would produce less effect in his 
method than in that about to be described, it would never- 
theless cause a measurable difference in the calculated value 
of the coefficient of diffusion. 


2. Theory. 

In the diagram (fig. 1) let A represent a spherical vessel, 
to the upper side of which is fitted a vertical tube D of unit 
cross-section. 

Suppose the bulb A and the tube 
D to be initially filled with a salt 
solution of uniform density, and to 
be suspended ina vessel containing 
pure water. Further, let it be 
assumed that the upper end of Dis 
maintained in contact with pure 
water, and that the concentration 
of the salt solution at the lower 
end is also kept constant. 

Under these conditions the salt 
will commence to diffuse up the tube D, and ultimately the 
diffusion current thus commenced will be found to become 
uniform. 

Now when the steady state has been attained the quantities 
of water and of salt in tube D remain constant, and in dealing 
with variations in volume and weight we may confine our 
attention to the bulb A. When salt leaves A the volume of 
the liquid originally in it will decrease, since in general the 
addition of salt to water increases the resultant volume. 
Hence some of the water outside A will enter the apparatus 
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on account of this decrease in volume, with the result that 
as the salt diffuses up the tube D it meets a current of liquid 
which continually passes downwards, and which is due to the 
decrease in yolume mentioned. 

The weight of the suspended bulb A will decrease on 
account of the salt which leaves it, and will increase owing 
to the water which enters, and the resultant loss in weight is 
equal to the difference between the two. 

Let d=density of solution at a point l cms. from top of 

tube D 
v=velocity downwards at the same point. 
n=concentration in gms. per c.c. at the same point. 
vp, = velocity downwards at top of tube where /=0. 
N=concentration in gms. per c.c. at the end of tube 
where l= 
With the degree of accuracy obtained in the present work, 
vee roiüd sufficiently correct to assume d=1 +an where a 
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sponding movement downwards will take place in the liquid 
in the tube D. The amount of water which enters the bulb 
owing to this movement may be calculated as follows :— 


Mass of water in 1 c.c. of solution at bottom of tube D 
= density of solution at bottom minus concentration 
of solution at bottom. 


=l1+aN—N, 
=1—(1-—a)N, 
=1—iN. 


Let ô= the ratio of the increment in volume produced to 
the increment in the mass of salt dissolved, for a solution of 
the strength employed in the bulb A; i. e. the increase in 
volume produced when 1 gram of salt is dissolved in a 
solution of the given concentration, the amount of the solution 
being so great that the addition of the salt makes no appre- 
ciable change in the concentration. The mass of water which 
enters the bulb due to a small diminution (dm) in the mass 
(m) of salt in the bulb 


=ò x (1—UN)dm. 


On integrating, the mass of water which enters the bulb 
due to a given diminution 


=| “8x (L—IN)dm. 
e ni 
Strictly both ô and N are functions of m, but the change 
in m is so small that they may both be taken as constants ; 
thus the integral is equal to 


ò x (L1—bN)(m—m;). 
Now in one second (m— m )=c¢. 
Hence the mass of water entering the bulb per second 
=6x(1—UN)e. 
Now the decrease, i, in weight per second of the bulb 


= the weight of salt leaving per second minus the weight 
of water entering per second ; or in symbols 


i=c—cd(1—DN), 
i 
~ 1—8(1—AN)’ 


1. @, c 
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Again, the volume of water entering per second, cô, ig equal 
to the Velocity of the liquid at the bottom of the tube 
=i " * + e (from i) 
. vN _NS _ 
+ 35 = (1-8). 


n the bracket in equation iii, js 
ll; hence this equation is written 
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The Sartorius balance used was mounted upon a slate 
shelf firmly cemented into the stone wall of the laboratory. 

Two holes were sand-blasted through the base of the 
balance-case, and a light frame, f f, passed through them as 
shown, and to this was attached a fine wiro w which, passing 
through a third hole, in the slate shelf, sustained the appa- 
ratus already described. The movement of the balance beam 
was limited by means of stops shown at 8, so that the pcinter 
could only move over 1 scale-division, and the vertical 
movement which this permitted to the suspended system 
was only ‘12 mm., so that any disturbance which might 
arise from this small and very slow movement will be quite 
negligible. 

4. Method of Experiment. 

As the salt diffuses up the tube, the stronger solution in 
the upper larger bulb, B, sinks by gravity, by means of the 
side tubes ¢ t, and maintains the initial concentration of the 
solution at the lower end of the tube D; while the upper 
end is in contact with such a large volume of water that it 
may be considered to remain practically pure. The con- 
ditions studied in § 2 thus apply, and as diffusion proceeds 
the weight of the suspended system will decrease. If, then, 


Fig. 3. 
{i 
M Ž ~ $ 
m Eb 
G 8 f 
jt 
E 


a slightly deficient weight be placed in the opposite scale- 
pan, the beam will turn until it reaches the supports. As 
time proceeds, however, the weight of the apparatus will 
ultimately become equal to that on the balance-pan, and the 
pointer will move to the zero of its scale. An automatic 
device was designed which would register the exact time at 
which this occurred. A very fine platinum wire P (fig. 3) 
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was soldered on to the lower end of the balance-pointer, and 
when the beam is in equilibrium, P makes contact with a 
fine strip of platinum-foil F, suitably mounted opposite the 
zero of the balance-scale. A delicate phosphor-bronze strip 
Q, such as is employed for galvanometer suspensions, served 
to connect the upper end of the pointer to a battery E, which 
was connected in series with a mercury lever-switch K, and 
an electromagnetic trigger M. 

On contact being made between P and F the armature of 
the trigger is attracted, thus allowing a light wooden lath L, 
which is resting upon the trigger, to fall. This lath is 
pivoted at G, and is provided at this end with a flexible 
copper strip a, which, as the lath falls, is brought into con- 
tact with the balance-wheel of a common alarm-clock, from 
which the back has been removed, and which is suitably 
placed on the table. 

The clock is thus stopped at the exact time at which the 
pointer reached the zero of the balance-scale. 

In its fall another copper strip b, attached to the lath, 
knocks over the mercury switch K, and thus breaks the 
electric circuit. 

The time recorded by the clock and the corresponding 
mass on the pan of the balance are recorded in tables, and 
from these the graphs following have been drawn. 

A slightly smaller mass is then placed on the pan, The 
lath is replaced on the trigger, the clock reset and restarted, 
and the key K switched on, and the whole process repeated. 
This method, involving the determination of the time required 
for a given decrease in weight to take place, has an advantage 
over the converse process, in that it causes far less disturbance 
in the solution, and hence it has been adopted in the present 
investigation. 

Another precaution which should be mentioned is that, the 
arrangement employed being extremely sensitive to changes 
in density, great care must be taken to prevent any but 
minute changes in temperature occurring in the solution. 

The large amount of damping introduced, and the effect of 
the surface-tension of the liquid, prevented any accurate work 
being done until the effect of a film of oil on the surface of 
the solution was tested. This greatly reduces the surface- 
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tension, and increases the accuracy of weighing to a re- 
markable extent. Of a large number of oils tested, Fleuss 
PuMp-oil was found to be superior to any of the others, in 
that it always remained quite fluid. 

As showing the effect of this oil-film a few figures might 

be quoted. 

The apparatus was filled with water and suspended in water 
at a constant temperature. If set in oscillation, in no case 
WCeuld the balance-beam make more than two swings, and 
the resting place varied in different attempts between 19 
arad 15 on the scale for the same mass in the pan. Two 
d rops of Fleuss pump-oil allowed to fall on the liquid near 

he suspending wire made a remarkable difference. Five 
furning-points could now be easily obtained, and assuming 
the ratio between any two consecutive deflexions to be con- 
stant, great consistency was found between the calculated 
Positions of the resting place of the balance. For example, 


Turning Points. Resting Points. 
20°38 3.9 10:0 
14:4 7$ 10:2 
11:5 10:1 

ee ae 10:2 
TT 10:3 
138 g 10-0 
11:0 


Now in the diffusion experiments the beam does not oscil- 
late, but slowly takes up its new position. The consistency 
obtained under these static conditions was tested, and the 
following is a sample of the figures obtained :— 


eee Pea 
I Mace on pan in gms.......... | 37:105 7:104 87:103 37:105 
Resting Point observed ... 2 | nə | 15 | ivo ~ 
Repeated. ! 
Resting Point observed ..., 100 12-0 


i 13:9 10-2 


= 1 
Moreover, it was found that the position of the pointer 
remained constant to within 1 scale-division for a week, the 
temperature being meanwhile kept at 0° C. by the i Hee 
ice-jacket. : : Sane 
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The sensitiveness of the balance under the actual conditions 
holding in a diffusion experiment was found from a large 
number of readings to be °00052 gm. per scale-division, i. e. 
a movement of 1 scale-division in the resting point was pro- 


duced by ‘00052 gm. 


5. Determination of the Concentration. 


Sodium chloride and potassium chloride prepared by 
Kahlbaum, of Berlin, were the first salts experimented upon. 
Solutions were prepared of approximately 0°2 gm., 0°1 gm., 
and 0:05 gm. of salt per c.c. of the solution, and in each case 
a check experiment was carried out to ensure experimental 
consistency. The concentration of these solutions was deter- 
mined in most cases by three different methods: (1) From 
the density, making use of the results given in the Physzkaltsch- 
Chemische Tabellen, published by Landolt and Bornstein; 
(2) Precipitation by AgNO; ; (3) Evaporation to dryness 
in a platinum crucible. 

The results obtained by all three methods usually agreed 
to within less than 1 per cent., as the following figures will 
show :— 


Values of N in gms. of KCl per c.c. of Solution at 0° C. 


| 

Solution ...... 2. | 3. | 4. | 6. 6. T | 
By Density ......... 1990-1009 "1004 | -05122 | 05147 | 05106 
By Precipitation ...|-1989' ... | 004 05128 | 05106 | -05092 
By Evaporation ...,°1988 ‘1008 |:1004 , 05100 | 05097 | 05113 
‘1004 | ‘05117 | -05117 | -05104 


Mean ......... "1989 : "1008 


‘The densities were obtained in the first place at the tem- 
perature of the laboratory; but the concentrations have been 
calculated at 0° C., the temperature of the experiments, by 
means of a determination of the absolute coefficient of expan- 
sion of the several solutions over this range of temperature, 
using for this purpose apparatus identical in principle with 
that employed by Dulong and Petit for a similar purpose. 


COEFFICIENT OF DIFFUSION, 383 


6. Determination of 6. 

It has been long known that when salts enter into solution, 
a change usually takes place in the volume occupied by the 
solvent. 

F. Kohlrausch and Hallwachs (Wied. Ann. liii. 1894, p. 1) 
and Thomsen have studied these phenomena and haveestimated 
the change in volume produced in several cases by the deter- 
mination of the density of the solution formed, when a known 
mass of salt is dissolved in a known mass of water. W. F. 
Magie (Phys. Rev. xviii. 1904, pp. 449-452) and Macgregor 
have endeavoured to express in a formula the results obtained 
by previous experimenters. 

We have seen that in the present investigation the phe- 
nomena referred to play an important part, and have deduced 
an expression for & involving the knowledge of the change 
in volume which accompanies a slight change in concentration. 

Now 6 is not a constant, but varies with the strength of 
the solution, and according to Magie depends on the relation- 
ship existing between the volumes occupied by the dissociated 
and the non-dissociated molecules of salt. - 

Its value can be easily deduced from the published tables 
giving the density of salt solutions of known concentration. 


7. Results for KCl and KNQs. 

The accompanying graphs (Pl. XXIII.), which are num- 
bered in accordance with the order of the experiments, show 
some of the curves obtained by plotting the weight of the 
suspended apparatus against the time as abscisse. 

The curves suggest that the method is at any rate capable 
of giving fairly consistent results, and they indicate a dimi- 
nution in the coefficient of diffusion with a decrease in the 
concentration in the cases of both NaCl and KCl, a result 
which has been found by several other observers. 

The actual figures obtained in this work are omitted for 
the reason mentioned below. 

Before proceeding further, it was decided to test whether 
the outer vessel containing the salt solution was large enough. 
As the salt diffuses up the tube D the water outside becomes 
slightly denser, but the change in concentration is so small 
that it does not appreciably affect the quantity of salt diffused 
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up the tube; but the suspended apparatus has such a large 
volume, that a very slight variation in the density of the 
water outside has a considerable effect on the hydrostatic 
force upwards. When the earlier experiments were per- 
formed, the importance of this action was not fully 
appreciated. 

It is impossible to calculate the change in the buoyancy 
of the water, but there is no doubt that the heavier liquid 
will tend to sink to the bottom, and that then diffusion will 
tend to make the density uniform. Any variation in the 
density of the liquid below the suspended apparatus will 
produce no effect on its weight, and so it is an advantage to 
have as deep 2 vessel as possible; to have the suspended 
s as high as possible in the water; and to have the 
f the water as great as possible. 
gimilar to the preceding were carried out 
1, C C, shown in fig. 2, having also a volume 

bout twice that of the original one, and they proved that 
j first vessel was undoubtedly too small. For this reason 
the ber of results obtained with the earlier vessel must be 
a d. The results given below have all been obtained 


: vessel- 
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In order to test whether it was necessary to have a tube 
of extremely narrow bore three diffusion-tubes were prepared, 
each 4 cms. long, but of different cross-section, as shown in 
the table below. 

Using 10 per cent. KNO, solution, the following results 
were obtained using these tubes :— 


. iÅ x 108 , Mean value 
Experiment. Mean Slope. kx 10°. kx 105. L. A. | 
SEREA col REE EROE EN Ie 
16 eee.. 2 "Bk: 
ee alee } BH oo | 1694 | 
LP E "2159 "B45 
TS sssdeeiecsss 1294 836 
843 3:990 1:024 
| irarreras 1316 *850 } 
| 
PO) acing 0956 ‘852 
853 3:993 0:743 
2A EN 0959 "855 } 


The results obtained, using different tubes, do not vary 
more than the individual experiments on the same tube, so 
that for the present at any rate we may neglect any end 
correction to our tubes of 4 cms. length. The results also 
suggest that the vessel containing the water is large enough; 
for, although the quantity of salt diffused into the water 
varies considerably, the quantity in the last case being less 
than half that in the first, yet we get approximately the same 
calculated value for the coefficient of diffusion. 

The next table gives the results for 5 per cent. solution 


L=4-00 -ms.; A=1°694 sq. cms. N=gms. KNO, per c.c. solntion at 0° C. 


Experiment. N. tAx10% ; &x10°%. | Mean & x10". 
D vccssessceese. 0521 1174 870 
871 
ae 0521 1177 872 


Comparing this result with the value obtained in Experi- 
ments 16 and 17 shown in the previous table, we see that 
the coefficient of diffusion of KNO; increases as the concen- 
tration decreases, as was noticed by Scheffer in 1888, a 
phenomenon contrary to that which holds for KCl and NaCl. 

2Fr2 
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The results obtained with solutions of KCl are tabulated 
below. 


L=400 cms. A=1:6% sq. cms. N=gms. KCl per c.c. solution at 0° O. 


Experiment. | N. | iAx10* | &x108.| Mean &x108, | APProx. 


concentration. 
DA iirinn 1975 4748 966 
O72 20 p. cent. 
20: sinen "1975 -4810 978 
Pa EE EE "1034 2518 953 
054 10 p. cent. 
1, eiee 1021 ‘2491 ‘956 | 


8. Earlier Method of Experiment. 


It might be mentioned that a number of experiments were 
carried out by a somewhat different method, denoted in the 
following section as Method A. 

The diffusion apparatus, filled with distilled water, was 
inverted, so that the smaller bulb A (fig. 2) was uppermost, 
in a solution of the salt under investigation, thus allowing 
the salt to diffuse into instead of out of the apparatus, and 
the resultant rate of increase in weight was determined. 

Some of the results obtained with solutions of KCI by 
this method are given in the next table in order to indicate 
the agreement. 


L=4:00 oms. A=1:69% sq. cms. N=gwms. KC] per c.c. solution at 0° C. 


Experiment.| N. | 64x108 | &x10%| Mean 4x105. | APProx. 


concentration. 
E ETT "1997 "5729 1011 
1-009 20 p. cent. 
D EE 1997 5703 1:007 
lOc 1014 "2786 "952 
953 10 p. cent. 
O ee eee nee 1016 2799 955 


| 


If the results of Experiments 26 and 27 be compared with 
those of 10 and 11, it will be seen that the agreement in the 
ease of the 10 per cent. solution is almost perfect, but it is 
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not quite so satisfactory in the case of the 20 per cent. 
solution, for there is a difference of 3 per cent. The actual 
measurements are believed to be more accurate than this. 

Some of the difference may be due to uncertainty in the 
value of ò, but this would not produce so great an error as 
3 per cent. It may be that part of the difference is due to 
condensation of water from the air on the salt solution in 
Method A, so that part of the increase in weigh of the 
suspended apparatus may be due to the diminution of 
buoyancy of the solution, on account with its dilution with 
this condenced water. 

The error produced by this cause would probably not be 
great, but no quantitative experiments were actually carried 
out on the subject, as the experience gained in the research 
convinces us that the first method described in this paper is 
distinctly superior to Method A. 

For this reason no further experiments are being carried 
out by the earlier Method A. 

Some of the points in which the method mentioned in § 4 
shows superiority over Method A may be summarized. First, 
in this better method, the condensation of water mentioned 
above, instead of being harmful, is even somewhat of an 
advantage. ; 

Again, this method necessitates the preparation of much 
smaller amounts of solution ; then it requires much less 
manipulation in commencing an experiment, as the apparatus, 
filled with the solution and having the open tube temporarily 
closed by a thin glass plate, may be simply lowered into the 
cooled distilled water. 

Instead of this simple process, in the Method A in com- 
mencing an experiment, the solution under investigation was 
slowly run in through a glass tube passing to the bottom of 
the vessel C (fig. 2), while the distilled water, which is thus 
displaced, was removed from the top by means of a syphon. 
Great care was taken to ensure the complete removal of the 
water, so that the vessel C was filled with a solution of uniform 
density. : | 

Thus the whole of the suspended system remains filled 
with distilled water, but is immersed in a salt solution of 
uniform density, so that the diffusion-tube, initially filled 
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with pure water, is brought into contact at its lower end 
with a salt solution whose concentration, on account of 
the large volume present, may be considered to remain 
constant. 

Again, the better method enables an experiment to be 
repeated with precisely the same solution, so that the working 
details are much more under control. Moreover, it has 
another advantage in that greater accuracy is introduced in 
the determination of the quantity 6. 

It is only in very dilute solutions that the value of 6 is 
doubtful, and as only a very slight decrease occurs in the 
concentration of the solution inside the diffusion apparatus 
as the salt diffuses out, these very dilute solutions are not 
produced in this method. 

Since no experiments were made by Kohlrausch with 
solutions as dilute as those produced by the diffusion of the 
salt into the suspended apparatus in Method A, it was necessary 
to make a special series of experiments to determine the value 
of 6. Moreover, as the solutions were so dilute, it was thought 
advisable to use a larger flask than than that employed by 
Kohlrausch. In place then of his flask of about 130 c.c. 
capacity, one was taken having a volume of about 300 c.c. 
and it was loaded with shot, so as to weigh about 4 gms. when 
immersed in water. The neck was drawn off and sealed up 
in the blowpipe, and the flask was then suspended by means 
of a pair of fibres of unspun silk attached to the pan of the 
balance, in distilled water cooled to 0° C. 

It is very necessary that the fibres should be thoroughly 
wetted before use. They must also be smooth, and dust 
should be removed as far as possible from the water, other- 
wise the balance-beam refuses to swing, or only swings in a 
very erratic manner. 

When the flask has been weighed in distilled water at 0° C. 
it is clamped by means of a suitable device, and a standardized 
solution of the salt is added to the distilled water (over 
6 litres) 10 c.c. at a time. A series of very dilute solutions 
of known strength are thus obtained, and the corresponding 
density may be found, from which the value of 6 easily 
follows. 
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| NaCl. | KOL. | KNO,. | 


a aa: | CG TE 


EERE A é. ıı Ooncent. ò. | Concent. ò; 
-0008453 2152 || 0004153 | -3054 || -0004146 | -3097 


"001265 -2208 || 0008290 | 3072 || 0006211 | -3072 
1684 2252 || -001241 | -8079 || 0008267 | ‘3061 

2102 2281 1652 | -3074 || 001032 | -3042 

2516 2308 2061 | 3089 1440 | -3038 

| 2931 2329 2469 | 3091 || 2037 | 3037 
| 3343 2354 2875 | -3004 | 2449 | 3052 
3754 -2363 8280 | -3095 | 3016 | -3061 


i 
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It might be mentioned that a comparison of the weighings 
from which the above figures were obtained with the earlier 
ones mentioned in § 4, using a wire suspension, show that 
they are apparently equally consistent and trustworthy. It 
seems probable that the disadvantage of using such a delicate 
suspension as a fibre of unspun silk may be overcome by 
using a fine wire in its place, provided that the surface of 
the liquid be covered with a film of oil. When it is rə- 
membered that the fibre supports the flask inside a metal 
vessel surrounded by ice, and that clamping and stirring 
must be carried on without the experimenter being able to 
see what is happening inside the vessel, the advantage of using 
a somewhat stronger suspension will be apparent. 

In the present experiments, however, the cocoon suspen- 
sion was adhered to, and with this no oil-film should be used. 

In order to find what value must be taken for 6 in the 
various diffusion experiments, the method of successive ap- 
proximatiuns was used. The final rate of increase in weight 
is first assumed to be due entirely to the salt which enters 
the apparatus. In this way a rough value of the concen- 
tration inside the apparatus at the end of, say, a fortnight, is 
deduced. This gives us a rough value for 6, by means of 
which our first assumption may be corrected, and so yield a 
more exact value of 6. 
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9. The Length of the Tube. The ~ 

Some experiments were also carried out with tubes of the inv: 

various lengths. It has already been shown that it is likely obtain. 

that to our present degree of accuracy no end correction is solu 

requisite to the tube of 4 cms. length. It may be pointed wate; 
out that the end correction must depend on both the length 

and the diameter of the tube. The longer the tube the less ae 


erfectly can gravity regulate uniformity of density in a 
iven horizontal plane. 

Three tubes were employed, the lengths being 4 cms., 
2 cms., and 1 cm.; the areas of cross-section being respec- | 
tively 1°697, 1°025, and 1-059 sq. cms., and the diameters 
being 1'465, 1°14, and 1:16 cms. respectively ; and the solution 7 
: 3 -ed was 2 5 per cent. solution of KCl. The results i 
emp a ted on tbe accompanying graph (Pl. XXIII. fig. 6). \ 
ai P ling no appreciable end correction to the tube of 
B p jt is found that to give the same value for the 
aC er D jffusion in each case, 0:036 cm. should be added 
Coefficren 7 f the 2 cm. tube (i. e. *032 of the diameter), and 
to each end 0 ach end of the 1 cm. tube (i. e. -039 of the 
0:045 cm. ae results prove conclusively that it will not 
diameter) l accelerate the work by using tubes much 
be poss! ble to g., unless perhaps a battery of short and 


shorter than 4 ee employed. 
narrow tubes can 


P 


is the rate of diffusion through it, and therefore the more | 
| 
| 
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10. Conclusion. 

į¿ in bringing this paper before the Physical 
a , in its present state has been the hope of 
£ London, cllows some useful suggestions for future 

nts in the method. 
riments have been performed; many of 
] 43 expe ibis paper, have had the sole object of 
described Mail information of the best experimenta 


nse results of some of the others have not 
numerica! yements in the method, which they 
ed, as imp rendered the numerical result U2- 
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catisfactor ° 


à 


COEFFICIENT OF DIFFUSION. 391 


The values of the coefficient of diffusion at 0° C., which 


the investigation indicates to be most trustworthy, are those 
obtained with the suspended apparatus filled with the salt 


solution, in the larger copper vessel containing distilled 
water. ‘These results are 


Salt KCl. | 


Concen. | Kx105. | 


Concen. | K x 10°. 


coer! | 


| 

| 

| 

| 
LD cescatves Se 10 p. cent.) ‘843 | DAS EATE 20 p. cent.| “906 
V7 vee a. 0 845 DD a. 20 , | 978 
Det aparis 5 p. cent.| ‘870 | DO E eat : 10 p. cent.) “953 
7 AIEE PETA 5 a» ‘871 : OT E 10, ‘956 


The results show that the method is capable of yielding 
consistent values, and if compared with those obtained by 
other observers in the same subject, although the concentra- 
tion of the solutions and the temperatures at which they were 
employed vary considerably, thus making comparison difficult, 
yet the agreement, as far as can be judged, appears to be 
satisfactory. 

For instance, results expressed in C.G.s. units, obtained by 


Schuhmeister and by Scheffer for KCl and for KNO, 
respectively are shown below 


kx 10°. Observer. 
1:47 
Schuhmeister. 
1:27 
'98 } 
Scheffer. 
1:06 
‘92 Schuhmeister. 


The absence of any trustworthy values for the temperature 
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coefficients, and more especially the fact that the concentra- 
tions shown above are so much lower than those employed in 
the present paper, render further comparison difficult. 


In conclusion, I should like to offer my thanks to the 
Principal and Council of Birkbeck College for assistance in 
carrying the experiments into effect, and especially to Dr. A. 
Griffiths, who not only suggested the research, but has been 
always ready to assist me when in trouble or difficulty. 


DISCUSSION, 


Dr A. GRIFFITHS congratulated the Author upox his paper, and 
referred to the importance of keeping the temperature constant during 
the experiments. The eilects of temperature changes were very marked. 
The importance of a deep outer vessel was also surprising, and Dr Griffiths 
pointed out how it was possible to place a superior limit to the error 
introduced by the passage of the salt into the outer vessel. He also 
suggested the use of a differential method, using two glass vessels, to 
overcome some of the difficulties encountered in the experiments. 

Prof. C. H. Lers said that all who had experience with diffusion 
experiments would congratulute the Author. The idea of using a balance 
was an old one, but the Author had made an old method a thoroughly 
reliable one. The question was still to be solved whether an increase 
of concentration increased or decreased the diffusion constant, and he 
hoped the Author would be able to carry on his experiments and settle 
this point. 


XXV. The Spectrum Top. By F. PEAKE SEXTON, A.R.C.S., 


Lecturer in Physics, Central Technical Schools, Truro *. 


[ Abstract. ] 


THE colours formed by the Benham spectrum top are here 
explained. The explanation rests on the fact that the red, 
green, and blue colour sensations have different rates of 
growth and decay. 

When the top or disk shown in the figure is slowly rotated 
anticlockwise, it will be noticed that there is a slight red 
extension to the innermost sector lines. This indicates that 
the growth of the red sensation is the most rapid. If the 
rotation is reversed these lines present a blue colour, thus 


* Read May 22, 1908. 
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showing that this is the last to decay. Thus there is good 
ground for assuming that the rates of growth are red, green, 
and blue, and of decay—blue, green, and red; where the 
first is the most rapid in both cases. 

Experiments showed that the radial distance of the sector- 
lines was without effect on the colour of the lines, and the 
disk, as illustrated, shows that the colour depends on their 
angular positions. 

These colour effects are dependent on the angular widths 
of the sector-lines, being best for lines of 1 mm. observed 
from 1 metre. This phenomenon is thus entirely dependent 


ae. 


on a contrast. With broad lines the colour produced is too 
faint to be observed, but when the line is narrow, the imme- 
diate surrounding white part will appear to have the com- 
plementary colour, and thus apparently increase the effect. 

The length of the lines naturally affects the colour. 

The speed of rotation has an important influence on the 
colour, but the best effects are obtained at about six revo- 
lutions per second. 

When the illustrated disk is given an anticlockwise 
rotation, the colours are—purple—dull orange—yellow- 
green—violet-blue ; counting from the centre, and this 
order of colours reverses with the rotation. 

In order to obtain an explanation of the top, it is con- 
venient to assume the eye as directed to one part and consider 
the succession of the different parts before it. 
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I. The Innermost Sector-lines. 


The black sector will pass giving an impression of black 
lines on a red ground, but as there is not a contrast the 
effect is small. Then the sector-lines will pass giving a red 
impression behind them, because of the rapid growth of the 
red sensation, and this is reinforced by a contrast. Finally 
the disappearance of the white sector will give a bluish 
impression, which is not reinforced by contrast. Thus the 
resultant impression on the eye is red lines. 


II. The Outermost Sector-lines. 


The black sector disappears giving a red impression, which 
is unaided by a contrast. Then the sector-lines come into 
view with a blue after-image on them, which latter is re- 
inforced by a contrast. Finally the black sector appears 
giving another blue impression, but in the absence of a 
contrast it is very slight. The resultant impression on the 
eye is blue lines. 


III. The Middle Sector-lines. 


The colours in these cases are simply due to a combination 
of the causes considered under I. and lI. In all cases, the 
causes II. act first to produce a blue image, and those of I. 
second to produce a red image ; and these combine to give 
tne resultant colour. This depends on the relative intensity 
of the impressions, which vary with the size of the white 
sectors producing the effects. Thus the inner set of lines is 
orange because the red impression is about double that of the 
blue : and the outer set is green because the blue in this 
case is double the red. 

The above experiments were all made in daylight, but 
Abney’s experiments made under various illuminations fully 
confirm the theory which the author deduced. 

The following references are to the past work on this 
subject :— 


Prof. Liveing. . . . . Nature, vol. li. 1894-5. 
Mr. C. E. Benham eg E m j 


Sir W. de W. Abney . . 5 5 5 
- Mr. Shelford Bidwell . . Proc. Royal Society, 1896. 
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DISCUSSION. 


Mr F. E. Smita asked if the Author had viewed the top when 
illuminated with lights of different colours, and if so with what result. 

The AUTHOR replied that experiments had not been tried in different 
coloured lights, as there was difficulty at the time of obtaining a coloured 
illumination of sufficient strength. The bands were visible in sodium 
light; but this did not affect the theory, because sodium light, although 
practically monochromatic, affects the three colour sensations, 


XXVI. A Modified Theory of Gravitation. 
By C. V. Burton, D.Se.* 


1. So many questions arise in connexion with any theory 
which aims at assigning a dynamical basis for gravitation, 
that it may conduce to clearness if some elements of this 
paper are first presented without mathematical treatment. 

The theory now put forward is pulsatory, and may in fact 
be regarded as a development of that which has been 
suggested by Prof. Hicks f. The ether, even where modified 
by the presence of atomic matter, is assumed to be so 
nearly incompressible that the bulk-modulus of elasticity 
enormously transcends every other elastic modulus ; so that, 
in dealing with any compressional-rarefactional disturbances, 
we may treat the medium as a fluid. 

In two particulars, however, there is an essential difference 
between the views now tentatively put forward and the 
more familiar form of pulsatory hypothesis. These differences 
are indicated in the following five paragraphs. 

2. It is a well-known hydrodynamical result ł that if two 
spheres, placed at some distance apart in a frictionless in- 
compressible fluid, are by any means caused to execute 
periodic pulsations (increase and decrease of volume), the 
pulsation-period being the same for the two spheres, the 


* Read May 8, 1908. 

+ W. M. Hicks, “On the Problem of two Pulsating Spheres in a 
Fluid,” Proc. Camb. Phil. Soe. iii. p. 277 (Oct. 1879). 

t Hicks, loc. cit. Cf. also Basset’s “ Hydrodynamics,” vol. i. chap. xi., 
where further references are given. 
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average force which either sphere cause3 to be exerted upon 
the other will be an attraction, a repulsion, or zero, according 
as the phase-difference of the pulsations is less than, greater 
than, or equal to a quarter-period. Hence, if we are to 
construct on these lines a model illustrative of gravitation, 
we must assume agreement of phase amongst all the pulsating 
centres, or at least we must suppose that the phases of the 
various centres are more nearly in agreement than would be 
the case if the phase-distribution were purely random. This 
seems to suggest that the source of pulsatory motion is not 
to be sought for in the free vibrations of individual atoms or 
electrons, but rather in something external to these, and 
acting on them all in common. 

Let us suppose, for example, that free sether is very nearly 
incompressible, and that every region where atomic matter 
exists is a region of somewhat enhanced compressibility. 
On this supposition, an increase of pressure applied by any 
ideal means to all the ether within a given volume would 
cause only a very minute contraction except where atomic 
matter was present ; the expansion resulting from a diminu- 
tion of the pressure applied to the ether being similarly 
localised. 

3. It appears that we might thus account for attractions 
of gravitational type by supposing the etherial pressure to 
be undergoing a secular change. A gradually increasing (or 
decreasing) pressure would cause every region containing 
atomic matter to behave as a sink (or as a source) in the 
medium. For our purpose, however, accelerated inflow 
(or ontflow) of ether at each sink (or source) would 
be necessary ; that is to say, the strength of each sink 
(or source) must be steadily increasing or steadily de- 
creasing with the time—no matter which. The suggested 
possibility of accounting for gravitation by means of a 
slow secular change taking place throughout the universe 
appeared at first sight very alluring ; but calculation shows 
at once that, feeble as gravitational forces are, they are 
incomparably greater than could be accounted for in this 
way. 

4. What, then, would be the result of periodic or quasi- 
periodic fluctuations of the etherial pressure? Every 
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portion of atomic matter would constitute a centre of 
pulsatory motion in the ether ; and throughout any region 
not too immense the pulsations would agree sensibly in phase. 
It is by assuming the existence of a fluctuating etherial 
pressure that I have here sought to obtain a consistent 
illustration of gravitational attraction; and, as furnishing 
most read'ly an assignable cause for such fluctuations of 
pressure, the propagation of compressional-rarefactional 
waves through the nearly incompressible ther is suggested. 
These waves are supposed to travel with so great a velocity 
that, even though all effective periods involved be very small, 
the effective wave-lengths, measured even by astronomical 
standards, are very great. Though the origin of the assumed 
wave-trains were unexplained, these might still be regarded 
as contributing to the explanation of gravity ; for when once 
the constitution of a dynamical system has been defined, the 
mere supposition that the system is in motion is hardly to be 
viewed as a piling-up of hypotheses. And if we regard the 
question broadly, extending our consideration to that wider 
range of space and motion wherein the whole of our explorable 
universe must needs be treated as an infinitesimal volume- 
element, sensibly homogeneous as regards its etherial 
content, we may admit our complete ignorance of this 
greater universe, and of the forms of disturbance which 
might emanate from it. One might perhaps conceive of 
compressional waves as proceeding from a more primitive 
and chaotic condition of the “ primal sether,” from which an 
zether such as we know, with electromagnetic qualities, may 
be in process of formation. As regards the sensible uni- 
formity in time which must characterize the primary dis- 
turbance, if so unchanging a phenomenon as gravitation is 
thus to be accounted for, we may think of it as a quality 
naturally to be looked for in any activities whose scale is 
sufficiently vast ; just as the energy of the radiation passing 
into space from the sun varies but little in the course of an 
hour, or as the turbulence of an ocean presents much the 
same aspect from minute to minute. 

In any case it is instructive to trace out some of the 
consequences which might be expected to follow from the 
propagation of compressional waves through a very slightly 
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compressible ether ; the more so as we are led to certain 
conclusions which, although essentially based on the ordinary 
postulates of dynamics, are at variance with some traditional 
or instinctive views. 

5. The second innovation referred to concerns the nature 
and mode of progression of the centres of enhanced com- 
pressibility, which are assumed to be associated with atomic 
matter. If the nucleus of an electron is taken to be a 
vacuous cavity, the question of free mobility of this nucleus 
through the ether presents some difficulty, even when we 
suppose that the electron itself is essentially constituted by a 
self-equilibrating distribution of strain in the ether sur- 
rounding the nucleus. But now, discarding for the moment 
a too minute scrutiny of ætherial constitution, so that we 
may regard the ether as a continuous medium, let us 
suppose that the nucleus of an electron *, instead of being 
vacuous, is merely a region of somewhat diminished density. 
(Though increased compressibility may not be inevitably 
associated with diminished density, it is convenient to assume 
such a relation for preliminary descriptive purposes. In the 
sequel this question is treated more generally.) This implies 
that, in the complete strain-distribution which constitutes the 
electron, there is included some degree of expansion in the 
nuclear region. An electron thus constituted may more 
readily be conceived as freely mobile through the ether, no 
vacuous cavity being present to complicate the problem ; 
so that any infinitesimal displacement of the electron is 
simply equivalent to the impressing of a differential strain 
upon the medium. 

6. This assumption as to the nature of an electronic 
nucleus is admittedly gratuitous, but apart from the difficulty 
regarding mobility which it was designed to remove, it has 
the advantage of greatly simplifying the dynamics of the 
problem proposed. So far as we are concerned with the 
distribution of resultant ætherial motion from point to point, 
we may treat each moving electron as a doublet comprising 
a source and a neighbouring sink, while it is shown that the 


* The necessity for distinguishing, in this connexion, between positive 
and negative electrons is considered in Appendices A and B. 
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resultant of the hydrodynamical (gravitational) forces * 
tending to accelerate the motion of the electron simply 
follows the gradient of diminishing pressure and is pro- 
portional thercto. It further appears that the assumption 
referred to might enable the elementary requirements of the 
gravitation problem to be satisfied with the contribution of 
only a very minute non-electromagnetic term to the total 
effective inertia of an electron (Appendix D). 

7. Let F be a physical magnitude characteristic of all 
electrically neutral (atomic) matter, and defined as follows: 
if m is the mass of atomic matter included in any given 
region, then Fmp is the defect of mass of ætherial substance 
contained within that region, as compared with the mass 
included in an equal region filled with free sether; the 
density of the ether being denoted by p. (As we shall 
suppose the average density of ætherial substance to be but 
little different in a vacuum and in the densest atomic matter, 
no more precise definition of p is needed in this connexion.) 
Otherwise thus: if, within a region bounded by a fixed ideal 
surface and originally free from atomic matter, a mass m of 
matter could be created, a volume Fm of æther would flow 
outward across the bounding surface. F may be called the 
extrusion of æther per unit mass of matter. 

8. Consider further the application of a small additional 
normal pressure 6p to a surface bounding some definite 
portion of the etheriak melium, which is modified by the 
presence of a mass m of atomic matter. A reduction of 
volume will result, and we shall define another constant H 
by the statement that the reduction of volume is greater by 
Hmép than if the original volume had been wholly occupied 
by free xther. Thus evidently 


H=-dF/dp 2... ... (I) 


9. Let a particle of atomic matter be present where from 
any cause there is a pressure-gradient in the ether. When 


* That is to say of those forces which are concerned in palpable 
ætherial motions; our scrutiny being minute enough to take account of 
variations of setherial qualities through the region occupied by an 
electron, but not so minute that the sther ceases to appear to us as a 
continuous medium. 
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form of kinetic energy to the æther. This only implies, 
however, the existence of a corresponding term * in the total 
effective inertia of the particle, the remaining terms being 
probably of electromagnetic origin. Since here, as in the 
usual acceptation of the term, the mass m signifies the total 
inertia of the particle in question, we may remove the 
restriction as to the particle being at rest, (2) being in any 
case the force-components acting on m. It should be 
particularly noticed that the virtual displacement from which 
(2) was deduced was a displacement of m with respect to the 
ether, and that consequently 


Op Op op). l 
—nF (2, ay” D is the force tending to 


accelerate the particle m with respect to the ether . (3) 


It will be necessary later to examine the forces which 
material bodies might be expected to exert on one another 
owing to their motion through the ether. 

10. Properly speaking, there are two distinct ways in 
which matter may be conceived of as moving with respect to 
the ether. For simplicity, consider only a single electron, 
and let us agree to give the name *“‘ nucleus” to a certain 
definite central region of the electron. At any instant the 
nucleus comprises a certain identical portion of setherial 
substance, and if this portion were bodily displaced, with 
respect to the surrounding ether (which thereby became 
strained), it might be said that the electron had suffered a 
displacement of like amount. But such displacement, even 
through distances far less than the diameter of the electronic 
nucleus, would presumably be mot by an opposing stress of 
enormous magnitude, arising from the deformation of the 
circumnuclear ether; while the alternative type of electronic 
motion, involving only transference of strain from one part 
of the ether to another, can take place freely without 
evoking any opposing stress. (The forces mutually exerted 
by electrons and assemblages of electrons not coming here 
into consideration.) We shall suppose that when, from any 
cause, matter experiences a tendency to move, or to change 


* The possible magnitude of this term is considered in Appendix D. 
2G2 
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its motion with respect to the sther at large, the resulting 
motion may, with sufficient accuracy, be treated as exclu- 
sively of the strain-transference type assumed in the last 
paragraph. It should be remarked that, whereas vortex 
motion would be involved in a bodily displacement of that 
identical portion of etherial substance which is instan- 
taneously co-extensive with the nucleus of an electron, the 
type of motion dealt with in § 9 above is irrotational. The 
latter motion may be supposed to be entirely distinct from 
that which, arising from the charge of the moving electron, 
constitutes a surrounding magnetic field. Such a supposition 
is justifiable if, as I imagine, a magnetic field involves no 
bodily motion of the ether. 

11. Let us now conceive the ether to be traversed by 
trains of compressional-rarefactional waves, and consider 
first how the motion of matter will be directly affected 
thereby. As already stated, the ether is regarded as so 
slightly compressible that, where compressional waves are 
concerned, any stresses which may be involved, over and 
above the variations of normal pressure, are relatively in- 
significant: the ether, in regard to such waves, behaving 
like a compressible fluid, whose motion is sensibly irrotational. 
To fix ideas, let the wave-motion be limited to a single 
harmonic train of plane-waves, propagated with velocity Y 
in the direction of x-increasing. It will be convenient to 
define the waves in terms of the variations of pressure taking 
place in the ether ; thus 


p = P+Bsin< (2—Ut+e); «e . (4) 


so that B is the semi-amplitude of pressure-variation, Y the 
velocity of the disturbance, A the wave-length, and A/P the 
period ; while e is a linear magnitude serving to fix 
the otherwise undefined question of phase. 

12. As a particular case, suppose that F, the extrusion of 
sether per unit-mass of atomic matter (§ 7), is zero, any given 
volume of space thus containing precisely the same amount 
of ztherial substance, whether atomic matter is present in 
that space or not. It is then evident from general con- 
siderations that the æther affected by the wave-motion, in 
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surging to and fro, will merely carry with it whatever atomic 
matter may be present; no tendency arising for those strain- 
distributions which constitute matter to lag behind or to 
outrun the bodily excursions of the zxtherial plenum. The 
same conclusion is reached when we put F = 0 in (3); there 
are then no forces belonging to the class there concerned, or, 
in other words, the wave-motion has no tendency to accelerate 
the motion of atomic matter with respect to the ether; so 
that every portion of atomic matter will continue in its state 
of rest, or of uniform or accelerated motion with respect to the 
ether, precisely as if no wave-motion were taking place. 
Under this particular assumption that F = 0, the wave- 
‘notion (at least in the case of sufficiently great wave-lengths) 
would appear to be without influence on any of the pheno- 
mena which come within the range of our observation, and 
to belong to that class of activities for which the name 
aphenomenal has been suggested *. Apart from any question 
as to the correspondence between our special assumptions 
and the conditions obtaining in the physical universe, it is 
instructive to realize that the picture here presented—of 
vibratory motions affecting all matter without influencing 
the phenomena of ordinary dynamics—is in no way in- 
compatible with the fundamental concepts of dynamical 
science. 

13. If, instead of F=0, as in § 12, we suppose F to be 
finite, so that the mean density of ætherial substance in a 
region containing atomic matter is different from the density 
in free æther, it is evident that a general bodily acceleration | 
of the ther will tend to produce an acceleration of atomic | 
matter with respect to the ether. From (3) and (4) we find | 
for the acceleration of any free mass m of neutral matter | 
with respect to the sether i 


| 
av, 2T 2r 

a={ FB cos x (2- Vite), 0, o} 3 + (5) | 

while the absolute acceleration A of the ether itself is | 


given by 


—_l/0p dp 2 1 Qn 2r 
picket = Oy’ Se) HB ee HUF) 0,04. (6) 


* But see also Appendix B. 
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In this case then, and (as we easily see) generally for small 
compressional disturbances of the æther, the ratio 


acceleration of free matter with respect to the 
ether: acceleration of the æther = Fp. . . . . (7) 


14. There is another aspect of the hypothetical wave- 
motion which deserves some attention. At any point fixed 
with respect to the ether, changes of pressure are supposed 
to occur, accompanied by changes of density, and as we 
consider the compressibility of the medium in bulk to be 
very slight, the proportional changes of pressure and of con- 
stitutive (potential) energy will be great compared with the 
proportional changes of density. From this it may be 
surmised that corresponding changes in the velocity of 
radiation would be involved, and if the amplitude of these 
changes were not a quite insignificant fraction of the whole 
velocity, effects might result which would be palpable to 
observation. On the other hand, all effective wave-lengths 
are assumed to be so immense that, throughout even an 
astronomically considerable region, the setherial pressure, 
and therewith the velocity of radiation, may be treated as 
uniform at each instant. It is perhaps conceivable that the 
effect of increased etherial pressure would be to accelerate 
not only radiation but all phenomena in the same proportion ; 
so that, for example, two universes identically constituted 
otherwise, but differing from one another as to the pressure 
prevailing throughout the wether and the rapidity of pheno- 
mena in general, might present identical aspects to their 
respective inhabitants. But even so, in the question whether 
the pressure of the ether throughout our universe could 
he gradually or suddenly changed without giving rise to 
observable effects, some nice points of dynamics would seem 
to be involved *. 

15. The primary effects of the hypothetical compressional 
waves having been for the moment disposed of, the secondary 

* Among the values which, in § 33 below, are tentatively assigned to 
the various physical magnitudes involved, the variations of potential 
energy of the sether are set down as so small in comparison with the 
whole constitutive energy that the special difficulty above referred to 
seems to be evaded. 
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or gravitational effects may be considered. Every portion 
of atomic matter, in so far as its presence implies altered com- 
pressibility of the etherial plenum (H0), behaves as a centre 
of pulsatory motion, or as an aggregation of such centres» 
Thus the motion of the ether, to a second approximation, 
is to be found by superposing on the wave-motion proper 
a pulsatory motion due toa distribution of alternating source- 
sink centres, to which should be added (except, as will 
appear, when F=0) a distribution of source-sink doublets 
arising from the motion of atomic matter through the ether. 
It will be assumed that the whole region of space under 
consideration is so circumscribed that its greatest dimension 
is very small compared with the shortest effective wave- 
length of the compressional disturbance, so that, at any given 
instant, the primary pressure-variation is sensibly in the 
same phase throughout, while, to the same order of approxi- 
mation, the source-sink centres just referred to may be 
treated as if they existed in an incompressible medium. In 
accordance with the assumptions explained in §§ 1,11 above, 
the variations of normal (hydrostatic) pressure are taken to 
outweigh in importance all other stresses evoked by varying 
compression of the medium, and the whole motion to be 
investigated is accordingly irrotational. 

16. Let ø be the density of atomic matter at any point 
(z, y, z); then the total compressibility of matter-encum- 
bered æther contained in the volume-element dz dy dz exceeds 
the total compressibility of a like volume of free ather by 


Hodrdydz,. © ©... . (8) 


in accordance with our definition of H (§ 8). Further, so 
far as the primary disturbance is concerned, let the pressure 
p be expressed by 
P=P+Ps- - - . 5s © (9) 
the presence of atomic matter in the volume dz dy dz is thus 
equivalent to a source of strength 
-H Pode dy dz; e e... (10) 
which expression must therefore be equated to yp dx dy dz, 
¢ being the velocity-potential of the secondary motion now 


considered, while Y? = 07/02? + 97/0y? + 07/0=. 


OO EE, a e 
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With due regard to boundary conditions, this leads to 


o! being the density of atomic matter at any point (2’, y’, 2°), 
while 7? = (@—2’)?+(y--y')?+(c<—2')* The integration 
must be conducted through a sufficiently extended region to 
include all pulsatory centres which contribute appreciably 
to the value of ¢ at (x, y, z). In accordance with the as- 
sumption mentioned in § 15 above, the factor 9p/dt is placed 
outside the sign of integration ; while sources and sinks other 
than those corresponding to the expression (10) are assumed 
to be absent from the secondary motion. 
17. Treating the primary wave-motion more generally than 
hitherto, (4) ™®Y be taken as expressing a single typical 
stituent, no Testriction being imposed on the direction of 
ack eee the waves, or on their periods or phases, 
prop n that ll effective wave-lengths are supposed suff- 
pr or at, and all limited sources of the primary 
cion as eu ficiently remote. The form of our equations 
disturbance $ volves the implicit assumption that, in the 
of course motion, all relations are linear. It is now 
rimary wave ed that, in dealing with the secondary dis- 
similarly assum sed by (11), non-linear terms may be omitted 
turbance e n3, the principle of superposition being 
from the ed icable to the primary and secondary motions. 
accordingly gia r of approximation, we may write 
Thus, to our OF j 


and ay , OP = a + fune. (£) 


— (P+) + func. (t); . . (13) 


specti vely the velocity-potential and pressure- 
oy are re ‘ng to the secondary motion vy, p being 
:here din y s Yo , 
as p cor respon aad pressure-increment corresponding 
ance. Hence 
rimary 1p 1/3 
to the p 3$ = set (S+); _ (14) 
d ( Ov + 5, p PR as 

ee t 
ar\o 


p=Ptpt+a. (12) 


— 
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and subtracting from this the equation proper to the primary 
motion, there remains 


ORs va oi ve ws DD 
which with (11) gives 


On Hp òp ' Ò 1 , A 
oF — fe. (ffo = (;) 4 dy dz 


Ho ð? 
A ee (8) 


fs ifs s dx'dy'dz'. . . . (17) 


Hence the secondary motion gives rise to a force upon a 
mass m of atomic matter at (x, y, <), the 2-component of 
which is, by (2), 

dT _ _,, Fp dP 
with corresponding expressions for the y- and z-components. 

In (18) F may be written F+5F, where F is the mean 
value of F, and ôF, to a sufficient approximation, represents 
a variable term, arising from and proportional to the variable 
pressure-term p, which corresponds to the primary dis- 
turbance. Thus 


where 


T,=mX (say), . (18) 


F=F+sF=F-Hp, ... . (19) 
by (1); so that (18) becomes 
— P(_ypo'P gp? 
X= ( HESP +H SP) . . (20) 
The mean value of X is therefore given by 


oe 2 
Say: [emp SP 1], . ee D 


18. As the primary wave-motion is now supposed to 
involve only very great wave-lengths, so that the (primary) 
pressure-variation throughout the region of space considered 
is sensibly a function of the time only, and not of 2, y, z, we 
may write 


p=}B, sin (st+ e); ©... . (22) 
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each B being of the nature of a pressure (in general infinite- 
simal), while the e’s are phase-terms. Hence 

3 ` 
o? = — XB: 8 sin (st +e,); . . « . (23) 
and (20) becomes 


X = -P HFSB, è sin (st +e) . Iz 
år 


— Ê FPSB, sin (st-+e,).3Bys¢sin(stte,).Ie (24) 


There is thus a gravitative field at (zx, y, z) defined by the 
average values 


ee eee cad H? 
(X,Y, Z)=- 2B 8? (Iz, I,, I.) 


2 Yel an Pane) ae ae 
=— ESB? | eth ba Eka daidy'd:' 
f (25) 


Within the limits of our assumptions, there is seen to be 
universal mutual attraction of electrically neutral matter, 
the Newtonian constant being 


G= PEB S. 2 1 we. (26) 


19. It has bsen pointed out above, as an assumption 
essential to the theory proposed, that every effective wave- 
length of the primary ætherial disturbance must be very great 
compared with the distance between any mutually attractive 
bodies for which the Newtonian law of inverse squares has 
been closely verified. It may be worth while to indicate 
very briefly what would result if this condition were not 
realized. By way of illustration, let the primary disturbance 
take the form of plane progressive waves of harmonic type 
and of definite wave-length à. Two bodies whose line of 
centres was perpendicular to the direction of propagation of 
the waves, and which were at a distance r apart, would 
attract one another with a force proportional to 

r—* cos 27r/n, 
which, as r is increased, changes sign periodically at intervals 
of 4x. (If, in place of a single wave-length A, there were a 
continuous distribution of wave-energy over a wide range of 
wave-lengths, there would simply bea falling off of attraction 
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between the two bodies at a rate more rapid than that of the 
inverse square of the distance.) 

With the primary disturbance in the form of progressive 
waves travelling in one direction (as above) the case of two 
bodies in a line not perpendicular to that direction would be 
more involved; but if the primary waves were travelling in- 
differently in all directions, there would merely be a gradual 
extinction of gravitational attraction as the bodies concerned 
were removed to distances apart not wholly inconsiderable 
in comparison with the smallest effective wave-length of the 
primary disturbance. 

It will be remarked that, when the distance between two 
bodies is small compared with the mean effective wave-length 
of the primary disturbance, the attraction between them 
exhibits only a second order deviation from the Newtonian 
law of gravitation. 


Motional Forces. 


20. The next question to be considered concerns the forces 
arising from the motion of neutral matter with respect to 
the wether. The expressions for these forces, as will appear, 
contain a factor F?, F being (as defined in § 7) the extrusion 
of æther per unit mass of matter: so that if the mean value 
F were zero, these forces—which correspond to nothing so 
far observed—would disappear. 

Let (x, y, z) be the co-ordinates of a particle of mass m at 
time ¢, and let (2’, y', 2’) be the simultaneous co-ordinates of 
another particle of mass m’, all referred to axes fixed with 
respect to the general mass of ether. As in § 10, the type 
of ætherial motion which here concerns us, and which arises 
from the motion of m and m, with respect to the ether, is 
sensibly irrotational. 

Let us consider the forces exerted on m owing to the 
motion of m’, and let ¢ be the velocity-potential at (x, Y, z) 
due to the motion of m! only, while 7? = (x — 2)? + (y—=y)? 
+(z—:')?. Then, the effect of the motion of m’ being re- 
presentable by a source-sink doublet at (x', y’, 2') we readily 


find Sci 
m dfl a 
p=- GT)  - eD 


Sa Ti a ee aes ae a o a r = 
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a id he ae Pid seared represents the time. 
0 variatio , 
Hence also, ns of eo’, y, 7 only, 
e Fm!’ a’? ,1 
=~ Tr dels) 
= tm! £(L _ 3(e=2')\ dere 
~ 4r | \P 7% NF a Caen 
_ 8(y—yz—2") de! ay 
7 dt’ dg Tm. 
oa de YTY By zy d*z' 
"de? re dt GE Gap +. (28) 
21. In accordance with (3), the force components on the 


particle m at (x, y, z) are 


Op OP ðp\_ 
-nF (£2, Oy’ 5. )=m(x, X. Z), Say; | 
or, to a first approximation, neglecting Squares and products 
of ztherial velocities, 


56 an og 
n (X, Y, Z) = —mFp (S2, of, 2) 


“i (2,2, 2)2 1), 
dt?\r p’ 


= dz (£ ’ oy’ 3z 
that is 9(z— a) a : , 
mm’ Fp T2) 15(2@—2')\ ydr 
mX=— ár {( 75 r7 ) 7) 


+ (AR Gen) + EEEE 


/ / 1 ' d? 
= — a)? =) j ay’ (6l2—2)_ 30(a—a')"(z—2) \de' dz 
+ (D72 Leo- rT +(°65) a ae 


"\(2 —2') By 

—z’) dy! dz’ l 3(w—2)3\d4z! 8(y—y e—a ey 

Der a Nene) gy te =. ee) dt 
7 


3(z—2z')(e— 2’) dz’ 
7 re dt? 
with similar expressions for mY mZ. . . | (29) 


i it follows that, when two bodies 
these equations 1 ows that, 
nee a in the same direction through the æther, and 
are mov 
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with the same unaccelerated velocity, the motional forces 
experienced by the bodies will be equal and opposite. They 
will not, however, have the same line of action, except when 
the motion is either in the line of centres or perpendicular 
thereto. When the common velocity v of the two bodies is 
in the line of centres, there is repulsion between the bodies 
amounting to 


3 min'F%o . 
a E (30) 


When the common velocity v is perpendicular to the line of 
centres there is attractzon amounting to 


3 mwFP , gm , ; 
Afar’ rå Vv =R y > o e ° ° (31) 
where oo Wie ‘5 
K= nf P- ° (32) 


There is neither attraction nor repulsion when the common 
velocity of the two bodies is inclined at an angle tan-!,/2z, 
or approximately 54° 44’ to the line of centres. But in 
addition to the forces in the line of centres, there are in 
general forces perpendicular to this line, and if we imagine 
the two bodies connected by a rigid immaterial (or material) 
bar, the tendency will be to set the line of centres perpen- 
dicular to the direction of motion ; the couple acting on the 
system only vanishing when the direction of motion is parallel 
Or perpendicular to the line of centres. When the direction 
of motion is inclined 45° to the line of centres, the couple 
has its maximum value, namely, 


3 mm'F?p y 

Am’ r 
23. If we consider a bar made of given material and of 
definite proportions, and so suspended as to have a given 
period of oscillation about an axis through its centre of figure, 
then the angular deviation of the bar arising from a given 
velocity of translation through the æther will, at its maximum, 
be inversely proportional to the square of the linear dimen- 
sions of the bar. Though no experiments may have been 
specially made with the object of detecting motional forces 
of this kind, it seems certain that if more than a very slight 


Kp v. © + . (33) 
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a effect existed, it must have become apparent in other 

o servations. N one the less it would be interesting to make 
some definite experiments to put the question to the test, the 
apparatus required being simple. Incidentally, if the couples 
proved to be of measurable magnitude, we could readily 
obtain the data necessary for a determination of our motion 
relatively to the æther. This would involve no contradiction 
of the principle of relativity in electromagnetism; the phe- 
nomena with which we are here concerned not being electro- 
magnetic in character. 

24. Though we do not know what may be the value of the 
constant K defined by (32), or even whether it be different 
from zero, we can make some attempt to assign an upper 
limit to its value. Imagine two compact masses of 1 gram 
each, connected by a bar of negligible mass, the distance 
between their centres being 2 centimetres. Let this system 
be suspended by a quar tz fibre, so that its axis is horizontal, 
and the period of its oscillations 30 seconds, Let us further 
suppose that we are able to detect any deviation as great as 
one second of arc on either side of a mean position, when 
the suspended system turns about a vertical axis. Now in 
virtue of the earth’s orbital motion, the highest value attained 
by the velocity v must he at least as great as 32 kilometres 
per second (=3:2 x 10° cm. per second), so that by (33) our 
suspended system, when most favourably placed and oriented, 
could experience a couple as great as 

(3:2 x 10°)*K = 1:28 x 10K. 

Also the restoring moment when the system is displaced 
h one second of are about a vertical axis is 44x 1077 
he experiment to give a null result, we 


(34) 


throug 
dyne-cm. ; and for t 
should accordingly have 
K > 3:4 x 107” in c.a.s, measure. . - (35) 
Assuming, 19 advance, that a null result would be obtained 
in this case, the value which, ìn the sequel, will be provisionally 
assumed is K=2x 10-2. (36) 
th one 


, . f K be compared wi 
tentative value ° may be compar 
25. This *e ther way of regarding the question. If the 


suggested by ano 
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negative electron could be regarded as having a vacuous 
spherical nucleus of radius 10-" cm., and if we assume the 
atom of hydrogen to contain only one negative electron, 
while the number of molecules in 1 c.c. of gas at 0° C. and 
l atmosphere pressure is taken to be 39x10; then it 
appears that, on the score of negative electrons alone, F, the 
extrusion of ether per unit mass of matter (§ 7), would be 
4 x 10-35 c.c. of ether per gram of matter; equivalent to 
"004 gram of ether per gram of matter, when an eetherial 
density of 10" is assumed*. Though the existence of a 
vacuous nucleus in an electron does not appear reconcilable 
with some of the views adopted in this paper, it may be 
worth while to remark that the value of F just mentioned 
leads to K=4x 10-18, which is 200 times as great as the 
estimate (36), and about 12 times as great as might just 


suffice to give positive results in the hypothetical experiment 
of § 24. 


Conjectural Estimates. 


26. The values of a further number of physical magnitudes 
will have to be conjectured before a quantitative view of the 
theory can be attempted. Some of these magnitudes are 
introduced in the following seven paragraphs, which are 
devoted to establishing certain simple relations amongst the 
quantities concerned; the immediate object being to discover 
whether there is any consistent set of values which does not 
bring our theory into conflict with experience. 


27. From (32) z 
r=24/ (35) EEEE OD 


Axs regards the primary disturbance, the problem (as in 
§ 11) may be simplified by limiting our consideration to a 
single train of plane waves of definite wave-length A, the 
greatest linear dimension of the region with which we are 
concerned being but a small fraction of A, so that, to a 
sufficient degree of approximation, the pressure variations at 
any point within that region are given by 


p=Bsin(2ant—e), . . . . « (38) 
* Cf. § 35 below. 
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n denoting the frequency of the disturbance. Equation (26) 
now becomes 


2 
G= FP Bia T, HBn, . . . (89) 


since we are now limited to a single s, which is identical 
with 2mn. 

F, the extrusion of æther per unit mass of matter (§ 7) 
suffers variations given by 


dF = — Hp = — HB sin (Qant—e). «. . (40) 


Let the greatest numerical value of SF be ¢F ; then by 
(40), (39), 
EF = H?B’=2G/rpn?; . . . . (41) 


or, remembering (37), 


n= af SE) a ew (42) 


28. Let æ denote the bulk-modulus of elasticity of the 
æther, or 1/x its compressibility. By § 8 above, Hø is the 
additional ætherial compressibility where there are o grams of 
atomic matter per cubic centimetre; let this be equivalent to 
poje, so that wo is a pure number. Thus 


H=p/e. a (43) 


In virtue of our assumption that « is overwhelmingly 
greater than any other elastic modulus of the zther, we have 
for the square of the velocity of compressional waves 

n'A = K/p, 
whence 
KEN pP. «ww we (44) 
From (39), (43), (44), . 


B=", /( 72} a a. (45) 
Bat (2), „a oe & & (46) 


2 3 
gng aN e E 
2k PTE 
where E is the constitutive energy per cubic centimetre of 
the æther. Thus the factor of E in the right-hand member 
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of (47) expresses the maximum potential energy per unit 
volume due to the wave-motion as a proportion of the con- 
stitutive energy of the medium. Moreover, this maximum 
potential energy per unit volume corresponds to an increment 
OF, equal to F, above the mean value F, and is thus, to our 
order of approximation, proportional to ¢. We may write, 
then, 


x~ G 
ce 9— ,— 
ESS a 


or p A 2G3\_ 
si GEF - ow. (48) 


which serves to define a numerical constant 3 now first 
introduced. ‘This constant might, not improbably, be unity, 
or a number of that order of magnitude, and for illustrative 
purposes it is later assumed that 


S21). 4 & & & -& ad CAO) 
29. From (42), (48), 


ele Ts) : 
n= oy EA) oa aa (90) 


the velocity of compressional waves in free æther being 


=m = #4 /(3E 
P=n= eee tee ee ØD 
Using (50) in conjunction with (44) and (45) respectively, 


3u%pE y 
a darKS > 2 © © © © œ (52) 


. ee 3EGp\. 
B= / (GR) «+ 68) 


AmK9 

= Sige % > Se ee OA) 

30. An expression is readily found for the maximum 
translational velocity attained by any element of ether in 
the primary wave-motion, half the square of this velocity 
multiplied by the density of the «ether being equal to the 
maximum kinetic or maximum potential energy per unit 
volume ; that is, equal to B?/2«. From (47) the desired 


expression is at once obtained, and only requires to be divided 
VOL. XXI. 2 H 


while from (43) 
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by 2mn to give the semi-amplitude of vibration (maximum 
displacement), and multiplied by 2am to give the maximum 
acceleration of any wxther-element. Remembering (50) the 
three expressions are :— 

2KG : 
L 5 
yE) O5) 


2G P 
Maximum velocity = zA CS) p oe poe eG oh ds es DG) 


e ° e e À 
Maximum displacement from mean position = — 
mp? 


6GE r 
Maximnm acceleration=q/ (gag ). ; ome we o at eee. OD) 


31. Bearing in mind § 9, and in particular equation (3), 
we have also, for any particle of neutral matter considered 
with respect to the ether, 


Maximum displacement from mean position= al a / e) (58) 


Maximum velocity = = / (FF). Se go the ee a Et. es o9) 


on; 


Maximum acceleration = 2 / ( (60) 
these three equations of course concern only that motion of 
matter with respect to the wether which is directly due to the 
primary wave-motion. 

32. From (46), (50) we have for the range of proportional 
changes of volume of the zther, above and below mean 


value, 
B A IGK 
E — a/o 3pE y); . ° e e (61) 


while for the rate (in ergs per second) at which wave-energy 
is being propagated through any square centimetre of surface 
whose plane is parallel to the wave-fronts, we must take the 
product of the wave-energy per c.c. multiplied by the velocity 
of propagation. Now throughout our purely progressive 
wave-train the total energy per unit volume is B?/2x, the 
maximum value attained by the potential energy per unit 
volume. Thus multiplying (47) by (51) the rate at which 
wave-energy is being propagated, in ergs per second per 


MODIFIED THEORY OF GRAVITATION. 417 


square centimetre, is found to be 


A? 3E a; 
V B?/2x = oe (Srs) e . e (62) 


33. All the quantities with which we are now concerned 
are expressed in terms of the following seven quantities :— 


(i.) G the Newtonian gravitation constant = 6°66 x 107°. 

(ii.) K the motional constant, defined by (31) [2 x 10-*°]. 

(iii.) p the density of the ether [10'?]. 

(iv.) E the constitutive energy per c.c. of the ether [10°]. 

(v.) A the wave-length of the primiry disturbance [10* 
astronomical units =1°5 x 10 em. ]. 

(vi.) p the proportional increase of ætherial compres- 
sibility arising from the presence of 1 gram of 
atomic matter per c.c.,as defined at the beginning 
of § 28 [20]. 

(vii.) 3 a numeric defined by (48) [1]. 


Of these seven, only the first, the gravitation constant, 1s 
known, the values indicated (in square brackets) for the 
remaining six being merely conjectural. If no set of values 
could be found which did not lead to demonstrably false 
results, we should have to conclude that the theory in the 
form here suggested was untenable. The considerations 
leading to the choice of the values in question will be best 
understood after the corresponding values of some related 
quantities have been computed. The table (p. 92) gives ina 
collected form the relations obtained in §§ 27-32. 

34. We may now review briefly the tentative values 
attributed in the last paragraph to K, p, E, à, w,and 3. The 
value 2x 10-™ is assumed for the motional constant K, in 
accordance with (35); the supposition being that K is small 
enough for a null result to be obtained in the test suggested 
in § 24, but not with any great margin to spare. It might 
be that the test referred to would give a positive result, and 
in any case a much more sensitive disposition could easily be 
devised. But since no such positive result has yet been re- 
corded, we cannot on this score assign any lower limit to the 
value of K, nor is our choice of something near the highest 

2H 2 
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TABLE. 


Values of certain quantities connected with the hypothetical 
(primary) wave-motion, expressed in terms of G, K, p, E, 
`, p, and 3, together with the numerical values for the 
same quantities derived from those already assigned to 


G, K, &e. 
| 
Equivalent Value in Value otherwise 
Nature of quantity. Symbol. we Seek 0.G.8. anne 
i units. a 
PS e N í | {oe ASR 
(Maximum displacement.) ... sa (a) 6-9 x 10-5) -69 micron. 
For any | =: 
element 4 Maximum velocity. = ki i( =a) 56x 10% | 56 kilom. per sec. 
of æther H N Tp | x 
| 
| Maximum acceleration. see / (sor) 45x107 
SpK | 
For any (Maximum displacement.) .,. |2A°K (= | i 
element of Bue y =E) 2X10-8 | 1/5090 micron, 
atomic ; A 
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of seemingly admissible values made necessary by the quan- 
tities given in the table. The experimental determination of 
the motional constant K, or of an upper limit to its value, 
would be interesting quite apart from its bearing on this 
theory; the question involved being, essentially, whether or 
not the total of setherial substance comprised in any given 
volume is modified by the presence of atomic matter within 
that volume. 

35. The values assumed for p and E (the density and the 
constitutive energy per unit volume of the ether) are those 
lately suggested by Sir O. Lodge *, who has given very 
convincingly his reasons for supposing that, in order of 
magnitude, the true values may not be very different from 
these estimates. Incidentally it may be remarked that 
Lod ge’s estimate of the constitutive energy per unit volume 
of the ether is about 6 times the electrostatic energy per 
unit volume, close to the surface of a negative electron, cal- 
culated on the usual assumptions that practically the whole 
inertia of the electron is electromagnetic, and that the 
ordinary linear relations of the electromagnetic field hold 
good right up to the surface of the electron. 

36. For the wave-length of the primary disturbance, we 
must assume a value so great that, even at distances of at 
least several astronomical units, the inverse square law of 
gravitational attraction is sensibly accurate. By putting 
A= 10‘ astronomical units, this condition seemed to be amply 
fulfilled, since for distances small compared with A, the 
deviations from the inverse-square law would be only of the 
second order (§19). The chief consideration against assign- 
ing a very much greater value to X is that € must be kept 
small to preserve linearity of relations, and also, I imagine, 
for general plausibility. 

37. The same consideration (keeping ¢ small) leads us to 
assign a fairly high value to p (defined in § 28). It is diff- 
cult to see what sort of value u should be expected to have: 
whether the proportional increase of ztherial compressi- 
bility due to a space being “ filled” with water instead of 
being vacuous should be a large number or a small Fraction. 
The value —20—chosen for u would make the phase-difference 

* Phil. Mag. vol. xiii., 1907; Nature, lxxv. p. 519, 1907. 
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of pressure-fluctuation of about the same order between th 
surface and the centre of the sun as between the su fac 
the sun and that of the earth, under maximum sudan: 

The somewhat vague grounds on which the value unity is 
assigned to 9 were indicated at the end of § 28 

38. Some of the derived quantities in the table above m 
now be considered. In the first place, take &, which i = 
sents the maximum deviation from its mean value of F m 
“specific displacement” of atomic matter (§7). If the 
primary disturbance is slight enough to be adequatel r repre- 
sented by linear equations, we should expect on a 
grounds that ¢ would be small, and the value for Pend 
from our assumptions is 5°6 x 10-5, while the energy of the 
primary disturbance peT unit volume, under the same assump- 
tions, appears as 1/(6 x 10°) part of the constitutive energy of 


the æther. 

39. For n, the frequency of the primary disturbance, 
1:29 x 10° per second is found, leading to 2:19 x 10” cm. 
per second, or over two thousand million light-years per 
second, for P, the velocity of propagation of a compressional- 
rarefactional disturbance through the æther. This would 
amply suffice for the sensibly instantaneous character of 


gravitational attraction. 
40. The bulk-modulus of elasticity of the sether, denoted 


by « is, with our assumptions, represented by 4°78 x 10” 
dynes per sq. Ci» or 4°72 x10 atmospheres. Comparing 
this with the assumed constitutive energy of the ether 
(10% ergs per c.c.), which 1s taken to be the basis of dielec- 
trie elasticity (the reciprocal of diclectric capacity) in free 

n appears to be consistent with our 
-modulus is enormously greater than 


ether, the compariso 
assumption that the bulk - tha 
astie modulus of the æther ; an assumption in 
ther, in relation to compressiona - 


any other el 
accordance W1 
rarefactional motior 


Direct Effects of the Primary Disturbance. 
ext the motion of the ether constituting 


and the directly resulting motion 
the ether, the question arises : 
ould present themselves to our 


th which the Œ 
is, has been treated as a fuid. 


41. Considering ” 
the primary disturbance, 
of matter with respect to i 
what phenomena, if any, W 


MODIFIED THEORY OF GRAVITATION. 421 


observation if such motions were actually taking place? 
In the first place, bearing in mind § 12 above, it will be 
evident that a bodily vibratory motion of the ther, of 
sufficiently great wave-length, with atomic matter equally par- 
taking in such motion, could give rise to no observable 
phenomena ; if any effects are to be made manifest, as a 
direct consequence of the primary disturbance, these must 
arise from the motion of matter with respect to the ether. 
So fær as I have been able to see, after long and careful 
consideration, there would be nothing capable of affecting 
interference phenomena, no heating effect, and no production 
of electromagnetic waves, provided only that one condition 
were realized. That condition is that the positive and nega- 
tive electrons should have identical accelerations impressed 
on them by the direct action of the primary disturbance. 
The discrimination between positive and negative electrons 
in relation to gravitational agency is a question presenting 
many aspects for consideration. Some of these are touched 
upon in Appendices A and B. 

42. Perhaps the most surprising of the tentative numerical 
values tabulated above, is that suggested as the rate at which 
energy is being propagated through the ether, per square 
centimetre of surface normal to the direction of propagation; 
the energy so propagated in one second exceeding by many 
million times the Sun’s entire store of available heat. The 
problem has of course been simplified by limiting the primary 
disturbance to a single progressive wave-train of definite 
wave-length; but the result would not have been greatly 
different if a series of wave-lengths had been included as in 
§ 18, and it is of course quite immaterial whether we assume 
the primary waves to be travelling indiscriminately in all 
directions, or predominantly or exclusively in a single direc- 
tion. It must indeed be admitted that the basis of the 
estimates put forward in § 33 is nothing better than guess- 
work ; but, after making all allowances for the very great 
uncertainty attaching to such conjectures, it appears to be an 
inseparable feature of the theory proposed that energy should 
be travelling through the ether on a prodigious scale. 
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43. The theory of gravitation which forms the subject of 
this paper has a good deal in common with its predecessors. 
In the first place, it is made to appear that gravitational 
attraction is not an essential and inseparable attribute of 
matter, the Newtonian constant being theoretically sus- 
ceptible of increase or diminution, or even of entire suppression 
through a change of external circumstances. In this respect 
the present theory is comparable with Le Sage’s hypothesis 
of ultramundane corpuscles, as well as with a scheme put 
forward by Challis *, which likewise assumed the existence of 
compressional waves in the zther, although the function 
attributed to these waves was very different. But the theory 
now advanced is much more akin to that of Prof. Hicks, 
which indeed suggested it, and of which it may be regarded 
as a development. The introduction of ætherial compressional 
waves of great wave-length to actuate the pulsatory move- 
ments of atomic matter, and thus secure the necessary 
agreement of phase amongst the pulsating centres, 13 one of 
the main modifications suggested ; another being the manner 
in which the capacity for pulsatory motion, assumed to be 
associated with the electrons, is represented as mobile through 
the ether. In this way we avoid the necessity for supposing 
that any element of etherial substance ever deviates by more 
than a minute amount from its mean position, the motion 
throughout being of “ stationary ” type, while at the same 
time the problem with which we have to deal is essentially 
one of hydrodynamics, capable of being worked out to a 
first order by means of a simple analysis. We are enabled 
to treat the wther as if it were a fluid, not because we assume 
it to yield freely to certain types of stress, but because the 
distortions involved in the motions considered are so exces- 
sively minute that no appreciable opposing stresses are called 
up, save only the changes of hydrostatic pressure, which owe 
their importance to the enormons value attributed to the 
bulk-modulus of elasticity of the «ther. Apart from the 
simplicity thus attained, it appears to me most desirable that 
we should discard, if possible, the conception of matter, or of 


* See a review by Maxwell, ‘Nature,’ vol. viii; Scientific Papers, 
vol. ii. p. 338. 
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ariy parts or properties associated with matter, as grossly 
ploughing a course through a reluctant «ther. All that we 
know of æther and of matter seems to indicate that the 
mobility of matter is absolute, an that the elastic properties 
of the ether remain perfect, notwithstanding the motions of 
material bodies, or even of detached negative electrons 
travelling with velocities approaching that of radiation. And 
the only way in which I have been able to conceive of matter 
as travelling through the ether, without doing unwarrant- 
able violence to the structure of the medium, is by supposing 
the entire phenomenon of motion to be reducible to a trans- 
ference of strain, so that no event in our universe involves a 
progressive yielding of the ether. 

44. By Maxwell * it was felt to be an objection to such 
hypotheses as those of Le Sage and of Challis, that they 
involved a continual expenditure of energy for the main- 
tenance of gravitational attraction, the conservation of energy 
in such cases being “ apparent only.” The present theory is 
equally open to this criticism ; but the objection is a meta- 
physical rather than a physical one, and in view of recent 
developments it has hardly the force which it might have 
appeared to have some forty years ago. We have become 
accustomed to the idea that our rapid motion through a 
medium of enormous density not only fails to provide us 
with a useful source of energy, but defies the most refined 
attémpts to detect it by means of terrestrial observations. 

And there is nothing more inherently improbable in the 
notion that our universe may be traversed by waves of 
enormous energy, perceptible to us only by means of a 
minute secondary effect—gravitation. That we should be 
unable, even in our dealings with this feeble residual pheno- 
menon, to extract with continual profit the minutest portion 
of the energy so abundantly propagated, is a view which 
may appear to us somewhat ironical, but which is not out of 
harmony with the trend of molern physical conceptions. 

45. Whatever may be the difficulties of the theory, this 
attempt to contribute something towards the explanation of 
gravitation has appeared to me sufficiently suggestive to be 


* Loc. cit. 
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worth publication; the more so as incidentally certain 
questions are raised, some of which, it may be hoped, are 
capable of being decided by experiment. 


APPENDIX A. 


Electromagnetic Phenomena which might conceivably arise 
from Gravitation. 


46. Since in this paper gravitation is regarded as a 
secondary or residual effect, due to the influence of atomic 
matter on the propagation of compressional etherial waves, 
it might have seemed more logical to discuss the electro- 
magnetic phenomena possibly produced by such waves, before 
considering effects of a like character which might be 
supposed to arise from gravitational attraction. In the first 
place, however, gravitation is known to exist, and in the 
second place, the effects to be considered, being statical, 
are comparatively simple. Accordingly gravitation may be 
dealt with first in this connexion. 

47. Independently of any theory as to the cause of gravi- 
tation, if we suppose that ordinary matter is made up of 
electrons, then it seems reasonable to conclude that any 
influence exerted on matter cau be analysed into influences 
exerted on electrons, Again, experiment indicates unmis- 
takably that, whatever the nature of positive and negative 
electrons may be, they are far from being symmetrical 
opposites. Thus it is natural to inquire what effects are to 
be expected when we discriminate between positive and 
negative electrons under gravitational influence. 

48. To take the simplest case, consider a body moving 
without constraint in a uniform field of gravity, the accelera- 
tion of the body f thus agreeing in direction and magnitude 
with the strength of the field. Suppose that, electrically, the 
condition of the body is not changing ; then on the whole 
both positive and negative electrons are moving with the 
acceleration f. Now if the forces exerted ina field of gravity 
are in the same sense on positive and negative electrons, and 
of magnitudes proportional respectively to the masses of such 
electrons, the identical acceleration of the two denominations 
will follow, without additional forces of electrostatic type 
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being called into play. Butif the gravitational forces on 
positive and negative electrons do not conform to the condition 
just referred to, they can always be resolved into two sets : 
one set of like forces proportional respectively to the masses 
of the positive and negative electrons on which they act, and 
another set of forces acting equally and oppositely on the 
positive and the negative. This latter set produces on the 
body under consideration the seme effect as would result 
from a uniform electrostatic field, the body becoming elec- 
trically polarized if of dielectric material, or, if a conductor, 
acquiring a surface charge of electrification without internal 
polarization. 

49. The state of things here suggested is somewhat dif- 
ferent from anything ordinarily contemplated in electro- 
statics ; the gravitational quasi-electromagnetic intensity 
which acts throughout the substance of a conducting body 
being balanced by the true electromotive intensity arising 
from the surface distribution of electricity, so that we have 
an electrostatic field of force exertedin a conducting medium 
in equilibrium. In these circumstances, it may not be super- 
fluous to point out that, in estimating the electric field-intensity 
from the surface charges, no dielectric constant other than 
that of free ether comes into play. For in an electrostatic 
field, the intensity at any point is determined jointly by the 
signs and positions of all the clectrons concerned, and by 
nothing else, each electron contributing to the field-intensity 
the same component as if the other electrons were non- 
existent. As is well understood, the electronic theory affords 
on these lines an account of the dielectric qualities of different 
media ; such qualities, however, being without any bearing 
on the problem, so long as on the whole there are no forces 
tending to displace relatively to one another the positive and 
the negative electrons which together make up the medium 
under consideration. 

90. Let mı, pz denote the masses of the positive and nega- 
tive electrons respectively, contained in unit mass of matter ; 
then 


iri ie . se ss » (63). 


Also let the total charge of the positive electrons in unit 
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inal Head be x: ei total charge of the negative elec 

being accordingly —ey: where ei ‘ty of 

electricity required to liberate one Bian 3 o. 
ge 


trolytically, and x is a numeric. 
Further, in a field of gravity whose intensity is measured 


by the acceleration f, let 


gravitational attraction on mass Hı Of positive electrons be My Vf, 
f i 1 J9 
Ha of negative electrons be py f. 


99 93 29 
We then readily find, for a mass moving freely in the field f, 
that the electrical condition is the same as if an ae 
stutic field were exerted, whose intensity, measured i tho 


same direction as f, 13 

g: EE . . (64) 

this equivalent field-intensit i A . 

static ee electromagnetic pe ani rae oe 
: » according as e is in 

electrostatic or electromagnetic measure, 

51. The (single) condition that this quasi-clectromotive- 
intensity should vanish is y=1l=., in which case the 
gravitational forces acting on masses Hi Ho of Bees and 
negative electrons in a field of intensity fare respectively 
mifa kef 3 that is to say, 0 the proportion of the masses. As 
will be scen in Appendix B, the gravitation theory of this 
paper appears almost cer tainly to demand that the condition 
just referred to should be satisfied ; but putting that theory for 
the time being on one side, it is interesting to trace out some 
consequences of a less restricted view as to the relative 
behaviour of positive and negative electrons under the action 


of gravity. 
52, When the body with which we have to deal is not 
moving freely in a sensibly uniform gravitational field, the 
corresponding results cannot be written down without making 
some assumption as to the relative mobility of positive and 
in a conducting or dielectric mass. For 


ve electrons 1 
e consequences of supposing that the 


let us trace th 
etrons alone Possess sufficient mobility to enable 


negative ele i 3 to 
them to migrate through unrestricted distances within the 
mass of a solid conducting substance; the negative electrons 
this cerving to convey the whole of any current which may 


negati 
example, 
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be flowing in the substance. In a cylindrical conductor 
whose axis is vertical, let a current be flowing upward ; 
consider what happens when negative electrons whose aggre- 
gate charge is —ey pass downward through the cylinder, 
and in particular through a certain stratum of the cylinder, 
bounded above and below by horizontal planes, whose distance 
apart is A. According to our notation, — ey is the aggregate 
charge of the negative electrons which are comprised in one 
gram of neutral matter, and which have collectively the mass 
Hy, experiencing in a gravitational field of intensity g the 
force myx, measured downward, so that the work done 
by gravity while the quantity —ey moves downward through 
the stratum h is poy. gh. There is thus virtually, correspond- 
ing to a height A of the condactor, an electromotive force 


— my: gh/ex (measured downward);. . (65) 


the quasi-electromotive-intensity due to the action of gravity 
being therefore 


— pyyog/ex (measured downward). . . . (66) 


53. If, in place of gravity acting, an acceleration f is 
impressed on an isolated conductor, then the negative elec- 
trons of total charge — ey, having an aggregate mass py, 
must experience, when there is electrical equilibrium, a re- 
sultant force uf, and in virtue of the assumed mobility of 
the negative electrons, this resultant force pf must be due 
to an electrical distribution on the conductor in question. 
But an electrical distribution which would exert the force 
Haf on certain electrons is precisely that distribution which 
would arise from such an external field as would by itself 
exert the force —s fon the same electrons. In other words, 
the conducting body caused to move with acceleration f, 
becomes electrified precisely as if it were placed in an 
electrostatic field of intensity 


Moflex. «+ «© «© «© « « © (67) 


If we take y to be vertically downward, and identical in 
value with g, we find by combining (66) and (67) an ex- 
pression for the virtual electrostatic field due to the action of 
gravity on a freely falling body ; and this expression agrees 
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with (64) which was obtained independently of any assump- 
tion regarding the respective mobilities of positive and 
negative electrons. 

54. On the other hand, if we were to assume that, while 
currents of conduction were carried exclusively by the nega- 
tive electrons, it was the positive electrons alone which were 
acted upon by gravitational attraction, we should be led to 
the conclusion that bodies at rest relatively to (say) the earth 
would acquire no electrical charges through the action of 
gravity. 

53. Reverting now to the illustrative assumption of § 52, 
we may attempt to form some idea of the magnitude of the 
electromotive effects to be expected when the negative elec- 
trons are supposed to be not only the exclusive carriers of 
currents of conduction, but also the only objects influenced 
by gravity. A further assumption is needed as to the total 
of positive or of negative charges carried by the electrons in 
unit mass of matter. Let it be assumed, for example, that 
Y¥=1 (see § 50), so that the negative electrons comprised in 
one gram of hydrogen (or of other substance) will have an 
aggregate charge equal to e, the quantity of electricity 
required to liberate one gram of hydrogen by electrolysis. 
The expression (66) for the downwardly-directed quasi- 
electromotive intensity resulting from the direct action of 
gravity becomes —peyog/e, where myg is the downward 
force exerted in the earth’s gravitational field upon the mass 
p, o£ negative electrons comprised in one gram of matter. 
But under our present assumptions this latter force is simply 
the weight of one gram of matter, and 1s equivalent to g; 
so that finally the downwardly-directed quasi-electromotive 
intensity is measured by —g/e. Now eis roughly 10‘ e.m. 
units of quantity per gram, and g may be taken as about 
980 em./sec.?; consequently, for the quasi - electromotive 
intensity affecting stationary bodies at the earth’s surface 
the estimate obtained is 980x107‘ e. m. units of potential 
per cm., or 9°8x 107" volt per em. 

56. On applying the axiom that gravity cannot be made 
to furnish an unlimited supply of energy, it is evident that 
the total gravitational clectromotive force round any closed 
circuit of conducting bodies must vanish, however small may 
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be the conductivity of those bodies; so that any attempt to 
detect such electromotive effects galvanometrically must fail. 
The only methods conceivably available would be those de- 
pending upon the convection of electric charges by insulated 
conductors moving between one level and another, and 
making contact intermittently with the extremities of an 
elongated vertical conductor. It would be easy to devise a 
machine for performing continually a cycle of operations, 
whereby any electromotive influence due to gravity would be 
rendered effective in gradually imparting contrary charges 
to a pair of insulated hollow conductors. But apart from the 
excessive minuteness of the effect to be looked for, and the 
thermoelectric and other disturbing influences almost neces- 
sarily encountered, another consideration steps in to render 
any such attempt nugatory. To guard against stray electric 
influences, our whole apparatus would require to be enclosed 
in a conducting envelope, the charge induced on which by 
gravitational influence would exactly neutralize, throughout 
the interior of the envelope, the quasi-electromotive intensity 
due to the direct action of gravity. Thus, even if we suppose 
positive and negative electrons to be oppositely acted upon 
by a gravitational field (in which case, for example, the 
aggrgate attractive force on the negative electrons in a body 
might greatly exceed the weight of the body), it would still 
be impossible, by means of laboratory experiments, to detect 
any electromotive effects due to the earth’s gravity. 

57. The case of the earth moving in its orbit under the 
sun’s attraction may be regarded as that of a body moving 
freely under a sensible uniform field of gravity. Making 
any assumptions that suggest themselves as to the number 
of electrons in a gram of matter, the relative masses of 
positive and negative electrons, and the forces experienced 
by these under gravitational influence (64), may be used to 
estimate the resulting electrical distribution on the earth’s 
surface (or in the upper strat. of the atmosphere) arising 
directly from the gravitational attraction of the sun. But 
with such assumptions as I have tried, it appears that 
the effect to be expected is very minute. For example, 
making the same assumptions as in § 52, and in addition 
assuming that nearly all the inertia of neutral matter is the 
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inertia of positive electrons, the extreme difference of 

gtential between opposite poles of the earth comes out as 
about 80 microvolts. Moreover, the shifting of this feeble 
electrical distribution, owing to the earth’s (solar) diurnal 
rotation, could not have any sensible influence on the 
phenomena of terrestrial magnetism. 


APPENDIX B. 


Electromagnetic and Thermal Effects produced by 
Compressional Etherial Waves. 


> Returning more particularly to the view adopted in 
body of this paper, the results obtained in §§ 16-18 
the a may be readily revised so as to discriminate between 
abov ossibly different gravitative behaviour of positive and 
the Live electrons. 
nega -n Appendix A, let unit mass of neutral matter contain 
As! of positive and ys of negative electrons (so that 
mass Fo , the aggregate charge of mass p, (or pu) of 
pit He, negative) electrons being as before denoted by 
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similarly experiences a force F;u;pA. Now 

Fy pA=A{Fy, EE A, 

Pupa Al Emot Fme] © + Oh 
the aggregate forces acting respectively on the positive and 
on the negative electrons in unit mass of matter being thas 
resolvable into forces Fyu,pA, Fu pA proportional to the 
masses on which they act, together with the pair of forces 
(F,—F)u pA and (F;,—F)y.pA, which by (69) are equal and 
opposite. The first two constituents named tend to accelerate 
each element of matter with respect to the ether as a whole, 
the total force exerted per unit mass of matter being FuA; 
while the remaining equal and opposite forces, acting 
respectively on positive and negative electrons whose aggre- 
gate charges are ey, — ey, have the same effect on the motion 
of those electrons as would be produced by an electromotive 
intensity 

pa E Ped _(F-FimpA zy) 

eX 7 

measured in the direction of the acceleration A. 

59. As in Appendix A, let it be assumed (merely by way 
of example) that y=1,e being as before the quantity of 
electricity required to liberate one gram of hydrogen electro- 
lytically. Assume also that the extrusion of ether F per 
unit mass of neutral matter is due entirely to negative 
electrons ; the æther extruded by one gram of matter being 
therefore that extruded by a mass py of negative electrons, 
whose total charge is —ey (=—e). Assume, that is to say, 


F,;=0 and Fyu=Fp=F(m +4)... . . (72) 


If we further assume (as in Appendix A, § 57) that nearly 
all the inertia of neutral malter is the inertia of positive 
electrons, so that 4,=1 approximately, then (71) becomes 


T=~ sh, bith vs oe, HID) 


which, with our present special assumptions, is the quasi- 
electromotive intensity due to an acceleration A of the 
ether. 
60. As regards the thermal effects arising from com- 
pressional waves in the æther, let us simplify the problem to 
VOL. XXI. 21 
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be considered by reducing the disturbance (as in § 27) toa 
single plane wave-train of very great wave-length A, and of 
frequency n. Putting sin place of 2mn, we may write for 
any region of dimensions very small compared with A, 


TaTiet, . 2. 1 ee (TS) 


where it is to be understood that T and T, are expressed in 
absolute electromagnetic measure. 

61. Consider in particular the case of a flat parallel-faced 
slab of conducting material, whose length and breadth are 
very great in comparison with its thickness, the main faces 
of the slab being perpendicular to the direction in which the 
compressional ætherial waves are being propagated, and 
perpendicular therefore to the direction of the quasi-electro- 
motive intensity T, which we shall suppose to be measured 

positively from left to right in the figure, 
as indicated by the arrow. 
At any instant let ç be (in electro- 
magnetic measure) the surface-density of 
electrification on the right-hand face, —s 
—|s +1S being that on the left-hand face; ç will 
evidently be a periodic function of the time 
of the form 


s= set, o o. a. (15) 


where ¢ is a constant, in general complex. 

Between the faces of the slab there is, at any time t£, a 
conduction current whose density, referred to unit of area, 
is ds/di, and a polarization current whose density is —ds/d¢*, 
the total effective current being thus zero. The same result 
is otherwise evident ; for at any point exterior to the slab 
the total electromotive intensity arising from the surface- 
densities ç and —s vanishes at each instant. Hence outside 
the slab there is no polarization and no polarization-current, 
and of course no conduction-current; so that the total 
effective current is zero outside the slab. The solenoidal 
or “stream” character of the total current accordingly 
necessitates a zero value for this vector within the substance 
of the slab also. 


—-—-+ 


* Cf. Appendix A, § 49, 
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62. Thus everywhere, except near the edges of the slab 
(which we ignore) magnetic force is absent, and peer = 
magnetically speaking our system is without kinetic energy * 
There must of course be some kinetic energy involved in 
the reciprocating relative motions of positive and negative 
electrons, but this kinetic energy, even though a close enough 
analysis would reveal its electromagnetic character, has no 
place in the ordinary equations of electromagnetism, and a 
moment’s consideration suffices to indicate its excessive 
minuteness. 

63. Within the substance of the slab there is at each 
instant a quasi-electromotive intensity T and a true electro- 
motive intensity — 4r V’s, V being the velocity of radiation. 
For simplicity it will now be supposed that the only opposing 
forces are due to electrical resistance; thus in the absence of 
appreciable inertia effects, the relation 


(T—4daV*s)c=ds/dt . . . « . (76) 


is always satisfied ; c being the conductivity of the substance 
of the slab. Using (74) and (75), 


$= Tye/(4arV%et+is), . 2 « - © (TT) 
This gives for the current-density 
I =issgettt'= Ac(s?41. AnVisc) es 
 lériVie+ et 
or, separating the real from the imaginary problem, we have, 
corresponding to 
T = Tocos st, . oe Wal a Se ck ee . (79) 
Ta Tocs 
16m? Vie + s? 


* There will accordingly be no production of electromagnetic waves, 
except near the edges of the slab where the same simple conditions are 
not realized. But in general electromagnetic waves will be produced: 
wherever there are bodies of dielectric or conducting material in the path 
of the primary compressional waves. If the primary disturbance, as in 
the foregoing table, is assumed to be periodic and of frequency 1:29 x 10", 
the electromagnetic waves, being of the same frequency, will in free 
gether have a wave-length of 2°33 cm. Without having considered these 
waves in any detail, I think it may be said that they will be quite 
insignificant, provided the electromotive effects of the primary waves are 
too slight to give rise to appreciable thermal phenomena. 


212 


(78) 


(s cos st—4arV’csinst).. . (80) 


434 DR. C. V. BURTON OX A 


64. The rate, in ergs per second, at which energy is being 
dissipated as heat in each cubic centimetre of the conductor 
is accordingly 

p S oe 
2 = iGeViege (s cos st—4arV'esin st)?; . (81) 


so that 
, P 1 Toeg 
average of o = 3 igya A A e E 


The Jast-written expression is a maximum with respect to ¢ 
when ¢ = s/4m V?, in which case the average of I?/c becomes 


Tys/lGrV2. 0. 2 ww . . (83) 


64 &- Remembering (73), we find that, with the particular 
eat of numerical values adopted in the foregoing table, 
T= 130 volts per cm., or in absolute e.m. units 1:3 x 10"; 
pi Qqrn = 2m x 1°29 x 10"; the average rate at which energy 
ness ng dissipated in the conductor being in that case 
oat 08 ergs per sec. per c.c.or about 7°5 calories per sec. per c.e. 
- ig with the conductivity most favourable to dissipation, 
This 1 of the conductivity being then given by c=s/4rV? ; 
t the specific resistance would be 4r V?/s=1:4 x 104 in 
so tha measure; which is equivalent to 140 ohms as the 
absolute of a centimetre eube. If the slab were of much 
resistance ch lower conductivity, the dissipation of energy 
( responding to the same set of assumptions) would of 
co less. 
course be a the special assumptions of § 59 the rate of 
65. Thus W heat, through the action of the primary waves 
developmen rough excessively minute compared with the 
t a have supposed energy to be propagated in 
ertheless, at its maximum, much greater 
ciled with experience. But in obtaining 
@ previous paragraph, it was assumed 
the estima S -on ” of the æther per unit mass of matter 
ex trust the negative electrons, and that the 
as almost entirely due to the positive 
e to suppose the extrusions due to 


s 
aves, 1 


atter w 


ee m er 
inertia © Unless we™ 
* Cf. §7. 
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positive and negative electrons to be of opposite signs, this 
would be the assumption corresponding with the greatest 
electromotive effects from the action of the primary waves on 
atomic matter, and with the greatest consequent dissipation 
of energy ; the inference being that, if we are to retain our 
tabulated estimates, or any others not wholly different from 
these in order of magnitude, we must adopt some more 
favourable assumption as to the relative “extrusions” and 
masses of positive and negative electrons. Now it is evident 
from (71) that if the “extrusions ” of positive and nega- 
tive electrons were proportional to their masses (that is 
F = F = F,), the electromotive effects of the primary waves 
would vanish. In that case there would be no heating of 
matter through dissipation of the energy of the primary 
disturbance, nor would there be any corresponding production 
of electromagnetic waves. Experience suggests, then, that 
the relation 


Fi=F=F, ..... . (84) 


is exactly or very nearly fulfilled. 

66. If indeed the ether is traversed by waves of other 
than electromagnetic type, to the penetration of which no 
sort of matter forms a barrier, it would be interesting to test 
for any residual heating effect due to the interaction of such 
waves with atomic matter. To devise the most sensitive 
arrangement within given limits of size wound need some 
thought, but evidently a body of large bulk would be best. 
Such a body (perhaps hollow) of suitable conductivity, well 
jacketed with a material of the highest possible thermal and 
electrical resistance, and further enveloped in a double-walled 
vessel containing ice, might be examined for a gradual rise 
of temperature. Even if all laboratory experiments on these 
lines should give negative results, it might still be held 
possible that some part of the earth’s heat was due to the 
electromotive effect of compressional ztherial waves. This 
is only mentioned as a possibility suggested by the theory 
of this paper, and not as tending to remove any existing 
difficulty in the domain of geophysics. 

67. Some attempt having already been made in Appendix 
A to trace the possible electromotive effects of a gravitational 
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tions which 
of § 17 above ich must be made in . 
BE Fit Ser when a vih nimi ote iy 
with th . » Will now be v à n positive 
1s noel explained in § 58, the T indicated. 
y (10) must now be R 
y tne more 


com plete expression 
— (Hm + Heys) Pedrdyds, ? (85) 


which is to be e 
quated to Y’dz dy dz; hence (11) beco 
¢= E a æ f(z da! dy' di i 
J; . . (86) 


(16) is ee by 


ÒT (Hyp, +H 
OT Se | at WE at ) 
Or pues Ip 


while 
» . (87) 


where I as before, has the meaning indi 
ng indicated by 
In plac? oe we have now two equations, by (17). 
for — a seers aig negative pine ae a 
on the positive electrons in unit ses ee 
matter 


The fore? 
= -rF 2 = pF, Cet a) d'p 
| Sele - (88) 
the foree on the negative electrons being similarly 
F OF = F, (Hiu, +H 
= -pt 28.0 BF + Hsz2)p 07D 
Aor apr les + (89) 
a9) being T epla laced by 
Fier +5F,=F,— —Hip 
Fy = Fat ôF, = Fa Hp 
Hence the ot vita e force acting on the positive electrons 
jn unit mas of matte 
P pm (F F, — Hip) (Biss + Hapa) Pr ; 
t? I9 


Z 4m 
e value of dpl is zero, the only part 


nd since the rag 
J on wbic ch does not disappear on averaging is 


of this expre=* pP 
ar Hy (Hyu + Hans) p 41, }. ; (92) 


averag® of 


(90) 


(91) 


MODIFIED THEORY OF GRAVITATION, 437 


Similarly, the average force on the negative electrons in 
unit mass of matter is 


2 
average of f PHB + Haws l L} . + (93) 


. On adding (92), (93) and comparing with (21), it is seen 

that (Hæ + Ham) =H?, which is otherwise immediately 
evident. 

68. Now we have seen that the only escape from in- 
admissibly great heating effects of the primary waves lies 
in supposing the relation (84) to be at least very approxi- 
mately true ; and unless we make the very special assumption 
that the relation in question is only fulfilled for one particular 
value of the general ztherial pressure, we must likewise 


conclude that 
dF /dp=dF/dp=d¥/dp; . . . . (94) 


or, remembering (68), that 
Hi=H=H, ....-.. (95) 


In this case the expressions (92), (93) for the forces 
exerted in a given gravitational field on the positive and the 
negative electrons in unit mass of matter, become proportional 
respectively to the aggregate masses of the electrons in 
question. As was pointed out in § 51 (Appendix A), this is 
the condition that no electromotive effects shall be experienced 
by a body moving freely under a sensibly uniform field of 
gravity. 

The relation between the notation of this Appendix and 
that of Appendix A is evident: u, and mw, having the same 
meaning in each case, while H,, H; are respectively equivalent 
to yH, yH. 


APPENDIX C. 
A Non-Electromagnetic Term in the Inertia of an Electron. 


69. It will readily be realised that, just as an electron 
possesses mass or inertia of electromagnetic origin, so on our 
theory the total effective mass of the electron comprises what 
may be called a gravitational term. The motions which are, 
on this view, to be classed as of gravitational type are wholly 
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of the nature of irrotational bodily movements of the volume- 
elements of sether. What has here been called the primary 
disturbance is assumed to consist of compressional waves, 
while the secondary disturbance—the supposed cause of gravi- 
tation—takes the form of a pulsatory movement whereof 
every particle of matter may be regarded as a centre. 
Finally, the motion of matter with respect to the ether 
` pears in general to involve (over and above electromagnetic 
sh gnomena) an irrotational distribution of ztherial motion. 
hi g mecessarily implies the addition of a corresponding term 
the inertia of the matter in question; but as will now 
1o r this term may, on our assumptions, be relatively 
Laem, ficant. By way of illustration, expressions for the 
insig ea tional inertia of an electron, obtained on two further 
grav? tive assumptions, will now be given. 
alterna the first place, let us suppose that the free sether is 
70. ] continuous medium, and that the constitution of an 
a strictly nvolves a modification of ætherial density expressible 
electro? ",jnvoUs function of coordinates. Let the modifi- 
as a CO density be such as corresponds with a radial dis- 
cation O (measured outwards) of any element distant R 
placeme? entre of the electron. It is understood, of course, 
from the © odified state of the ether, expressed by SR=0, 


that the ifort density. In particular, let * 
of u! 
eee from R=0 to R=R 


| ôR a 3/R° from R =R, to R=% 
R= n7 


; . (96) 


shown that the corresponding term in the 


1 it can tron is 
ie of the elec 20 
iner” y TPR, s goa wn a OD 
before ig the density of the ether. 
elio 
where P i suffers from the disadvantage that motion of 


j jon © involves impulsive changes of velocity of 

š $ tributio ther 1nV0 p l 

* This dis ough the & which, instantaneously, R=R. A slight 
A A remove the objection, but at a great sacrifice 
96) WOY. which must always be a leading consideration 


è : xamples, 
nalytic® MP jitustrative ESUP 
na ures. 
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71. Now the mass of ether “ extruded ” by the electron 
is 4apCR,’ and the expression (97) bears to this the ratio 
5 C, which may be very small provided C is small enough. 
Moreover, in the table given above, the mass of ether 
“extruded” by one gram of neutral matter is estimated at 
29x 10-* gram; and it therefore seems possible that the 
theory proposed may involve only a very minute non-electro- 
magnetic term in the total inertia of a body. 

72. Alternatively let the æther be regarded (for present 
purposes of illustration) as made up of thin coreless vortex- 
filaments pervading a frictionless liquid * of density p; the 
sum total of the vacuous cores comprised in any considerable 
volume of sther being so small a proportion of that volume 
that p may sensibly he identified with the average density 
of the æther. Let us further suppose, as in § 70, that the 
constitution of an electron involves etherial displacements 
expressible by (96), and that such differences of density as 
exist from one volume-element of «ther to another are due 
solely to altered diameter of the vacuous cores, no alteration 
in the total length of cores per unit volume being involved. 
It then appears that what we have called the gravitational 
part of the inertia of an electron, in addition to the quantity 
(97) contains a term 


3 px volume of electron x average value of { volume of vacua 
. oro) Ti i 
per unit volume of æther x JR log oo (98) 


where ry + ôr, is the radius of a vacuous core at a distance R, 
from the centre of the electron, and r, is a length corre- 
sponding in order of magnitude with a scale of structure of 
the æther. In (98) “volume of electron” must be under- 
stood as extending to all that region wherein dôr,/dR differs 
sensibly from zero. The addition of the term (98) does not 
disturb the conclusion that the gravitational part of the 
inertia of an electron may be very small compared with the 
mass of æther which the electron “ extrudes.” 


* Cf. Appendix D. 
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APPENDIX D. 
A Kinetic Model of a Slightly Compressible Medium. 

73. The representation of the electromagnetic properties 
even of free ether by means of a turbulently moving liquid 
is beset by difficulties which may well prove to be insuper- 
able; but it is nevertheless interesting to remark that a 
perfectly incompressible liquid, through which vortices are 
distributed, constitutes a kinetic model of a slightly com- 
pressible medium such as we have assumed the ether to be, 
provided some or all of the vortices are coreless. One way 
in which a very minute degree of compressibility may be 
represented, is by supposing only a small proportion of the 
vortices present to be coreless. When such a medium is 
subjected to increased pressure, so as to diminish the volume 
occupied by the vacuous cores, the circulation around each 
vortex remaining unaltered, the energy of the turbulence will 
be increased by an amount equal to the work done by the 
pressure, and this additional energy is to be regarded as 
potential when the turbulently moving liquid is treated as a 
continuous medium. 

74. If we suppose each core, whether vacuous or con- 
sisting of rotationally moving liquid, to. be of very small 
diameter in relation to the radius of curvature of its “ curved 
axis,” and very small also in comparison with the distance 
between neighbouring vortices, an expression may readily be 
obtained for the compressional elasticity of the medium. If 
p is the mean pressure, we shall have, for any point in the 
liquid sufficiently remote from vortices, 


T Mole Red cee ge ° ° (99) 


where ri, fa... are the radii of the various vacuous cores, 
Qi, Qs, ... the circulations around them, and p the density 
of the liquid. Hence, extending the summation to the unit 
of volume, and calling l, l3, ... the lengths of the respective 
coreless vortices comprised in that volume, 


p20? 
orp 


= Blm? = U, say; . . e . (100) 
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so that U is the total volume of vacuous cores comprised in 
unit volume of the turbulent liquid. Also, assuming the [’s 
to be invariable, 

877? U 


dU p 
S Spp UE oc (101) 
where, corresponding with any one vortex of strength Q, 
there is a volume v of vacuous core comprised within the 
particular unit volume now considered. The left-hand 
member of (101) represents evidently the reciprocal of the 
bulk-modulus of elasticity appertaining to the medium as 
a whole, while the velocity Y of compressional waves is 
given by 
_ 1 
= gmin . e e o œ 
These expressions are given merely by way of illustration; 
they are of course far from being the most general, in the 
first place because of our assumption that all the vortices 
may be treated as linear, and in the second place because it 
has been supposed that the core of any one vortex either con- 
sists wholly of rotationally moving liquid or is wholly vacuous. 


P? (102) 


DISCUSSION. 


MrC.S. WHITEHEAD asked if the amount of energy stored in the ether 
was greater or less than it was in the past. 

Prof. C. H. Lexs asked if the æther considered was the old one or a 
new one. He referred to an interesting point in the Author’s represen- 
tation of gravitation, namely, that matter was produced by the absence of 
something from the ether. In the theory advocated by Osborne Reynolds 
matter was produced by a deficiency in the normal piling, and recent 
theories seek to explain matter and gravitation by the absence of some- 
thing which is present in free sether. 
~ Dr C. V. Burton, in reply to Mr Whitehead, said he was not aware 
whether the amount of energy in the ether varied with time or not. 
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XXVII. On a Simple Physical Method of illustrating the 
Principles of Geometrical Optics. By R. M. Arcuer, 
A.R.C.Se., B.Sc. (Lond.)*. 


[Plate XXIV.] 


THE principles of geometrical optics are frequently illustrated 
experiments in which the images of narrow obstacles are 
obscured by similar obstacles arranged in the line of vision. 
This method is somewhat tedious and is open to the objection 
that the path of a shadow is traced rather than that of a 
beam- The following method is free from these objections, 
d will be found interesting and convincing t. 
The rocedure is to allow light from a narrow rectilinear 
„ce to Pass through a slit and fall upon a flat white 
sou ce at almost grazing incidence. ln most cases the 
surfa ay be the straight filament of a glow-lamp, and 
source e arranged parallel to the slit and not less than 
shoul jpches from it. Alternatively, a batswing burner 
about 1 flame “ edge on” to the slit may be employed, but 
ned from draughts by a suitable enclosure. 
: e found easy to obtain upon the white surface a 
It will streak of light with sharp edges; and if a 
S aced with its plane approximately normal to the 
“  „ gtreak corresponding to the reflected ray will 
ath of the beam after its emergence 


cree 


be seen ; block or prism may be traced. When 
aa he refracted beam bef ence 
from 4 4 to trace the refracted beam before emergence, 
it 1S desire f the required shape should be filled with 
í glass tank ©, ernal beam allowed to graze a white 
ater and he t of a glazed tile) supported almost hori- 
W face (49° tha ter- Provided, however, the glass block 
jpa tally 32 the eed all that is necessary is to coat the 
: trans parai enamel paint and allow the internal beam 
a . shite 
latter with ¥ 
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to strike this at a low angle. If in the above cases of 
refraction the incident light be bright, emergent beams 
which have been internally reflected several times will be 
observed. 

Very beautiful effects can be obtained by using many slits 
and casting the beam from a distant optical lantern upon them. 
This mode of illumination was adopted in the case of the 
photographs reproduced (Pl. XXIV.). Perhaps the most 
striking case to select is that of a narrow concave strip cut 
from a cylindrical mirror. I£ this be illuminated by a very 
wide beam, a general convergent effect will be produced. The 
broad beam may then be analysed into many narrow ones by 
interposing a cardboard comb, and the formation of a caustic 
demonstrated. For this latter purpose it is better to skew 
the mirror until its main axis is oblique to the incident light. 
The broad beam may then be used and the skew caustic 
traced upon the surface by a black cravon. When the comb 
is interposed all the reflected rays will touch the curve, and 
the whole reflected set will sweep round it when the comb 
is given a transverse displacement. The best effects are 
obtained when the radiant is small, distant, and brilliant. 
In lecture demonstrations the prism or mirror may be fixed 
on a sheet of white cardboard attached to a vertical board. 

When a divergent pencil is required a broad beam should 
be cast upon several narrow plane mirrors, and the latter 
turned until they converge the light upon the back of the 
slit. For laboratory purposes, however, it is generally 
sufficient to put the glow-lamp into different positions and 
trace the successive paths of the single beam. 

Cylindrical lenses do not give such good effects as 
mirrors; but if they are allowed to project through a 
narrow aperture in the cardboard the results are fairly 
satisfactory. 

= Darkening the whole room renders the demonstrations 
more effective, but for individual work local screening is 
sufficient, 

In conclusion it may be remarked that quantitative results 
can be obtained of an accuracy comparable with that usually 
reached in experiments with the ordinary optical bench. 


S. =- — 
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DISCUSSION. 


Prof. C. H. Less expressed his interest in the neatness of the experi- 
ments, and said the Author's method of dividing up a beam was a very 
useful one. 

Mr A. CaMPBRLL congratulated the Author and remarked that the 
methods described could be applied to other optical experiments. In 
using ê vibration galvanometer or an oscillograph, an easy way to obtain 

a curve of the wave-form was to put obliquely in the path of the beam a 
sheet of white paper and vibrate it. 
pr W. H. Eccuss also congratulated the Author upon his paper. 


yI [I. Note on the Amount of Water in a Cloud formed 
Expansion of Moist Air. By W. B. Mortoy, Pro- 
of Natural Philosophy, Queen’s College, Belfast *. 


xx 
by 


al culation of the total mass of water condensed, when 

THE &* e of air saturated with vapour receives a given 
a volum «pansion, is an important step in Prof. J. J. 
sudden determination of the charge on a gaseous ion t. 
Thomson son with the size of a single drop, as found from 
In conju” fall of the cloud, it gives the number of drops in 
the rate ° ' and so the number of tho ions which form the 
z volume J s. In making the calculation Prof. Thomson, 
nuclei oft . m, Re Wilson, makes the assumption that the air 
following "` +o the full extent by the adiabatic expansion 
dow? begin toform. Then condensation proceeds 
the drop wat liberated warms the air until the density 
q the laten’ > yapour is such as to saturate the air at the 
e 8 This process is, of course, irreversible. 

eased temper n to doubt that it represents closely tho 
There 18 no Tei conditions ; but with a view to estimate 
xperimen™ p which would be introduced by a small 

amoun se assumed process, it seems of some interest 

me from t is arison, the result of the other extreme 
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ube er Electricity through Gases,’ p. 122. 
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assumption, viz., that the expansion and condensation exactly 
keep pace with each other, the density of vapour at each stage 
being the saturation-density corresponding to the instan- 
taneous value of the temperature. In this case the process 
would be reversible, and we can equate the initial and final 
values of the entropy of the combined mass of air and water- 
substance. Since an irreversible change is accompanied by 
an increase of entropy, it is easy to see that on the new 
assumption we shall arrive at a lower value for the density of 
the remaining vapour and higher value for the mass of water 
in the cloud. 

In both cases the solution is most easily obtained by a 
graphical method. We plot a curve connecting the vapour 
density p and temperature ¢ at any stage of the condensation, 
and find where it intersects the curve representing the 
maximum density of saturated vapour at different tem- 
peratures. In the irreversible case the former curve is the 
straight line. 


A N q (tt) 


where (using the notation of the authors quoted) p' is the 
initial saturation density, æ the expansion ratio, ¢, the calcu- 
lated temperature after adiabatic expansion, M the mass of 
unit volume of air after expansion, C specific heat of air at 
constant volume, L latent heat of the vapour. The heat- 
capacity of the drops is neglected in comparison with that of 
the air. For the reversible case the equation of constant 
entropy comes out 


(eMC+ 3p) log sie AL {oP precy | +2MR loge= 0, 


where, in addition to the symbols alrcady define, s is the 
specific heat of water, T the temperature before expansion, 
and R the gas constant for one gram of air. 

I have plotted this curve for the particular case discussed 
in detail by Prof. Thomson, viz., starting from an initial tem- 


p=" 


* Equation (2), loc. cit, 
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perature of 16° C., and giving an expansion of 1'36. The 
graph comes out practically a straight line running parallel 
to the irreversible line, both lines being nearly perpendicular 
to the saturation-density curve with which their intersections 
aresought. The numerical values come out on the reversible 
hypothesis, 


p=4:87 x 10—, t=0°5, mass cf cloud per cm.? 5:06 x 10-“grm. 


as compared with the values obtained on the accepted 
assumption by Prof. Thomson, 


p=5'15 x 10-6, ¢t=1%2, mass of cloud per em.? 4°77 x 107° grm. 


So that even on the extreme assumption here made we 
arrive at a value differing by only 6 per cent. from the 
other. We can infer that no error, comparable with the 
other inaccuracies attached to the methods of measurement, 
will be involved if the assumption of complete adiabatic 
cooling of the air does not exactly correspond with the facts. 


27th May, 1908, 
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General convergent action of concave (eviindrical) mirror. 


Analysis of fig. 1 into narrow beams, 
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Fig. 8. 


Concave eviindrical mirror. Rays touching caustic curve. 
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Dispersion by train of prisms. 
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Erc. 3. 


Concave eviindrical mirror, Raya touching caustic curve. 
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Dispersion by train of prisms., 
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XXIX. The Inductance of Two Parallel Wires. By J. W. 
Nicuouson, D.Sc., B.A., Isaac Newton Student in the 


University of Cambridge *. 


WHEN direct and return currents flow in two wires of 
great length, and the alternation is not rapid, the effective 
self-induction L per unit length of the system may be 
calculated readily by the method of geometric mean dis- 
tances + or by simple integration}. If the wires have radii 
(a, b) and permeabilities (4, 4), and if e be the distance 
between their axes, 


>») 1, c? 1 
L=2 log -3 + 5 (+ p). e . . e (1) 


But this formula ceases to be of any practical utility in many 
cases when the frequency of alternation is several thousands 
per second. Such frequencies are of constant use in practical 
work. For example, in the measurement of small inductances 
by Mr. Albert Campbell’s method §, it is necessary to employ 
long leads in order to keep them at some considerable dis- 
tance from bridge and other circuits. The self-induction of 
these leads must be small, and a calculation of its value is 
very desirable. It was therefore suggested to me that I 
should attack this problem. The general case presents ap- 
parently insuperable mathematical difficulty, but the solutions 
given below appear to include all cases of practical im- 
portance. A short statement of these results was given by 
the author in ‘ Nature,’ Jan. 30th, 1908, but the limitations 
were not emphasized. 

Let the axis of z be chosen parallel to those of the two 
wires. Any point in a section defined by a constant value 
of z may be conveniently specified by means of polar co- 
ordinates in two ways. Let these coordinates be (r, 0) and 
(p, $), where (r, p) are the distances of the point from the 
two axes respectively, and (0, $) its orientations measured 
from a line perpendicular to both axes. 

* Read June 12, 1908. 

t Maxwell, ‘Electricity and Muagnetiem.’ 
1 Russell, Alt. Currents, i. p. 56. 

§ Phil. Mag. Jan. 190x. 
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In the figure A and B are the projections of the axes of 
the two wires, and AB=c. A and B will be referred to as the 
first and second wires respectively. If the first wire were 
not disturbed by the presence of the second, the electric and 


magnetic vectors would be derivable from a vector potential 
H parallel to the axis, independent of 0, and proportional to 
a time factor e'?!, if 2ar/p be the frequency of alternation. 

The electric force in the general case is axial, and will be 
denoted by R. There is no axial magnetic component. Let 
the magnetic components radial and transversal with respect 
to an origin in the axis of the first wire be (a'f’). 

Then in a medium of permeability y, 


a= pr oe? aan >o œ ° (2) 


All vectors are independent of <. The current is parallel to 
the axis, and of magnitude 


ee DO Gg 02), 
= dap { 3.08 Tð, 
1 fH 13H 13H 
~ dry Dt tr or tos o0” }. 
If the medium have specific inductive capacity K, and 
specifie resistance ø, 


R Kar 
o tir ol 


1 aKp 
aon G 


for the periodice vibration. 
Moreover, so far as inductive action is concerned, 


H 
t=- Se a oa a a (O) 


wW = 
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and thus, H being entirely due to inductive agency, 


2H 10H 1 ðH 1 ame} ae 4 
Fe Sted s+ år H=0. (4) 


In the wire, the current may be regarded as due to ohmic 
conductivity alone, and writing 


k= —4r peplo, a.. ~ (5) 


then oH 10H _ 1 ðH 
D tr or t A De 


whose solution finite at the axis of the wire is 


+k?7H=0, . . . (6) 


H= £; An Jn (kr) cos nð, e... (7) 


k”r k?r? kirt ; 
Ja (hr) = Jan. fı- 271In+1 + 242Int+-1n+2°°° 4’ (8) 


and is the ordinary Bessel function of the first kind. In 
the surrounding medium, ~ may be neglected, and writing 


1/Ku=C?, where © is the velocity of propagation in the 
medium, 
oH 100, 1 OH .,, 
yo or +a AY +!?7H=0,. . . (9) 
where h=p/C. 
The solution proper to the space outside the wire, satisfying 
the condition of being finite at infinity, is 


H= =, B, Ka (thr) cosnð, . , (10) 
where 
Ka (dr) = í e~r cog cosh nodo. . . (11) 
e 0 


This function is connected with the more usual Bessel 
function of the second kind, introduced by Hankel, by the 


formula * 
K, (thr) = =} 0-7 SY,Chr) + cm Jn (hr to. æ (12) 


* Vide e. y. Somne, Math. Ann. 16, 1880. 
2 K2 
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h being real, and, if y=°577 .. 


¥,(2) = 2Jn() { logs + y}- Gpard G) 3} 
3) 


Ta Bees 1 : 1 1 x 
T Sem DI -ıı 9l q7 D A z sas : 
3) tat = mli +8,)( ) +a rali ta +S) ($) 5 y+ et 


where : wee | 1 
S = a Sa . - e e . e 
Seal a a (14) 


The Single Wire. 


We consider first the distribution of vectors in and about 
a single wire conveying an alternating current, whose dis- 
tribution is undisturbed by the presence of a second wire. 
All vectors are independent of orientation, and the impressed 
electric force may be supposed equal at all points of the 
wire, the resistivity (7) of the latter being constant. Let 
Ee’? be the line integral of this force per unit length. Then 
the total force, inductive and non-inductive, in the wires is 


-p oH 
R= d 
=E-— up AJ, (kr), 


since H does not depend on @. The time factor is ignored 
throughout. 
The corresponding force outside is 
E E 8K a 
=— 5, =—pBKy (thr), 
and by continuity, if a be the radius of the wire, 
K—ep AJo (ka) = —tp BK, (tha). 
The tangential magnetic force (8) at the surface is also 
continuous, and therefore, it y be the permeability of the 
wire, 
I | 
Ak Jo (ha) =th Bky' (tha), 
we deduce that 


A= 5 Ky (tha) (Ko (cha) Jy(ka) — (he) Ko (tha)). (15) 


L = Jo (Ra) |( Ba! (ha) Jy (ha) — =F Jo'ka) Ko (eha))> (16) 
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and the vector potential in the wire is 


HzAli «=o ~« 4 “OD 
H=B K, (thr) . - + + + (18) 


The current crossing any section is the line integral of 
magnetic force round the section, divided by 4r, and becomes 


1 
a= Ir 27ra(B)r=a 
= Aka Jý (ka)/2u, +. -> : (19) 
and with the above value of A, 
E 2u f Jolka) _ k Ko (tha) 


wip k \Jo(ku) phi Ky (sha) J?” 
and the effective self-induction is the real part of the ex- 
pression on the right. The effect due to variability of current 
in the section, deduced from the first term, is in accord with 
the result obtained by Lord Kelvin * and otherwise by Lord 
Rayleight. Maxwell and Heaviside have also given other 


forms of this solution. 


and outside is 


(20) 


Transformation of Bessel Functions to a new origin. 
We have by the integral formula for the function finite at 
infinity, 
K, {uct+r)}= f e- tr cobe cosh np do. 
0 


But i 
al z-7) 


=J) + È In) fat (Sh, » QI) 


by an ordinary definition of Bessel functions of the frst 
kind whose order is an integer. 
Writing z= —vte?, 


ewernh p= Joo) +22 (—1)" J, (c) cosh np. (22) 


if the series be convergent. 


* Presidential Address to Inst. of Elect. Engineers, 1889. Math. and 
Phys. Papers, vol. iii. p. 492. 


s a Phil. Mag. 1886, whero a complete practical solution may be 
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Thus 
K,(e.c+r) 


=|" dp .e-*h g cosh nd. {Jy(e) +2 X (—) Js (c) cosh sø} 
goss Ol er cosh o cosh no dd+ 3 (=J, (c) ii e— cosh ġ eet lag 
) 


+ cosh n= sq 


= J,(c)K,(ur) + = (=) J6) { Kas. (er) + Ka_, (or) }, (23) 


where K,_, (er) is identical with K,_, (cr). 


This may also be written 
K, e+ r) =J (r) K,,(te) +5 (— t)'J (rH Ki 4,(te) t a 
rl e.. (24 
Now the series 


K,, (the) J (hr) + È ie t) Kazs(the) + Ky_,(ehe} Ss (hr) cos 88 


is a solution of ‘the equation (9) which, when @=0, takes 
the form of the right-hand side of (24). Such a solution is 
also cos nọ . K,(thp), where p and ¢ are connected with r and 0 
as in the figure. 
Thus P= +E t2 cereos ðh. . « « . (25) 
rsin@ 
tan $= r © & 4 


and when 6=0, cosnPK,, (chp) =K,{th(c+7r)}, 


(26) 


Thus the two solutions only differ by a function vanishing 
with @, and therefore capable of expression in a series of 
sines. This function is at once seen to be zero, by an appli- 
cation of Fourier’s theorem. The function cos n@K,(ehp) and 
the series last written do not change sign with 0. Thus if 
(p, $) are connected with (r, @) as before, 


cosnp. K, (hp) 
= K,, (the) J, (Ar) T N 2( =) Kay s(the) + Ky s(the) ys (hr)coss 6 (27) 
and similarly 


cos n0 . K, (thr) =K,, (the) Jo (hip) 
+ = t {Kuge (the) +h, (ehe)? J, (hp) cos sd. (2%) 


$3 
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Fect of the Return Wire. 
It has been shown that if an impressed force E (ignoring 
a time-factor e'?') acts per unit length in a single wire of 
radius a, the vector potential produced outside is 


H=BK, (chr), 
where h=p/C, C being the velocity of propagation of electro- 
magnetic disturbances in the medium, and 
_ KE 
~ php 


where the origin is in the axis of the wire, an! 


Jo (ka) (Ey (tha) Jy (ka) — i Jy (ka) Ky (eha)), 


k? = — 4r pip, o 
It will be convenient to write 


=K,! (sha) Jy ae (ku) Ky (the). . (29) 


where æ depends entirely on the first wire. 
The corresponding function of the second wire will be 


called 8, and its radius b. 
Thus kE y i: 
B= 7 an y (ka). ee. oo 8 (30) 
Writing n=0 in (28), it appears that 
K, (ihr) = Ky (the) Jy (hp) +25 : K, (ile J, (hp) cos sd, (31) 


and if Ab is small, as in all C proposed in this 
paper, this series is rapidly convergent in the neighbourhood 
of the second wire. 

We may write 


Q= K, (the), O,=2e K, (the) s0, . (32) 
and the vector potential H, which may be regarded as 
incident on the second wire, becomes 


H= BO, J, (lp) + I? B. 8+. J, (hp) cos. . (33) 
1 


We neglect, in the present section, the terms dependent on 
orientation. This will afterwards appear to be equivalent to 
a neglect of terms of the order (a/c)?, so that the wires are 
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not close together. Thus 

H= BO, Jo (hp), (34) 
is incident on the second wire. A secondary disturbance 
will be thrown off, of the form 

H=CK, (chp), rn CCD) 
zero at infinity, and inside the wire, a disturbance 

H=D J, (kP). (36) 


finite at the origin, will be introduced, where 
f 
k? = — 4mvip/0 , 


(37) 
y being the permeability of the second wire, 

Since the electric force R is continuous at the surface, H 
is also continuous (for this disturbance due to induction), 
and therefore 

DJ, (Kb) =CK, (shh) + BOS (Ab), 


and because the magnetic force is also continuous, 


lyp Jo’ (K'E) =thCK,’ (hb) + BLO Jy (hd). 
y 


Adopting the notation , 
8, = Jo (ka) Jo! (ha) — Io (ha) Jo (ka) | 
a , (38) 
Ea = Jo (KU) Io (Ab) — F; Jo (4b) To! (kb) Í 
1 S th: t 
A a C=1BA8/8% | | gay 


D = tBO/hbB i 
where the numerator of D has been simplified by the 
reduction fe (uhh) Jo (hb) — K, (14b) Jo’ (HD) 

= 4 (Jo (hb) Yo (hb) — Jo (Ab) Yo’ (44) 
1 
~~ hb? 
ty of the Hankel solution Yọ. 
eee usual R hens throws out a disturbance of 
The secont i 
vector potentia 


l (40) 


H = Bee, (hp). - 


Banal 


nes 


FIRES 455 
INDUCTANCE OF TWO PARALLEL WIRES. 


Potential independent of Orientation. 


In the calculation just made, the terms of a ncaa 
series of Bessel functions involving orientation were neg i : 
‘We now trace the series of compensating disturbances ets 
may be regarded as thrown off by the wires, and form t a 
sum under the same condition. ‘This leads to a very accurate 

i i r elos ther. 
result if the wires are not very close toge ! a. 

A vector potential H=BKy (thr) leaving the first wire 
has, for its main term near the second, a magnitude 
B?» Jo (hp), and causes (1) an inside potential 
BA, (41) 
hog (k P), e à 


and (2) a reflexion of vector potential from that wire, of 


=FR, (hp). oa U2) 


This is again incident on the first wir 
leading term there, 


=T 8,5, (hr), 6. a a (48) 


H=— 


H 


e, having for a 


and causing an inside potential 


H= qag: To Ër), ©.. . (44) 


and a reflexion 


58 (45) 
= — Bè. a B Ko (thr). 
This process ma 


y be continued. The successive waves of 
reflexion form a ge 


ometric series of common ratio 


057818,/aB. 
The subse 


quent reduction indicates that in general, with a 
frequency of the magnitude de 


alt with in this paper, this 
series 1s convergent. The effect inside the second wire, of a 
potential 


H=BK, (thr), 
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originally supposed to leave the first, is a potential 


Bot cy 5,28; 
H= OT Ch p){1- 03 too ee 
_ Oo B ' ` 
iB a — 5a, Ja (kp) Ñ (46) 
0 


aß 
Morcover, the effect on the potential in the first wire, due 
to the waves caused by the potential originally leaving that 


wire, 18 : 
ae _ BA 26, Ô; Sa + s 
SE Tang 1 — §,? —= aĝ Jo (hr) 


_ BA%S: Jo (hr) = 
lane ees: Se eee (47) 
1+ 07 


A similar potential H= B'K, ne leaving the second wire 
produces secondary potentials 


p= B oE. wee) 
sis e l e a a ane a e (49) 


in the first and second respectively, and as 


k an (ku) by 


BSa (16), 
SO 
r Kk Edy (Kb) : 
DE phy B On 
so that the secondaries may be exactly analogous to the first 
group. 


The value of H in the first wire is therefore, to this order, 


oe B8 0 Ô2 1 _ tOo B’ 1 Ila 
Sd Ga haal 1. a 90188 F ga 2 0199 Jo thr) (91) 
1+ 00° a: 1+0, xB 


with a corresponding total current 


Ks pipes H 
Èp Jo (ka) ; Jo (kr) e. e ù (52) 


T,= 
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As previously indicated, ha and hb are to be supposed very 
small, so that ha Jy (ha) is of order (ha)?. 

Neglecting this order of magnitude, a justification for the 
process appearing later, 


ô= — 5 Jo (ka) | 
J! (53) 
ô= — öh Jo’ (Hb) 
and therefore 
B= 8, Beas... O 
und in the first wire, on reduction, 


-EJ (kr), , 168 028,8 T 
H= aaa (14 8) [(1 4 2° ‘) . (35) 


and in the second, 


n= BG A A) (tR). oo 


The total currents are 


maA S8 (108). aD 


Eô, t0, 2) 6, 5183 nae! 
T = P JO ), ©.. (58) 
by (52). 

If L is the self-induction of the system per unit 


length, ¿Lp is the imaginary part of 5 + A , or of 


2 p(1+ pie 8) a Bi -z By e (14 TE (59) 


In particular, if the wires be equal and of the same 
material, as will usually occur in practice, cL is the imaginary 
part of 


s0 p Yo bo? a) (1+ 2), or of 2 (1). 60) 
1 
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Case of a Small Frequency. 


When p is small, ha=pa/C is exceedingly small for a wire 
not of excessive thickness, and may be safely ignored as in 
the above calculation, even in its first power, and thus 


K, (tha) = =$} XG (he) + iJ, (ha) l 
ERN eT ha 
= (v+ 3 + log z) 
=—log ha practically. . . , (61) 


' 1 
K, (sha) =——, ter ae. Be 2 (62) 


so that on reduction, 
k / | uw) (k 
x h ee 0 a) ec 


and g 2 
£0, 7 
Br hy { log (ha) — lal , Eg (64) 


0 


6) = Ky (the) =— log he. 

If he is not too great 
1+ 408) = log hac~pJo/kaJ’ 
log ha —p kaJ, ? 


the value 2 fora small value of A. 


a 


and has , 
EAT) e i i 
S = f iog $z + € + a} l log h, ; (65) 

to the same order, where 
e = po (ka) / kao (ka), .. . . (66) 


J 


> f 
and e; ig the same function of (4, & 


and e, reduces practically, under the present circumstances, 
| re 
to or 

— 2p / kad 1- a 
e of k, the real part is dy, and the self- 
(67) 


and quoting the valu 


induction becomes 2 z 
L=2 log z t3” v), . 


eae, ts 
z 
m 
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in accord with the results deduced from a distribution 
assumed uniform. 


Case of two equal wires. 
When the wires are equal, cL is the imaginary part of 


4a ô 
A = t0, 2), 


When Ac? and k’a? are both neglected, this leads to 


4u ber z ber’ xtbeiz bei’ z 6 
z (ber’ #)?+(bei’z)? ? * (p3) 


where, if a is the frequency of alternation per second, 


dua [THE m 
ETN © e e + . (69) 


The functions berz, beiz, are those introduced by Lord 
Kelvin *, and subsequently tabulated. 

To this order of approximation, the result might have been 
written down at once. For c/a has already been assumed so 
great that the distribution may be regarded as made up of 
cylindrical current sheets. The number of linkages of the 
lines of force outside the cylinderst is 4log c/a, and the 
linkages due to the lines of force wholly in the metal give 
rise to the second part of (68) t. 

To the same order the approximation for two wires becomes 


L=4 logt + 


2u ber £ ber’ x + hei x bei’ x 
xr (ber’ x)? + (bei x)? 
2v ber y ber 'y+hei ybeily) P? `° (70) 


ty (ber y+ (bey? 


mun 2 Tyn 
z=2a4 /7 TN /™ ; T 
g? “ g!’ ; (7 1) 


-and may also be written down at once. 
7 ° . ° 
When the vibration becomes more rapid, even though 2u? 
may be neglected in comparison with unity, the latter cannot 
* Loc. cit. ante. 


t Russell, Alternating Currents, i. p. 56 et seq. 
} Vide Gray and Matthews, Treatise on Bessel Functions, 


c? 


where 
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itself be neglected in comparison with log (ha). Thus (61) 
requires modification, and it appears that 


Tigi 1) {iog “, ay md 7} pka }, 


and ¢L is the imaginary part of 


da Ô, 
R 
or of 


— 4 { log 2 tyt S oS baa, { - log” ~ i. | 


leading to the same value as before. 

But when the wires are different, the new approximation 
thus calculated differs from the old, and is very cumbrous. 
It is therefore to be desired that, in practical work involving 
a knowledge of the inductance of parallel leads, the leads 
should be of the same size and material, The formula for 
inductance is then of the same accuracy over a wider range 
of frequency. 

Cases may arise in practice in which c is so great in com- 
parison with a that the neglect of h?a? may not involve that 
of We. Tables of the Bessel functions of the second kind 
must then be employed. L is the real part of 


vl Helo 
—4 flog! 3 +y T 9 S. — 4K, (thc), 


and becomes 
ha +y} du ber x ber’ e+beig bei’ a 
+y 


I=? ean 
I Yy(he) — 41 logs T (ber r) +(bei' we)? 


where æ has its previous value, and Yo represents the function 
introduced by Hankel. ‘Tables of this function have been 
given by B. A. Smith *. 


If .”. is the frequency, 


2a 

hoy. 102, &. dw & & oy G3) 

A general idea of the range of frequency with which these 

formule may be used, can be obtained at once. The neglected 

terms are of order Aa? in comparison with those retained. 
* Phil. Mag. (5) xlv. p. 122 (1898). 


+ ~ (72) 


ap pl e a 
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The radius of a wire is rarely greater than two millimetres, 
and thus with a frequency of a hundred million per second, 
la? becomes 1:6 . 10-5, which may be neglected at once in 
comparison with unity. Most frequencies dealt with in 
practice are therefore within the scope of these formulæ, 
when the wires are not of large cross-section. But another 
source of error is present, owing to the neglect of terms 
depending on orientation. Upon examination, the error is 
found to be of relative order a?/c?. Even if c= 5a, the 
formulæ are sufficiently accurate for most applications. The 
error is about ten per cent. if ¢ = 3a, which is the limiting 
closeness for the majority of practical purposes. More 
accurate results suited to this case are obtained in the next 
section. 
Higher Approximation. 

The terms depending on orientation in the vector potential 
do not contribute to the total current across any section of a 
wire, which is proportional to a line integral round the 
boundary. In considering the supposed waves of potential, 
it is therefore only necessary to calculate the successive 
coefficients of the Bessel functions of zero order. 

A potential 

H = BK((thr), . 


leaving the first wire, reaches the second as 


H = Ba J (hp) + BS, OsJ s(hp) cos sh 


sae CD) 


where 
0, = WK, (che). 
It the reflected and internal potentials be respectively 


H = oK Cthp) + X aK: (thp) cos H 


H = d JKP) + $, ded (Wp) cos sẹ so 
the surface conditions readily give 
= aa Sa 
vieri C; = (B0,8,8/Bs, d: = tB0,/hbBs, (7 6) 
k 
8° = Ja(ka)J t (ha) — phrase), (77) 


as = K,' (cha) Js(ha) — ad! beK ha), 
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and (6,‘, B.) are corresponding functions for the second wire. 
The potential 

H = Klp) +3, c,K,(thp) cos sp 
leaves the second wire. But, if the argument of the functions 
K be ihc in all cases, 
K, (chp) cos @ = KyJo(hr) + 5 (—) {Ky4i+ Kes_-i}ds(hr) cossf, 
K, (chp) cos 2¢= KyJo(hr) +5 _ (=) K,42 + K,_2}J,(h7) cos s8, 


and so on, 
Thus the potential becomes 


H = AyJo(hr) +3, Ad.(hr)coss0, . . (79) 


where 
A= CRC Ri Cae x 
A, =—wCy. 2K, =C (Kg + Ko) —1C,(K 3 +K;)... 
Ay = —(y. 2K,—C,(K; + K,)—C.(Ky+ Ko)... . (80) 


The first term alone contributes to the current crossing any 
section of the first wire. It causes an internal potential 


Ao 


thaa 


H =- Jo(kr) 2 . . . . (8BD) 


in accordance with previous calculation, and a reflected wave 
° A bad A, s r 
H=:- ai Ky (thr) es K.(thr) cos sO. (82) 
8 


We now introduce the fact that the squares of ha, hb, he may 


be ignored. Thus 
Ky = — log (Ae), 


k,=- E {Y he) + um) (he)} 


] Ze 
ne ee ty 
9” Li (are) UFD; 


oa 


Jha) = G) : a 


K,! (tha) = — 2n !(iha)" t. 
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_ (1. ws Jka) N q J (Au) ahs 

ca (1 ka Iad) (1+ að tha) Dae) 

and u, be the corresponding quantity for the second wire, it 
appears on reduction that 


If 


C= BO, p.( hb)! 
so y4-lgts— | 
_ Bu, hither heb?’ 
“gl 2-3 * 


= (34) 
The coefficients of type c therefore rapidly become small, 
especially if c/b is large. If he is large and hb small the 
convergence is still more rapid, but the first form of ¢, is to 
be used. 0, itself decreases rapidly as he increases. 
Accordingly, when c is so large that the approximate 
values above cannot be used for the functions K,(chc), the 
result will be correct to the extent of an error of order /?a?, 
and this case needs no further consideration. 
When he is small, on reduction 
-CK > pea (PNP 
A, = GK, — BY; ” (z) i 
_ 20, , 2B ye bN” : 
= clin A . . (85 
Ay he + he E; m (Z) i , (85) 


4o 4B by? 
A, = jea + pa Èi (O+ )e(*) 
and so on, very convergent series being obtained if is small. 
The reflected wave of (82) becomes, near the second wire, 
H = BJa(lo) +3, B J.(hp)cossp, . . (86) 


where 


GY iak E K 


tA,6, _ 
4 i 


Ry = 


B= Qk, . > Asstt Kea): 


The ratios a/c, b/c, will be retained to the second power 
only. To this order, 


2 2 
B, = ÀE. {CK y— Bars } 40.0055 (87) 


VOL, XXI. 2L 


ot oe 


thenina 


Ey = p.’P2 


and so on, the m 
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B, will only subsequently be required to the first order 
and hecomes , 


Oraa Aedes 
By = 2K, . C Ko. e. e. « (88) 


We note that the change in Bo due to taking account of 
Ci ĉa... 13 Of order a?/c? as stated in the previous section. 
So far as the current is concerned, the internal potential 
produced in the second wire is 
Bo 
H n thbB Jo(kp), ° e e . ° (89) 
and a potential 
H = eoJolhr)+ E, eJ(hr)cossð . .. (90) 
again on the first wire, where 
td» : os, 6, 
Co = B E BoKo +12, Bg K, 
Pa th’ B 2 
= ae a to T 
B BK, + B; 1 order a 


: b? P a? b? 
= pipa( CK Burs) + ripe os mp O 


is incident 


where aie K 
NENA = Oo J 
Pi cay a P2 B . . e (92) 
and . 
™ c, = — UK pC 2. 2 . 1. (98) 


If the next wave meets the second wire in the form 


H = DoJo(hp) +E, DeIs(ip) cos so, (94) 


sisnilar manner, 


f a? a 
D, = — PTA 2 pip2( — “o 


a? 


r b? > 1 2 C j 
pip? (i vw Ku Be =) + ZAPP o g — Pi ios 


eK pi" 95 
D, = Per pi Pev - (95) 
ficient in the potential next meeting the 


— 
— 


The leading Cee 


first wire 15 
rst Ws la (96) 


b? t € 9 yo 
2 K o Ko — Bpa =) F PAPP?" = 2p, popa Co Z 


ode of formation being now obvious. 
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The potentials containing the coefficients Ag, Co, Ey, Go... 
contribute to the current in the first wire, and those with dp, 
Do, Do, ... to that in the second. 

Now 


D2 
AstotEot ... = (CKo—Bm 5) Utoto >) 
a? % 2,2 
+ Ques co THP: 3) Co (1 + 2pip3 + 3p;"p." + «--) 
bh? 
= (p.BK.—By, a) [0 -pp 


2 p? 
taB {aup mpa [pws + (97) 
since 5 
C = ‘BOB = pB, 


and 


j;2 2 
do+ Bo+Dot+Fot+...= (BK. —p:Bm 5 +r, 3 Bps)/ 1—pips 


2 p? 
+ Bpips (ripss — yP: a )/0 p1p) - (98) 


on summation. 

Similarly, due to B/K,(thp) originally leaving the second 
wire, we have in the first an addition to Ag+C,+... of 
magnitude 


! ! a? p? ' 
(B Ko -p:B Nia Huia B'p,) |1- piP) 


+ B’ GEN “)/a- \? oy 
PiP2\ AP a — MP2 2 PiPz) > © (99) 


But 
ES, = (Ep, 


Adding the potential H = AJ (kr) obtained in a previous 
section, and reducing, the total potential in the first wire 

. . 3 3 
which contributes to the current, becomes 


—EH 


-——" Ji(kr) 6 ee, (100) 


H = 
phaa 
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where 


as - 6°) pi 
H,= 1+ (Ky m a) J pip) 
P P2 a? b? 
+ K, Ques — mpi )/ l- pipe)? 
Po f a’ b? 
3st K, (Kopi 3 + pipe 2) / a — Pp?) 


p.” b? a? 
+ R-(mps ames ) | (pipe . . (101) 


and the current is 


= 2pa ý le . ° ° ° . (102) 


A similar expression may be written down at once for the 
current in the second wire, and a formula for the self- 
induction obtained. When the wires are similar in all 
respects, 


i? 


7 a?y ; 
F p (Koei + pÀ a)/ (1—P,°) 


I1+p, a AL a? pı 
g 1—p,? k, c? 1—p,* 


If L be the self-induction of the system, iLp is the 
imaginary part of 


dpa f l _ ra ghee an 
Ô; ER — Pı Kyc* ` 1-p? 
or of 


2 
a a . (103) 
E (1—p)- {i+ a ° ( 


to the same om 
The first term of this exp 
given. The see ond term, writing 


pho 
pi =—Ko / (log a fie) 


l+pi =? practically, 


ression leads to the results already 
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a? log (2) i E 


becomes 


dep zMu. ———— 
c ped 
log (kac) — kajo 
If R be the real part of 
logt — Mo. 
-2 D / 
4 FM . OE ° ° ° ° (104) 
2 AAA 
log h?ac laji 


where 


-f 9 “u Ji yes 
=à! ia pte +S) . . (105) 


and the argument of the Bessel functions is in all cases 


ee 


ka = zè? = 2a a H 33 as before. , (106) 
Phen the self-induction is 


c ĝu bera ber’ x + bei. bei’ x 

This formula may be used even when c = da, to obtain a 
result not in error by more than one per cent. For the 
application of this result, the functions analogous to ber x, 
and beix derived from the Bessel function of order 1, require 
tabulation. 

When the resistivity of the wires is not very great, and 
the frequency is large, the Bessel functions in these results 
may usually be replaced by their ordinary asymptotic ex- 
pansions for large argument, and tables cease to be necessary. 
The solutions then approximate to that for an infinite 
frequency, which is well known”. The formula (7 2), appli- 
cable when the wires are very far apart in comparison with 
their radii, is chiefly useful in determining a differential 
effect, for the ends of the wires will have a great influence in 
most cases to which the formula might be applied if the 
wires were really infinite. 

Trinity College, Cambridge. 


œ Russell, Z. c. ante. 
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DISCUSSION. 


Mr A. CAMPBELL congratulated the Author and said it was often 
desirable when measuring eelf-inductances to check the results by 
calculation. The Author’s formule would be useful in finding the 
inductance of parallel leads, although this was best obtained experi- 
mentally by a separate experiment. 

Dr RvussE uv said that it required considerable mathematical skill and 
great patience to attack this problem, and so he thanked the Author for 
having obtained a solution sufficiently accurate for practical purposes. 
He pointed out that the formula would have to be used with caution at 
very high frequencies as the capacity current was then appreciable. He 
euggested to the Author that he should compute the kinetic energy of 
the ions or electrified particles by the motion of which modern theory 
explains the phenomena of the electric current. It has hitherto been the 
custom to assume that the self-inductance of a current flowing in a 
circuit can be calcuiated by finding the magnetic energy only, and this is 
what Dr Nicholson has done. If we accept modern theory, however, we 
must admit that part of the total energy of a current is due to the kinetic 
energy of the ions. To take this into account it is necessary to add the 
term Smr?/i? to Dr Nicholson's solutions, where m is the mass of an ion, 
v the mean velocity given to it by the electromotive force, and ¢ the 
current. In the case of metallic conduction this term is in general 
negligible compared with those found by the Author. In cases, however, 
where the current takes place through gases—as in vacuum tube lighting 
—the value of the correcting term is appreciable, owing to the high 
velocity of the electrified particles, Jn a paper to the Röntgen Society 
on the measurement of a current through an X-ray tube, Mr Duddell 
recently described some very interesting phenomena which he had 
noticed during his difficult but very successful experiments. The speaker 
thought that probably some of these eflects might be explained hy taking 
into account the kinetic energy of the moving ions. 
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XXX. A Note on the Photoelectric Properties of Potassium- 
Sodium Alloy, By J. A. FLEMING, M.A., D.Sc., F.R.S., 
Professor of Electrical Engineering in University College, 
London *. 


In connexion with further researches on my oscillation valve 
or glow-lamp radiotelegraphic wave-detector, I was led 
to examine instances of electronic emission other than that 
due to the incandescence of metals or carbon in vacuo, to 
ascertain how far rectifying effects with high frequency 
currents could be obtained by themf. Tt is well known that 
under the action of ordinary and ultra-violet light the 
electropositive metals lose a negative charge of electricity, 
and it was shown by Elster and Geitel that this photo- 
electric effect is most pronounced in the case of rubidium, 
potassium, and the liquid alloy of potassium and sodium 

With the object of examining this effect, experiments were 
made with various forms of apparatus, and, as the outcome of 
these, it was found that a convenient mode of preparing a 
suitable specimen of highly photoelectric metal was as 
follows :— 

A tube of lead glass about 50 cms. long, and 1°5 to 2 ems. 
internal diameter has a constriction made at one place, and on 


Fig. 1. 


one side of this a couple of platinum wires are sealed through 
the glass which are welded to a slip of platinum foil a, b, 
about 5 cms. long and 1 cm. wide (see fig. 1). This foil is 
fixed close to the inside surface of the tube and opposite to it 
two other platinum wires c d are sealed through the tube. 


* Read November 13th, 1908. 

t Seo J. A. Fleming, ‘On the Conversion of Electric Oscillations into 
Continuous Currents by means ofa Vacuum Valve,” Proc. Roy. Soc, Lond. 
vol. Ixxiv. p. 476 (1905). Also “ The Construction and Use of Oscillation 
Valves for rectifying High Frequency Currents,” Phil. Mag. May 1906, 
p. 659, 
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The end of this part of the tube is then drawn off and sealed 
to a length of smaller tube with a constriction in it by which 
the tube can ultimately be closed. A quantity of metallic 
potassium and sodium is then cut up into small cubes under 
naphtha, so as to give a number of clean morsels of the 
metal. 

The operation of filling the glass tube is then as follows :— 
The fine quill tube at one end is first bent over at an angle of 
about 75° (see fig. 2), and by means of an indiarubber tube, 
coal-gas, which has been dried by bubbling through strong 
sulphuric acid, is led into it. The glass tube as a whole mast 
have previously been well cleansed and carefully dried. 
When all the air is expelled, the fragments of sodium and 
potassium are dropped in at the wide open end of the tube, 
and about equal volumes of the two metals introduced. The 


open end is then loosely stopped with a plug of asbestos, and 
the glass tube heated in the blowpipe, and the open end so 
plugged is melted and sealed. If this is done skilfully, the 
tube can be sealed off with a rounded end by utilizing the 


gas-pressure to blow out the softened glass. 


Fig. 2. 


of metallic potassium and sodium 
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melted with the blowpipe and the glass tube sealed off from 
the pump. If this is properly done, the part of the tube 
having in it the platinum plate will remain quite clean, and 
the molten metal or liquid alloy will be contained in the other 
portion of the tube. It is then easy to tilt the tube and 
transfer the clean mercury-like alloy of K and Na into 
the part of the tube containing the platinum plate, so as 
to make a pool of liquid alloy on the bottom of the tube 
having an electrical connexion with the outside by means 
of the platinum wires sealed through the tube, and having 
over it, and not far from its surface, a platinum plate also in 
connexion with the outside by sealed-in wires. In so doing, 
care should be taken that the liquid alloy is not splashed upon 
the platinum plate, but that the latter is kept quite clean and 
free from adherent drops of potassium-sodium. 

It is better not to attempt to seal off that part of the tube 
in which the alloy is melted from that part to which it is 
decanted over, because the glass nearly always cracks and 
spoils the apparatus in so doing if there is the slightest 
particle of alloy smeared on it at the part heated in the 
flame. 

A tube so prepared should be carefully handled, as if it is 
broken the liquid K and Na alloy is spontaneously inflam- 
mable and deflagrates violently on coming in contact with 
moisture. It is convenient to mount it on a wooden stand, 
which should be placed in an iron tray in case of an 
accidental breakage. By the aid of such a specimen of 
photoelectric alloy we can show many interesting experiments. 
If the tube is supported in a horizontal position, an electric 
arc contained in a projection lantern, equipped with the 
ordinary condenser-lens, can be so placed and tilted down- 
wards as to converge on to the brilliant mercury-like surface 
of the pool of alloy a very concentrated beam of light. If, 
then, we connect the platinum plate and the alloy by 
means of wires with a sensitive mirror galvanometer, we 
find that the impact of the light upon the surface of the alloy 
not merely facilitates the escape of negative electricity from 
it, but actually creates an electromotive force and current 
in the galvanometer circuit, which is in such a direction as to 
indicate that negative electricity is caused to move, by the 


— an a 
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action of the light. through the vacuum from the surface 


of the alloy to the platinum plate *. 
e ar a A a by Professor Sir J. J. Thomson in 

ge of Electricity throngh Gases’ (see 

. 73) that ai se iolet li 

p ) that air traversed by ultra-violet light behaves like 
an electrolyte ; and it is also stated that Stoletow has shown 
by direct experiment that two different metals immersed in 
such illuminated air are brought down to the same potential 
Just as when they are immersed in a liquid electrolyte. 
Again, it is said that when plates of two different metals are 
opposed to each other and ultra-violet light allowed to fall 
on one of them, whilst the terminals of a battery of electro- 
motive force E are connected to them so as to force a current 
across the space between them, the total E.M.F. in the 


circuit is not E but is E+M/M’, where M/M' is the contact 
between the metals. There is, 


difference of potential 
If metallic 


however, here an unexplained discrepancy. 
potassium or sodium were placed with a platinum plate ina 
liquid aqueous electrolyte, and the two metals connected by a 
wire outside so as to construct a voltaic cell, the current 
through the cell, that is the movement of positive electricity, 
would be from the potassium or sodium to the platinum 
through the electrolyte, and therefore the movements of 
negative electricity would be in the opposite direction. In 
the case of the photoelectric cell, the movement of negative 
electricity in the cell is from the K-Na alloy to the platinum. 
sical operation of the photoelectric cell is not 
identical with that of an ordinary voltaic cell. Stoletow has 
deser béd (Physikalische Revue, i. p. 765, 1892) experiments in 
which two plates of different m etals, one perforated with gee 
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however, remarks (loc. cit. p. 73) that for this to happen in 
accordance with voltaic principles, the perforated plate must. 
be made of the more electropositive metal, for then only 
would the negative electricity move towards it across the 
interspace between the plates. Asa matter of fact, the best 
photoelectric metals are the most electropositive metals. 
Accordingly, if we imagine a sheet of potassium opposed to a 
sheet of zinc, then to make the photoelectric current agree in 
direction with the volta-electric current, we should have to 
illuminate the zinc plate with ultraviolet light, bat keep the 
potassium plate in the dark. In the present case, the photo- 
electric current is in the opposite direction to the volta- 
electric current, assuming the ionized gas replaced by an 
aqueous electrolyte. 

It seems therefore that in the case considered there are 
two separate sources of electromotive force, viz.: the volta 
contact-difference of potential of the metals in the cell and 
a photoelectromotive force due to the illumination ; and to 
these may be added an external electromotive force due 
to any battery inserted in the circuit. In two tubes, made 
as above, I found that the electromotive force produced by 
the incident light was equal to 0°45 volt in one, and in the 
other tube to 0°6 volt. This E.M.F. was measured by the 
counter E.M.F. (produced by a shunted ce‘l) which had to be 
introduced into the photoelectric cell circuit to reduce the 
galvanometer deflexion to zero. These differences are no 
doubt due to small differences in composition of the alloy in 
the two cases, to differences in the intensity of the light used 
at the time of making the measurements, or to differences in 
the pressure of the residual gas in the tube. The current 
produced by the tube of E.M.F. equal to 0°6 volt through a 
galvanometer of resistance 180 ohms, was found to be 5'4 
microamperes. This indicates that the equivalent resistance 
of the tube is 74,000 ohms on the assumption that the effective 
E.M.F. is the same when the circuit is open and closed. The 
current increases very rapidly at first with the intensity of 
the incident light, but the author has not yet been able to 
find time to make measurements of the relation between the 
illumination per square cin. of the surface and the E.M.F. 
created in the circuit. 
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By the use of two such cells placed in series, I have found 
that the separate photoelectromotive forces are additive, and 
that if such photoelectric cells are Joined in series like voltaic 
cells and separately illuminated, the individual E.M.F.’s are 
added together in an external circuit connecting the first and 
last plate. In the case of the two tubes mentioned above, 
giving separately 0'45 and 0°6 volt E.M.F., the E.M.F. 
when in series was found to be 1-0 volt. 

At one time I contemplated constructing a photoelectric 
battery of such cells which should give a high E.M.F. by 
the mere impact of light upon its most electropositive 
elements. 

With the above described cells we can also verify easily a 
number of interesting observations made by previous experi- 
mentalists. 

As regards the nature of the radiation which is chiefly 
effective, we find that for potassium alone, or for the 
potassium-sodium alloy, the effective rays are the most 
refrangible ones of the visible spectrum. The ultra-violet 
light in the arc is considerably filtered out, if not altogether 


stopped, by the thick glass condenser-lens, and by the glass 
‘the tube. We can, however, effect a further 


walls of 
separation of visible rays by screens of coloured glass, or 
solutions or stained gelatine films. o 
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If the energy required to produce this photoelectric current 
comes from the incident light, then the latter must in some 
degree be absorbed, and the active rays must therefore be 
those which are absorbed by the photoelectric metal or con- 
versely emitted by it when it is heated. We know well that 
the light due to the violet line in the fiame spectrum of 
potassium salts passes easily through cobalt glass. Hence the 
fact that light which has passed through cobalt glass is still 
exceedingly active in producing the photoelectric effect with 
potassium, may indicate that it is this ray which is absorbed 
in its production. In the case of rubidium, Elster and Geitel 
showed that the yellow and orange rays were relatively 
more active in the production of the photoelectric effect, and 
a glance at the flame spectrum of rubidium salts shows that 
the lines are most numerous in the red, yellow, and green 
region. 

Also, we can confirm easily another observation of the 
effect of the plane of polarization of the incident light. If 
wo polarize the incident light by a Nicol’s prism, and con- 
nect the metals of the photoelectric cell with a galvanometer 
either with or without a battery of 1 or 2 secondary cells 
inserted in the circuit, then we find at once that the galva- 
nometer deflexion is much greater when the plane of polari- 
zation is at right angles to the plane of incidence, than when 
these planes coincide. 

On the electromagnetic theory of light, this may be stated 
by saying that the effect is a maximum when the electric 
vector of the plane-polarized light is normal to the surface 
of the photoelectric metal, and a minimum when it is parallel 
to it. The theory that fits in best with the above facts, is 
that the light facilitates or causes an escape of negative 
corpuscles or electrons from the surface of the photoelectric 
metal, and to do this it must of course impart to them energy 
sufficient to give them a velocity enough to carry them 
beyond the range of attraction of the positive charge which 
remains behind on the metal. 

Since the electropositive metals are those which most 
easily lose electrons from their atoms, this is in accordance 
with the observed fact that the most electropositive metals 
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are the most highly photoclectric substances. Again, if 
there is an emission under the action of light of electrons 
from the surface, we have an explanation of another fact 
easily proved with these tubes, viz. that the formation of a 
magnetic field parallel to the surface of the alloy greatly 
reduces the photoelectric current. We can show this easily 
by the great reduction which occurs in the galvanometer 
deflexion when even an ordinary horseshos magnet is placed 
with its poles across the tube. Again, we can explain on 
this hypothesis the unilateral conductivity of the vacuous 
space over the illuminated alloy surface. If we connect the 
negative pole of a secondary cell to the external terminal of 
the alloy and the positive to the platinum plate, and insert a 
galvanometer as usual in the circuit, we greatly increase the 
galvanometer deflexion, which occurs when no cell is inserted. 
On the other hand, if the cell is reversed, then, provided the 
platinum is quite free from splashes of alloy, we cannot 
reverse the deflexion of the galvanometer. 

It is obvious that if a magnetic field is created parallel to 
the surface of the alloy, a force will be exerted on the nega- 
tive ion as it moves normally away from the surface, deflecting 
it from its path, and this will reduce the number of ions 
which in any time reach the platinum plate, and therefore 
will diminish the current. Again, the negative electrification 
of the photoelectric metal will increase the force of pro- 
pulsion on the ion, and hence increase the emission per unit 
of time, and therefore increase the observed current. 

It is obvious, then, that the ionized gas over the illumi- 
nated alloy has a unilateral conductivity, and will conduct 
the current from a voltaic cell in one direction, but not in 
the opposite. Negative electricity can be conveyed from the 
alloy to the platinum across the rarefied air-space, but not 
in the opposite direction. Hence, an alternating current 
whether of low or of high frequency, can be rectified, and by 
interposing such a light-cell in the circuit of a galvanometer, 
in which circuit high-frequency oscillations are also created 
by the inductive action of a discharging condenser, I have 
been able to rectify these oscillations. The action, however, 
proved to be much more feeble and irregular than the similar 
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rectifying effect which can be produced by a glow-lamp, 
and as at that time I had succeeded in finding a far more 
efficient glow-lamp rectifier or oscillation detector, the ex- 
periment with the rectifying effects of potassium-sodium 
alloy were not continued. 

The interesting question, however, still remains as to the 
source and nature of this photoelectromotive force which is 
produced by the absorption of light by the surface of highly 
electropositive metals. 

It is much affected by temperature, being increased by 
heating the alloy and by exposing it to powerful radiation 
for some time. If a galvanometer is used as described to 
detect the photoelectric effect, the current is found to be 


dependent upon the pressure and nature of the residual gas 
in the tube. 

This was confirmed as follows :—A tube was prepared as 
above described with potassium-sodium alloy. Before sealing 
it off the pump, dry hydrogen gas was admitted anl pumped 
out and then admitted again, and the tube exhausted to a 
pressure of about 0°01 mm. This tube was compared w.th 
others, in which the residual gas was air, but the exhaustion 
carried below 0'001 mm. The former tube exhibited only 
the very smallest evidence of photoelectric effect as measured 
by the galvanometer current, whereas the highly vacuous 
tube with residual air under very small pressure exhibited 
the effects well. The case of other tubes made as described, 
in which water vapour was accidentally present, which in a 
short time liberated hydrogen under the action of the metal ; 
these after an interval ceased to give any current, even 
under the action of the strongest illumination, when the 
platinum plate was connected with the potassiuin-sodium 
alloy through a galvanometer. These experiments and others 
show that to obtain the effect well a very high vacuum is 
necessary. In the process of preparing the tube the potassium 
and sodium should be melted, and the alloy and tube well 
heated for some time whilst the pump is going to drive off 
all traces of water vapour, also of hydrocarbon derived from 
the naphtha in which the metallic potassium is commonly 
preserved, and especially to drive off the hydrogen which 
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seems to be occluded in considerable quantity by the alka- 
line metals, no doubt derived from the decomposition of 
water vapour. 

The eftect of variation of pressure of the gas upon the 
photoelectric effect was first investigated by Stoletow, and an 
account of his researches is given in Prof. Sir J. J. Thomson's 
treatise on the “ Conduction of Electricity through Gases ” 
(p. 224). He found that the current increased rapidly as 
the pressure diminished, which continued until the current 
reached a maximum value, after which it began to decline. 
but had a finite value at the lowest attainabie pressures. 

Stoletow’s experiments appear to have been made with 
zine plates and ultra-violet light. Owing to the greater 
manipulative difficulty when dealing with the more oxidi- 
sable and electropositive metals no attempt has been made to 
push these investigations with potassium-sodium alloy very 
far. The primary object in view in conducting them was to 
ascertain if the photoelectric effects could be utilized as an 
oscillation detector in radiotelegraphy; but as a type of glow- 
lamp detector has now been found by the writer far more 
efficient than that originally proposed by him, involving the 
employment of a carbon filament, these photoelectric experi- 
ments have not been pursued. They are put on record here 
merely for the sake of aiding any who may wish to show 
them as interesting lecture or class experiments, or pursue 
the purely physical investigation of the effect itse!f still 
further. 

The question of photoelectric effects is not without interest 
in connexion with long distance radiotelegraphy. It has 
been shown that perfectly dust-free air is not ionized by 
ultra-violet light. If, therefore, the absorption of long radio- 
telegraphic electric waves which is found to exist when they 
pass through considerable distances of sunlit air is due to the 
presence of free ions in the air, these may arise from the 
photoelectric action of the light upon the dust particles. 
This suggests the question whether these particles miy not be 
the same that create the blue colour of the sky. We know 
that whenever photoelectric effects tuke place, light must be 
absorbed, and light of the same kind as that emitted by the 
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photoelectric substance if it radiates. Thus zine is rendered 
photoelectric under the action of ultra-violet light, but zine 
when heated, whether by being used as spark-balls for an 
electric spark or as arc terminals for an electric arc, radiates 
much ultra-violet light. 

In the same manner, the photoe!ectric effect of potassium 
appears to be due to the absorption of that violet ray which 
potassium itself emits if heated. If, then, these atmospheric 
particles absorb ultra-violet light, that would account for the 
relatively small percentage of ultra-violet light found in 
sunlight at the earth’s surface, and also for the ionization 
found to exist in the atmosphere. This suggests the need for 
further observation on the number of ions present in the 
terrestrial atmosphere at various heights above the sea-level. 


In conclusion, I have pleasure in mentioning the aid ren- 
dered in these experiments by my assistant, Mr. G. B. Dyke. 


DiscussIon. 


Prof. S. P. THompson asked the Author whether Sodium was more 
eensitve to yellow light than to light of other wave-lengths. 

Dr R. S. Wittows remarked that the E.M.F. was in the direction 
required by theory: the alloy emits negative ions, and hence the direction 
of flow of negative electricity in the cell is from the alloy to the platinum 
or the alloy is the positive pole. The action was similar in results to 
those produced by solution pressure when metals were immersed in acids 
except that the ions produced by light were of the other sign. Prof. 
Fleming’s idea that metals respond to those rays only which they absorb 

was interesting in view of the fact that the weight of evidence was in 
favour of the emission of ions being due to an explosion in the atom 
arising from resonance, but Ladenburg’s experiments did not support 
Dr Fleming’s theory. He measured the intensity of the light with a 
thermocouple, and found for the same intensity that the shorter the wave- 
length the more efficient was the light in producing emission of ions, 

Dr FLEemina, in reply to Prof. Thompson, said Sodium was most 
sensitive to yellow light. 
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* Read November 27, 1908. 
t Drude, The Theory of Optics, p. 28, 
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axis. The point B may be called the “ geometric centre ” or 
the “ optic centre” of the system. It divides the distance 
hetween the components in the ratio of their focal lengths. 
Hence the image of CB formed by the first system is of the 


same size as the image of CB formed by the second system. 
It follows that these images are planes of unit magnification 
with regard to the combination, in other words they are the 
principal planes *. 

The construction proceeds as follows. Iet CE,, produced 
if necessary, meet the first principal plane, H3, of the second 
system in Gz, and the first nodal plane, Ng, of that system in 
La Let CE,, produced if necessary, meet the second 
principal plane, H,, of the first system in G',, and the 

first principal plane of the second system in P, Then 

G,’G, is parallel to the axis. Through P,’, a point in 
the second principal plane of the second system at the 
same distance from the axis as P,, draw a line parallel to 
E:N, meeting the axis in F’ and G,'G,in E’. Then F’ is the 
second focal point of the combination, and K’, the image of C 
formed by the second system, lies in the second principal 
plane H’ of the combination. The second focal length of the 
combination is given by H’F’ or by N,Ly. 


* “If we imagine a circular aperture or pupil to be placed at the 
geometric centre then the image of it formed in the first principal plane 
by L, (the first lens) will be exactly equal to the other image of it formed 
b the second principal plane by L, (the second Jens). The two principal 
planes are in this way shown to be planes of unit magnification relatively 
to one another.”—H, Dennis Taylor, “A System of Applied Optics.” 

I am indebted to my former colleague, Mr. J. Ni 


col, for drawing m 
attention to the importance of the optic centre in t f 


he general case. 
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To verify these results trace the course of the rays (Es, 
CF, through the system from left to right. 

The in-ray corresponding to F,'C passes through G, and is 
parallel to the axis. The out-ray passes through P,’ and is 
parallel to E,N,, for it must pass through the image of Kg, 
and this image is formed at infinity since E, lies in the first 
focal plane of the second system. This out-ray cuts the axis 
in F’, the second focal point of the combination. 

The ray CF, emerges through G,! in a direction parallel to 
the axis. The intersection of the two out-rays gives the position 
of K' the image of C, in the second principal plane of the 
combination. Thus H’, F’ are determined and H’ F’ is the 
focal length. But by similar triangles 


FH’ = F oN; ie F:N, 
EK FR F.H, 


Therefore 
_F,N, 


F'H'= 
F-H; 


x H,G, = N,Le- 


The first focal point, the first principal plane, and the first 
focal length can be determined in a similar way. 

In the more common case in which both systems are in 
the same medium, as for two lens systems in air, the con- 
struction is still simpler, since, the nodal points and principal 
points coincide. In this case F,N,=F,H,=F,E, so that 
EN, makes an angle of 45° with the axis *. 

In fig. 2 we have the application of the method to the case 
of two co-axial refracting surfaces a finite distance apart, as 
in the thick lens. The principal planes of the first refracting 
surface coincide at A,, the nodal points coincide at N, the 
centre of curvature. 

The case of two thin lenses separated by a finite interval is 
shown in fig. 8. It is to be noticed that P\K, P.K’ make 


* We may note that if a stop is put at B, the geometric centre of two 
lens systems in air, the images of this point formed by the two systems 
are orthoseopic points, for in this case the images coincide with the 
nodal points of the combination. (Drude, ‘The Theory of Optics,’ 
pp. 64-05). 
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angles of 45° with the axis, so that the focal length, HF, of 
the combination, is equal to HK or to A,Gy. 


Interesting illustrations of the method are found in eye- 
pieces formed of two lenses, such as those of Ramsden or 
Huyghens. 

It appears to the writer that the method here given may 
be of value for investigating the way in which the properties 
of a combination are affected by making given alterations in 


Fig. 3. 


the character or separation of the components. It may also 
be of use in enabling non-mathematical students to realise 
the existence of the cardinal points for a complicated system 
of refracting surtaces. 


DIscussION. 


Dr Eccies remarked that the Author's treatment of refracting 
surfaces was limited to spherical surfaces and to the direct incidence of 
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pencils of infinitesimal aperture. If the treatment were extended to the 
discussion of oblique pencils and the construction of caustics it would be 
very valuable. The Author’s method, as developed to the present, 
consisted of applying the well-known graphical construction for a 
harmonic mean, to the successive lenses or spherical surfaces met with 
in the coaxial system of lenses or surfaces under consideration. Now the 
harmonic construction just mentioned is a particular case of the general 
graphical connection between two collinear projective (or homographic) 
ranges of points; and therefore the speaker preferred, in his own 
teaching of geometrical optics, to use general projective constructions 
rather than this harmonic construction. As a fact, the general projec- 
tive method would be felt to be the easier of the two, by anyone familiar 
with the fundamental principles of projective geometry, or, as it is 
sometimes called, ‘ geometry of position.” From the point of view of 
projective geometry the object-points and the image-points on the axis 
of a refracting (or reflecting surface), since they have a true one-one 
correspondence (us shown by their algebraic homographic connection), 
constitute two collinear projective ranges of points. Two such ranges 
can be graphically correlated, it is known, by at most three projections. 
The rays used in the first and last of these projections may be interpreted 
optically as rays of ght through a source of light and through its image. 
The intermediate projection gives the central point on which the Author 
lays stress. If this point be taken at infinity the planes of unit magni- 
fication become defined. Since any number of successive projections at 
successive surfaces leave the ultimate range of image-points homographic 
with the original range of object-points, it is proved that any lens 
system whatever of the kind specified by the Author can be summarised 
graphically by three projections. Moreover, no graphical construction 
can be obtained which is not comprehended in the general projective 
method just sketched. In treatises on projective geometry the properties 
of these projective ranges and pencils are demonstrated, and they need 
merely be translated into optical language to give many beautiful and 
powerful graphical optical theorems. There is reason to think that 
caustics can be approached along these lines. The speaker expressed the 
hope that the Author would devote still further effort to these much 
desired simplitications of geometrical optics 

Dr A. Russet congratulated the Author, and indicated a simple 
graphical method of determining the fucal length of two thin lenses in 
contact when the focal length of each was known. 

Prof. C. H. LFes thought the graphical method described by the 
Au:hor was an improvement upon algebraic methods. 
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XXXII. The Diffusion of Actinium and Thorium Emanations. 
By Stpney Russ, B.Sc., Demonstrator in Physics, Man- 
chester University *. 
Introduction. 


No direct determinations of the molecular weights of the 
radioactive emanations have yet been made. Owing to the 
very small quantities of these substances available, experi- 
mental work on this subject has been almost completely 
restricted to a study of the way in which the emanations 
diffuse, and by a comparison of the diffusion coefficients so 
obtained with those of gases of known molecular weights, 
values of the molecular weights for the emanations themselves 
may be inferred by means of Graham’s law. 

The work of Curie and Danne +, Rutherford{, Rutherford 
and Miss Brooks§, and Makower || on these lines has indi- 
cated, for the emanations of radium and thorium,a molecular 
weight of the order one hundred. Bumstead and Wheeler f, 
however, give a rather higher value in the case of radium, 
while for the emanation of actinium, Debierne** obtained a 
molecular weight of seventy. 

On the disintegration theory radium and thorium emana- 
tions should have very approximately the sam2 molecular 
weight, namely, 222. There is thus a very large discre- 
pancy between the theoretical and experimental numbers. 

In order to account for this it has been suggested that the 
ordinary laws of diffusion do not perhaps hold when very 
minute quantities of the substances in question are being 
dealt with. There being no obvious remedy in this direction, 
it was thought that by a study of the diffusion of the emana- 
tions in gases differing considerably in molecular weight, 
uny existing discrepancies would be brought to light. With 


* Read November 27, 1908. 

t Comptes Rendus, 1903, p. 114. 

t ‘ Radioactivity,’ p. 276. 

§ Trans. Roy. Soc. of Canada, 1901-2. 

|| Phil. Mag. 1905, p. 56. 

| Le Radium, June 1907. 

** American Journal of Science, Feh. 1904. 
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this object in view, the diffusion coefficients of actinium 
emanation in air, hydrogen, carbon dioxide, and sulphur 
dioxide were determined. While the work was in progress 
there appeared in the American Journal of Science, June 
1908, a paper by P. B. Perkins, in which the diffusion 
of radium emanation was compared directly with that of 
mercury vapour, the experiments giving a molecular weight 
of 235 for the emanation, a number approximating closely to 
that predicted by theory. The results of these experiments 
suggested that it might be advisable to determine the co- 
efficient of diffusion of actinium emanation, itself presumably 
monatomic, into a monatomic gas. For this purpose a quantity 
of argon was prepared, and the coefficient obtained by two 
methods 

Whatever the nature of the supposed deviations from the 
ordinaiy aws of ditfusion referred to above, it might reason- 
ably be expected that they would be exhibited to an equal 
extent by the different emanations. A direct comparison 
was therefore carried out over a fairly wide range of pressure 
between the diffusion of actinium and thorium emanations, a 
comparison of their coefficients leading directly to the ratio 
of their molecular weights. 


Method of Experiment. 


The theory of the method here adopted for obtaining the 
diffusion coefficient has been given by Rutherford*. If a 
layer of radioactive material be placed at the bottom of a 
evlindrical vessel a gradient of the emanation is set up, the 
partial pressure at any layer distant « from the base being 


= À 
given by p=pe Y xK`7, where J is the radioactive constant 


of the emanation and K its diffusion coefficient. It is not 
convenient in practice to measure the partial pressure of the 
emanation, but if a metal rod be placed along the axis of 
the cylinder in question and kept at a high negative potential, 
the active deposit produced by the emanation is directed 
to the rod soon after formation. We have thus a layer 
of active matter on the rod, the gradient of which is that of 


* ‘Radioactivity,’ p. 275. 
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the emanation within the cylinder. The distribution of active 
matter along the rod can be found by measuring the ioniza- 
tion produced by the « rays emitted by successive small 
segments of the rod. This gives us the variation of p with 
zx in the above equation, and knowing the value of A, that of 
K is determined. 

Debierne* has shown that the above theory is also appli- 
cable when the emanation is allowed to diffuse up into the 
space between two parallel plates. In an exactly analogous 
way a deposit of active matter is obtained on the plates, the 
gradient of which is that of the emanation itself. 

Both of these experimental arrangements have been used 
in the course of this work. 


Actinium Emanation in Different Gases. 


For determining the coefficient of diffusion of the emanation 
in different gases the following experimental arrangement 
was used. A cylindrical vessel 12°5 cms. long and 7:5 cms. 
diameter was fitted with a base on which was placed a tray 
containing a preparation of actinium ; about 1 cm. above the 
surface of the tray which was covered with tissue paper, 
were suspended vertically two glass plates 10 ems, long, 
2°2 cms. broad, and *2 cm. thick, which were kept separated 
"2 cm. from one another. The plates were silvered and 
metallic connexions supplied, so that an electric field might 
be applied between the two plates if necessary. It may be 
stated here that the gradients obtained on the plates with, 
and without, an electric field were identical, the only difference 
being that nearly all of the activity was concentrated on the 
negative plate when the ficld was applied, while it was shared 
equally between the two plates with no field. 

The gases before entering the diffusion vessel were passed 
through calcium chloride and cotton-wool tubes to render 
them dry and dust free. The vessel was placed inside a 
large tank of water, which prevented any appreciable change 
of temperature occurring during an experiment. During 


the whole course of the work the temperature varied between 
10° and 18° C, 


* Le Radium, June 1907 
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The glass plates were usually exposed for about twenty- 
four hours, and then they were removed in order to measure 
the gradient of active deposit on their surfaces. One of the 
plates was placed on a small platform which could be moved 
along so that small portions (‘4 cm. lengths) of it came beneath 
a slit in a lead sheet, just above which was an ionization 
vessel. The saturation current produced in this vessel by 
the a rays emitted from the active deposit on the plate was 
measured by means of an electrometer, and readings were 
usually taken for about 4 cms. length of the plate. Cor- 
rections were applied for the decay of the active deposit with 
time, for change in sensitiveness of the electrometer during 
the measurements, and for the natural leak of the ionization 
vessel. 

A selection of the results for the different gases will be 
found in Table I. and seen graphically in fig. 1, where the 
abscissee represent distances along the plate and the ordinates 
the logarithm of the corresponding activity. For convenience 
in representing the results the initial ordinate has always 
been taken through the same point. The mean of three 


TaBLE I.— Diffusion of Actinium Emanation. 


Carbon Sulphur 
Air, | Hydrogen.) Dioride. | Dioxide. 


Log. of Log. of Log. of Log. of 
Activity. | Activity. | Activity. | Activity. 


Distance in cms, 


SD EA TT 2'341 2:194 2'581 2 709 


TO en ra 2:182 2115 2'416 2:526 
rO simenn 2:036 1:997 2'233 2:358 
P20 E E 1:901 1:919 2:026 2'173 
FO sinerien 1:768 1:837 1:846 1 902 
LTO FE 1:648 1:761 1:710 1:798 
Ors sariessateasiensskess 1-404 1:668 1:531 1:616 
PAT E E sy say 1:391 1:439 
2D T T TE 1:224 1:496 1:212 1:281 
ra EINT ae uae eas zki 1:112 1:068 
3 


EENE ENAKE | “964 1:351 ove 912 


| 


ae : | Mean of | Mean of | Mean of | Mean of 
Diffusion coefficient. Hives iwo fas ee 

K Experimental... ‘006 “330 073 ‘v62 

K Calculated ...... à 


303 ‘078 | 064 
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values of the coefficient for air was ‘096, which is somewhat 
lower than ‘112, the value found by Debierne. In the light 
of subsequent work with different diffusion vessels, which 


JO 


gave higher values, it is thought that the rather low value 
obtained is due to the fact that the preparation of actinium 
did not completely cover the base of the diffusion vessel, this 
would cause some of the emanation to diffuse to the sides of 
the vessel, and consequently make the vertical gradient too 
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steep. This, however, does not interfere with a comparison 
being made in the different gases. 

According to Graham’s law the diffusion coefficient of a 
gas is inversely proportional to the square root of the mole- 
cular weight of the gas into which it is diffusing. Hence, 
taking the value obtained for the diffusion coefficient of the 
emanation into air, we may calculate its coefficient when 
diffusing into the other gases which have been worked with. 
This has been done and the calculated values given at the 
bottom of Table I. (p. 488). 

It will be seen that the differences between the experi- 
mental and calculated values get larger as we go froma 
heavy gas to a light one; but that even for hydrogen there 
is agreement to within about 10 per cent., so that one may 
say that if discrepancies do exist in the diffusion processes, 
they are exhibited fairly equally by these different gases. 


Actinium Emanation in Argon. 


As already stated, it was thought advisable to observe the 
behaviour of the emanation when diffusing into a monatomic 
gas; for this purpose argon was chosen. With the kind 
assistance of Mr. J. N. Pring about 400 cubic centimetres of 
the gas were prepared, by passing air, first over red hot 
copper to remove the oxygen, and then over calcium, heated 
strongly in an iron tube, to absorb the nitrogen. After 
passing the gas repeatedly over the calcium a density deter- 
mination gave the value 19:7, which indicated a purity 
sufficient for the purposes of the experiment. (Density of 
argon = 20.) | 

Owing to the small quantity of gas available smaller 
cylindrical diffusion vessels were made; one with two parallel 
glass plates suspended above some actinium, spread so as 
to completely cover the base of the vessel, and the other 
fitted with an ebonite plug 3 cms. long resting on the base 
of the vessel. A uniform layer of actinium was spread 
over the plug, a hole through the centre of which served 
to keep a metal rod along the axis of the cylinder, which 
was made of brass. The metal rod consisted of small seg- 
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ments of brass sliding on a central steel rod. On applying 
an electric field between the rod and containing vessel, the 
active deposit was directed to the rod and the gradient 
determined by placing each of the small brass segments 
successively into an æ ray electroscope and measuring the 
ionization thereby produced. The gradient on the plates 
was determined in the manner already described. The results 
of the two methods of measurement are given in Table II. 
and seen in fig. 2 (p. 492), where the gradients obtained 
with the segmented rod are drawn above those measured 
from the glass plates. 


TABLE II. 
Diffusion of Actinium Emanation in:— 


Air. | Argon. | Air. | Argon. 


| 


Parallel Plates, Segmented Rod. 
Distance . Log. of | Log. of Distance Log. of Log. of 
in cms. Activity. | Activity. in ems. Activity. | Activity. 
K E T PAEA 2:550 2:574 
KETE OTE 2'454 2:438 | 
| Serer ts 2:301 Seek ll Erite 2:609 2:472 
o RORE 2:178 2:143 l AER 2 380 2:260 
UD: iisiersisdas 2 033 1:983 A Di vescevianss. 2153 1:897 
1°76 ETI 1 885 1:841 BID TTE 1 885 1:686 
20: aai 1781 1-713 DEE TEETE 1:682 1:470 
E canvedeseae 1:623 1:582 Oa aiui 1:438 1:239 
BO airnn 1:489 1:455 UT AEREA ASE 1:163 "990 
BUD ssssaceneias 1°382 1'305 BOS OTEPPE 1:014 
3 
aD: danisdi genan 1:020 956 
Oe T AOTRET 896 612 


Mean of two 
"122 "109 
"104 


Diff. coeff. K Mean of three 
Experimental |...... ‘118 .106 
Calculated ...|...... ... "100 
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The coefficients obtained by the two different methods 
agree well with one another, also with the numbers calcu- 
lated from Graham’s law, making use of the numerical values 
obtained for air. 
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Fig. 2. 


Cenlımelres 


Variation of the Coeficient with Pressure. 


According to the kinetic theory of gases the coefficient 
of diffusion is inversely proportional to the total pressure of 
the two diffusing gases; the product of the coefficient and 
the pressure should therefore remain constant. 

The variation of the coefficient has been determined for 
pressures between 76°4 cms. and 1'4 cm.; the small vessel 
containing the segmented rod was used. The results are 
recorded in Table III. & fig. 3. It will be seen that 
over this range of pressure, with the exception of 1°4 cm. 
pressure, the product P x K is approximately constant, 
its mean value being 9°34. It is difficult to say whether 
the high value 10°9 at the lowest pressure indicates a devia- 
tion from the above law as the gradient obtained is a 
very small one, and relatively large errors may be made in 
estimating it. 


s 
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TABLE lII.—Actinium Emanation in Air. 
Variation of Diffusion Coefficient with Pressure. 
| | | 


14 sna ge 4:1 cms. | 8'0 cms. | 15:5 cms.| 37-1 cms. 55°8cms. 764 cms. 


Distance | Log. of | Log.of | Log.of | Log.of | Log.of | Log. of Log. of | 


in ems. Activity. AOAIE Activity. Activity.| Activity. Activity. Activity. 
MED T TIE YTT 1:618 1797 1:850 1:254 1:518 2:246 | 2609 | 
Wa ENTE 1601 1744 1-759 1:157 1:367 2:057 2'380 
FO iis 1-564 1:689 1:704 1:074 1-230 1:860 | 2153 
oi RS 1:548 1:646 1:625 ‘946 1:044 1:650 | 1885 
ra TPRP 1:509 1:596 1:548 ‘829 909 1:434 | 1:682 | 
ie ¢ ee 1-485 1:523 1:469 ‘712 745 1:286 1:438 | 
OEE tikeri 1:445 1'477 1:391 "611 539 1024 | 1:163 | 
OD siscsieas 1:425 1-421 1:313 528 428 29 | 1014 
BOD cc incase: 1:389 1:380 1:232 ‘374 204 ‘734 ‘784 | 
WOO creian 1:375 1:316 1:147 “208 "020 
OOL osiris 1:268 1:071 | 
Diff. coeff. K 7°81 2'37 1:16 "582 248 '167 "125 
Pressurex K| 109 9-7 93 9-0 9'2 9:3 9:5 
3 Mean value PXK = 9°34 
Fig. 3. 
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Difusion of Thorium Emanation in Air and Argon. 

Since the time-periods of thorium and actinium emanations ` 
are of the same order of magnitude, and previous work 
(loc. cit.) has shown their diffusion coefficients to be similar, 
the opportunity presented itself of comparing these two 
emanations under precisely the same conditions of diffusion, 

The small diffusion vessels which had been used for actinium 
were emptied of their preparations and thoria substituted. 
The measurements were conducted in a similar way, except 
that the a ray electroscope could not now be used, as the 
thoria being considerably weaker in emanating power than 
the actinium, the amount of active deposit collected was 
smaller. The gradient along the metal rod was consequently 
measured by means of a rather sensitive electrometer in the 
manner already described for the glass plates. 

Observations were made in air between 76 cms. and 

d in argon at 76 cms. 


8°25 cms. pressure, an 
The results are placed together in Table IV. and may be 


TABLE IV. 
Diffusion of Thorium Emanation. 
AIR. | Argon. 
er ee ne 
| | 76 ems. 


37:52 cms. 7612 ome. 


1825 anis 17:5 cms. 
Log. of || Distance , Log. af 


Pressure .. i 
_of | Log. o0 2 : b". 
Distance Taa | E8: Sy. Activity. | Activity. | in ome, | Activity 
in cms. ieee 2 —|— 
Pease ——— sara | 2073 | 2988 | ge 1875 
O neee 2:40 9-406 | 2282 Ae ae yal 
D óc 2 P 2354 | 2192 zoe pice Ne 
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seen in fig. 4, where the abscisse represent the distances 
along the rod and the ordinates the logarithm of the corre- 
sponding activity. 


Fig. 4. 
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It will be seen from the last row of Table IV. that the 
product, pressure X diffusion coefficient (Px K) remains 
sensibly constant, the mean value being 7°85. 

As in the case of actinium emanation no large deviation 
from ordinary gas laws is observable when thorium emana- 
tion diffuses into a monatomic gas of comparatively low 
molecular weight like argon; the experimental value obtained 
for the diffusion coefficient in this case being very nearly 
that calculated by means of Graham’s law. 


Comparison of Actinium and Thorium Emanation. 

A direct comparison may now be made between the 
diffusion coefficients of these two emanations, which leads to 
a ratio of their molecular weights. 

Taking the mean value of P xK for actinium emanation 
in air as 9°34, and for thorium as 7°85, and dividing each by 
76 to reduce to atmospheric pressure, we have:— 

Diffusion coefficient of actiniumemanationinair +123 
Diffusion coefficient of thorium emanation in air ~ -103 ~ 119 


which gives the ratio: — 


Molecular weight of thorium emanation 


TRA Ns a ee ° 2]; 
Molecular weight of actinium emanation bg) as Tae. 
VOL. XXI. In 
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It is interesting to compare this ratio with that which is 
obtained by taking the values of the diffusion coefficients of 
thorium and actinium emanations which have been determined 
by other observers under different experimental conditions. 

For thorium emanation we have two sets of experiments ; 
those of Rutherford* giving a diffusion coefficient °09 and 
those of Makowert giving *109. In the case of actinium 
emanation there has, up till now (as far as the author is aware), 
been only one determination of its diffusion coefficient, namely, 
that of Debierne f, who obtained the value °112. Taking the 


mean of the two values quoted for thorium as ‘99 we obtain 
for the ratio of the molecular weights (Se) = 1-28. 

It will be seen, on reference to Tables III. and IV., that 
the mean value of P x K does not show as much as 5 per cent. 
variation from any one of the values themselves, this would 
indicate that the number given for the ratio of the molecular 
weights, namely, 1:42 is not subject to as much as a 10 per 
cent. error. 

The conclusion arrived at that actinium emanation is of 
considerably lower molecular weight than thorium (and 
therefore also than radium) emanation, is quite in agreement 
with much of the recent work which has been done, showing 
that actinium is not one of the products in the direct line of 
descent from uranium to radium §. 


Summary. 


1, The diffusion of actinium emanation in gases such as 
air, hydrogen, carbon dioxide, sulphur dioxide, and argon 
shows no considerable deviations from the ordinary laws of 
diffusion. 

2. The variation with pressure of the coefficients of dif- 
fusion of the actinium and thorium emanations appears to be 
quite regular down to pressures of a few centimetres. 


* ‘Radioactivity,’ p. 276, 

t Makower, Phil. Mag. 1905, p. 56. 

t Debierne, Le Radium, 1907, p. 218. 

§ Rutherford, Phil. Mag. 1907, vol. xiv. p. 733; Boltwood, ‘Nature, 
1907, p. 544. 
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3. A comparison of the diffusion coefficients of the actinium 
and thorium emanations in air under similar experimental 
conditions gives the ratio of their molecular weights as 1°42, 
that of thorium being the heavier. 


In conelnsion I have mnch pleasure in thanking Professor 
Rutherford for several suggestions during the course of the 
work, and Mr. J. N. Pring for assistance in preparing the 
argon. 

DISCUSSION. 


Prof. C. H. Lers pointed out that the low values for the molecular 
weights of the emanations had all been obtained by allowing the ema- 
nations to diffuse into light gases. Prof. Pickering had allowed them 
to diffuse into mercury vapour, aud obtained a value about 230. 


XXXIII. An Accurate Method of Measuring Moments of 
Inertia. By the late Professor W. R. Cassie *. 
Ir ACB (fig. 1) is the beam of a balance with moment of 
inertia I about C, 
Fig. 1. 
A B 


i P 
length of arm AC = BC =a, 


coefficient of directive couple L, 
and scale pans, each of mass P, hung from the knife edges, 


then the time of a small oscillation is 


1+ 2Pa? 
ty = amy [te 


Here Pa? is a quantity of the nature of a moment of 
inertia involving only a mass and a length, quantities which 
can be accurately measured. Since any body suspended 
from the knife-edge does not rotate, the distribution of 
mass in it does not matter. 

The method consists in taking as standard moment of 

* Read November 27, 1908. 
2N 2 
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inertia a known mass hung from the knife-edge of a balance, 
and comparing others with it. 
For instance, if t, were the period with a mass Q in 


each scale-pan, 

Qa? = (1./82*)(t;? — t9). 
Now if without altering L we could attach to the beam a bar 
of moment of inertia I’ (unknown), and the period with I’ 
attached to the beam, and the scale-pans only on the kaife- 
edges, were ¢;, then 


T = (L/81*)(ts'—41"), 
I! = Qa¥(ts? — 41") /(t?—t,?). 


The value of I’ is thus obtained in terms of quantities which 


can be accurately measured. 

There remains the practical problem of attaching the bar 
to the beam without altering L. This can be done as 
follows. 

Make the beam in the form of a trough (for the plan see 
fig. 2) so that the bar I’ may be laid inside it. A and B 


Fig. 2.— Plan of beam. 


so that 


are the knife-edges for the scale-pans and CC, is the 

fulcrum, consisting of two portions projecting from the two 
i f the trough. . 

po we have to make the centre of gravity 


with the knife-edge of the fulcram C,Cs- 


of I’ coincide 


To this end 


Fig. 3.— Elevation of beam. 


C 
A © x © 


LA 


ACB being in one plane (see fig. 3), make the centre of 
J l 
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gravity of the beam come on the knife-edge C (by adjusting 
a gravity bob), and apply the directive couple by hanging a 
known weight Wg from the knife-edge D parallel to but 
below C. Then with the weight Wg removed and the beam 
in neutral equilibrium, lay I’ in the trough and adjust its 
position until the beam is again in neutral equilibrium. 
Then the centre of gravity of I’ is also in the knife-edge ©, 
and when Wg is replaced the directive couple L is un- 
changed. 

This adjustment of the position of I’ must be made 
without moving the centre of gravity of the beam or 
changing I, the moment of inertia of the beam about C. 
This may be done as follows (see fig. 4) :— 

Let the bar I’ lie on two rests each consisting of two 

wedge-shaped pieces RR forming a V, 
Fig. 4. and let these wedges be moved simul- 
Section of beam. : . 
taneously and equally in opposite 
directions by the right- and left-hand 
screw-threads cut in the bar whose ends 
SS appear outside the trough of the 
beam. By this movement of RR the 
height of I’ may be altered until the equilibrium is neutral. 
Now these movements are entirely parallel to the fulcrum 
C,C,, and therefore do not alter either I or the position of 
the C.G. of the beam. 

Thus the process for measuring the moment of inertia of a 
bar would be as follows :— 

1. Bring the balance with weight Wg removed to neutral 

equilibrium, 

2. Hang on Wg and take the period, t, of a small 
oscillation. 

3. Put equal weights Q in the scale-pans and take the 
period, fy. 

4. Remove the weights Q and Wg and put the bar I’ in 
the trough, and adjust again to neutral equilibrium 
by means of the screwheads SS. 

3. Hang on Wg and take the period, £z. 

6. Measure a, the length of the arm, 


then I = 2Qa(t3? —t,2)/(ts? —t.”). 
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DISCUSSION. 


The Secretary read a letter from Prof. W. Stroup describing a 
method of determining moments of inertia in use in the University of 
Leeds. In this method two vibrators perpendicular to one another are 
used, and they can be arranged to produce a Lissajou figure. The 
horizontal vibrator carries a vertical slit and vice versa; and as the two 
slits are placed one behind the other, a small spot of light can be seen 
through the combination. The vertical vibrator consists of a stout metal 
framework supported by a torsion wire, and carrying a platform upon 
which the body whose momeut of inertia is required can be placed. 
The time of swing of this vibrator is then adjusted (by the addition of 
rings of known moment of inertia) to be equal to that of the horizontal 
vibrator, so that the Lissajou figure is invariable. The body is then 
placed upon the platform, and inertia rings are removed till the Lissajou 
tigure is reproduced or nearly so. Then, accurate observations are taken 
of the number of oscillations required to compiete a cycle with inertia 
rings slightly below and slightly above the correct value, which is got 
by interpolation. The vibrators are kept in continuous oscillation by 
an electromagnetic make and break. 

Prof. C. H. Lers said that Prof. Stroud’s method did not seem capable 
of giving very accurate results on account of want of homogeneity of the 
rings. 

Dr. A. RUSSELL asked if it was necessary to take account of changes 
in barometric pressure in accurate work on moments of inertia. 

The CuatrMaANn remarked that in delicate work attention must be 
paid to the effects of changes in barometric pressure. 


XXXIV. On the Lateral Deflexion and Vibration of “Clamped- 
Directed” Bars. By Jous Morrow, M.Sc. (Vict.), 
D. Eng. (L’pool), Lecturer in Engineering, Armstrong 
College (University of Durham) *. 


Section I.— Introduction and Contents. 


§ 1. THE vibrations of a bar under the terminal conditions 
which are probably most frequent in engineering practice, 
appear to have hitherto attracted but little attention. These 
conditions occur when one end of the bar is clamped, and 
the other is constrained to retain its original direction. 
Such conditions may be realized by having two initially parallel 


* Read June 12, 1908. 
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bars, CA and DB (fig. 1), each clamped at one end, with the 
otherwise free ends connected by a rigid bar AB. 
Figs. 1 and 2 show two distinct ways in which such a 
Fig. 1. 


Fig. 2. 


D B 
system may vibrate. In the former case we have pure 
lateral vibration, whereas in the latter there is a necessary 
accompaniment of longitudinal vibrations in each bar. The 
former case is the more important since in it the frequency 
of the fundamental type will, in general, be the lower. 

I propose to refer to a bar under the end conditions of 
fig. 1 as a “ Clamped-Directed ” bar. 

Although there exists a considerable literature on the theory 
of the lateral vibration of thin rods, the practical application 
of the results is extremely limited. The explanation of this 
is to be sought, not in any lack of enterprise on the part of 
the technologist, but rather in the fact that the problems that 
have been solved are not necessarily those of which the 
solutions are most required in practice. 

§ 2. As an important example, in which the terminal 
conditions here considered occur, one might mention the 
case of the cylinder of a steam-engine supported on two or 
more mild steel standards, It will be recognized that the 
upper ends of the standards must be treated as “ directed.” 

It is worthy of notice that these terminal conditions are 
mentioned by Lord Rayleigh in his ‘Theory of Sound’* 


* See Rayleigh’s ‘ Sound,’ vol. i. p. 259, 189-4 edition. 
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but that the directed end is at once dismissed from con- 
sideration with the remark that ‘there are no experimental 
means by which the contemplated constraint could be 
realized.” 
§ 3. Notation and End Conditions.— 
Let y, y;=deflexions at points æ and z in the length of 
the bar; 

w, [=area and moment of inertia of cross-section, 
the cross-dimensions being supposed small 
compared with the length ; 

l=length of bar ; 

p=density of the material ; 

E = Young’s Modulus for the material (when there 
is an axial pull P in the bar, E stands for 
P/w + Young’s Modulus) ; 

t=time, measured from any instant at which y 
is everywhere zero ; 

N=number of complete vibrations per second. 


The symbol ¥ is written for d*y/di ; and if y, is the in- 
stantaneous deflexion at some particular point in the length 
of the bar, we have, for simple harmonic vibrations, 


—¥ly=—Ii/n=F (say), - 2. . (DD 
N=k/2z2. 


The curve assumed by the elastic central line at any 
instant is given in terms of y,. If ais the amplitude at the 
point in the length at which y, is the instantaneous deflexion, 
the value of y, is given by 


where 


yy=asin kte . . . . a e (2) 


The origin will always be taken at the clamped end. At 
x=0 we have, therefore, y=dy/dx=0; whilst at the directed 


end, =I, dy/dx=0, and, if there be no concentrated load 
there, d>y/d’=0. 


Section II.— Unloaded Massive Bar. 


§ 4. In the ordinary case of a bar vibrating under the 
effect of its own mass only, the form of the elastic central 
line and the frequency of the lateral vibrations are to be 
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determined from the well-known equation 


d'y _ 4 
Tar’ = py, 
in which . 
iape A 
EI y,’ 


and of which the general solution is 
y=A sin pr + B cos pr +C sinh pe + D cosh pe. 


The end conditions give four equations whose compatibility 
requires that 
tan pl = — tanh pl, ss « a (3) 


of which the least root is 
pl=2°36502.... 2. 2. «© . (4) 
The frequency of the fundamental is therefore 


5°5933 EI 
Ne V 
§ 5. It can be shown that the values of 0 satisfying 
cos@coshhO=1,..-... (5) 


are the same as those which satisfy 

tan f =+ tanh > 
and hence that the admissible roots of equation (3) are each 
one half of the alternate roots of (5). Accurate solutions 
of (5) have been provided by Rayleigh *, and from these the 
values of ul which satisfy (3) are 


pl = 2°365020 


fal = 5°497804 
ul = 8639380, 
after which 
: Hal = (n—})r, 


to more than six decimal places, n being an integer. 
§ 6. The values of wl given above for the lower harmonics 


may be readily calculated by the method explained below 
for ugl. 


* ‘Theory of Sound,’ Rayleigh, vot. i. p. 278, 1894 edition. 


ied 
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We know that byl = (2—ł})r approximately, Hence 
tanh ual =:999967, . e.. (5d 


to the limits of accuracy of the tables at my disposal, By 


equation (3) therefore 
tan u= —+-999967 approximately, 
ce Mal = 2m —-7853815 = 5-4978038, 
which is more than sufficiently accurate*, Even when this 
method is used for the fundamental, the error is less than 


0:01 per cent. 
§ 7. To examine the curve assumed by the centre line of 


the bar, we obtain a further relation by putting y=y, when 
v=l; whence it can easily be shown that 
y= 4) [ (sinh wl+ sin pl) (sin wx — sinh pr) — (cosh pl 
—cos pl) (cos wx— cosh ur)] + (1— cos pl cosh pl). (6) 
quation are those given 


- 


The values of yl to be used in this e 


in § 5. 
§ 8. When dealing with harmonics the positions of the 
nodes are to be found from (6) by putting y=0. We thus 


get, at each node, 
sin yx —sinh ye cosh wl ~cos pl .. 


cos wx — cosh pæ = sinh Hl + sin pl i 
) ies harmonig 
The fundamental is free from nodes. For the first 
the value of the right-hand side of (7) is 1000033. Fe, 
tones it may be taken as unity. 
lm (7) by trial, we find in the case of the first 
harmonic that the distance of the node from the clamped 


t a slight difference between 
*3 method depends on the fact tha g é be 
t : ee the magnitudes involved makes no appreciable difference 
wo 


in their hyperbolic tangents. If A is small 
tanh (z+) — tanh r=(1 — tanh? x) 
imately. In the example in the text the result shows that 
approxim . 
fe tanh p,/= tanh (2—})s 
itati therefore, 

. imal places. There can be no hesitation, 
to at least eight eee A The method appears more natwural than a 
in accepting T would be to put p,l=(2—ł)"+r in tanp, an 
normal one, W mall), and to proceed by approximations. 


tanh p, (where x 18 8 
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end is given by 
x='7166 1l. 
For higher harmonics, the ith tone has i— 1 nodes ; and of 
these the first node, that is the one nearest the clamped end, 
is at 


æ 90175 

Lo 
the second occurs at 

æ _ 8:9993 

lL 4i—1’ 


and beyond this the jth node is given with sufficient accuracy 
by 


Section III.— Unloaded Massive Bar, Longitudinal Tension. 


§ 9. When the bar is subjected to an axial tensile force P 
as shown in figure 3, the differential equation, based on the 
ordinary Bernoulli-Eulerian theory, may be written 


i? l 
EIG, + pw ( yz (2—a)dz+P(y,—y) +M=0. . (8) 


in which M is the couple required to direct the end and yy is 
the deflexion there. 


- Pw y dz 
Differentiating twice with respect to w, 


d'y s d’ 
which is the differential 


-2 =Q. 
d. 
bars of constant flexural rigidity. 


equation common to all unloaded 
It may be written 

d'y _ pw Yı Pæ 

s AE haa PO Y 

dat + El yy EI Age = 0, e e è œ (9) i 
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for the case of stationary simple harmonic vibrations. The 
general solution is then of the form 
y = A cosh az + B sinh ax + C cos Bz + D sin Bx, 


in which, whatever the end conditions, 


| oe 
=F = zo le —P) | 

o g pana ‘ae. w ae (10) 
-7 = (Ele +P) | 


The terminal conditions give four equations for which it is 
necessary that 

atunheal=—Btanfl. . . . . (11) 

Elimination of a and £ from the equations (10) and (11) 


would give an expression for — Fs and enable the frequency 
1 


to be calculated. 
§ 10. The form of the centre line of the bar at any instant 
is then given by 
a 


y = y,(tanh al sinh az —cosh az — 2 tanh al sin Br + cos Br) 


ee 

g (a Bl cosh ab 
whilst the couple M at the directed end can be obtained from 
3 +P = — poi (z cosh al + L cos Bl } + (cosh al—cos £l). 


§ 11. Failing an exact solution of equations (10) and (11), 
a useful approximate one can be obtained by limiting the 
longitudinal force to such values as may occur in practice. 


Writing = al, 0 = ĝl, equation (11) is 
¢ tanh ¢ = — ô tan 6. 
dp _ 6+tan 6+ 6 tan? 0 


dd p+tanh @—¢ tanh? d’ 
Also (10) gives 


* Cf. Rayleigh’s ‘Theory of Sound,’ vol. i. 1804, p. 299. 
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and when P is zero (equation (4)) 
p = 0 = 2°36502 
for vibrations of the fundamental type. 


Now, when P/?/EI is small, 0 differs little from 2°36502, 


and we have, to the first order in this difference 


9 7 [oat [7], 8-235, 


al = 10:5083 — 3:4432 Bl. . . . . (13) 


Eliminating « from (12) and (13), we find, after an expan- 
sion by the Binomial as far as the second term 


2 
BP = 5:5933—'2251 Èt, 
by means of which the second of (10) gives 
DER EI f,.. PP, PPY 
P = 81-285 = pd 1+ 09831 5 — 00557 (ar) }. (14) 
§ 12. For harmonics we may in all cases take 
tanhh¢d = 1; 

thus, reasoning as in the last paragraph, 


al = (1 —n) 8l + $n?, 


that is 


where n= (2i-})r, 
whence 
1 PP 
or a DE, MEN i 
i n EI 


and 


LN et (o Lt p? 
#= (5) ort 33 l pol! ~ “a? poti (5) 


Section IV.— Massive Bar, Load at Directed End. 


§ 13. When a massive clamped-directed bar carries a load 
concentrated at its directed end, the frequency and type of 
lateral vibration can be found to any required degree of 
accuracy by the method of continuous approximation *, 


* See Phil. Mag., J uly 1905, pp. 113-125, and March 1906, pp. 354- 
374. 
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In figure 4, let the origin be at the clamped end and 
Fig. 4. 


268s 
Poe? 
assume for the first approximation to the vibration curve 


y = p43 (æ/)*— 22D}, . . . « (16) 


-my 


; d 
which, at the clamped end, satisfies y a = 0, and, at the 
; dy 
directed end, y = 7, r 0. 
Let m = the mass concentrated at the end, 
M = the couple required to maintain the direction at 


that end. 


Then the ordinary approximate theory leads to 
2 af 
prt” = -po ( y:(z—a)dz—my(l—2)+M. (17) 
Jlez 


Inserting the value of y: from (16) and performing the 
integrations, 


l = ae 13 2 2 1 1 qê Ea z) 
-Ely = poj i( p0 - 3l? + 120 F — 120 P 
a fle 2 
tmi — = » «+ (18) 


the constants of integration and the value of M having been 
determined by the end conditions. This expression is the 
second approximation to the vibration type, and is often 
sufficiently accurate. 

Putting 2 = l we have 


ee, on a a (19) 


er ee eee 
45° + gam 

§ 14. Proceeding to a still closer approximation we can 

insert in (17) the value of y: given by (18) and again 
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integrate. In the resulting expression for y, we can again 
put x=] and get 
Be EI DR 
(i pwl +m 13 oli 4 ml? 
‘3714 pol + m/ 420° 12 
The portion shown in brackets is the correction which this 
result gives to that first obtained. When the mass of the 
load is equal to that of the bar, (20) reduces to 


q2 — 8730 EI 


(20) 


pols 


Section V.—Loaded Burs; Mass of Bur Neglected. 


§ 15. When the mass of the bar is neglected and vibrations 
occur under the action of a concentrated load only, the exact 
solutions can be determined directly. 

If there be no longitudinal force aud the mass m be at the 
directed end, the equation of equilibrium is 


E d?y 


I 53 = —mi,(l—2) —M. 
Ely = —miy, (4c? — ke), 
and 
9 
pea (21) 


T mb `? 


§ 16. Longitudinal Thrust.—If in addition to the load m 
there be a longitudinal thrust T acting on the massless bar 
as represented in figure 9, 


EI Ti = —miy,(l—2) +T(yı—y)—M. 


Fig. 5. 


d 
By virtue of the conditions that at r=0, y= La 0, 
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and, at x = l, 7 = 0, the solution may be written 


my, f cosnl—1 


T= aT U sinni 
in which n? = T/EI ; and putting 2 = l, 


(1—cos nz) +nz—sin na } 


P _T nl sin nl 
~ ml 2—2 cos nl— nl sin nl’ 


(22) 


This result might have been deduced from that for a bar 
clamped at each end with a load at the centre *. 

Equation (22) shows that k? = 0 and vibration ceases when 
nl =r, that is, when 


T = El w?/l?. 
After expansion, (22) becomes 
B= 12ET (1-4 ae) 
mÈ pr 


agreeing with (21) when T, and therefore n, is zero. 

When nl = 2ir (i being an integer) the right-hand side of 
(22) is indeterminate but has the limit —T/ml, vibration 
being impossible if T is positive. 

§ 17. The result may also be written 

T tnl 
~ mi tan 4 ala nl’ 


from which (nl being positive) the expression for the 
frequency is real when tan nl> 4 nl, that is, for values of 
nl between O and ~r, and for decreasing intervals in the 
neighbourhood of 327, 5m, &c.; vibration always ceasing 
when nl=(2i—l1)r. 

The first of these intervals is from nl=8°9868 ... to 
nl = 3a, and this corresponds to the first harmonic. 

With the massless bar harmonics are impossible with low 
values of T. As T is increased the frequency falls, becoming 
zero when nl=7, y being then zero. Between m and 8°9868 
vibration is impossible, the deflexion increasing with the 
time. If this region be safely passed that between 8°9868 
and 37 is reached, during which vibration may again occur, 


# Phil. Mag. September 1906, p. 243. 
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T being now sufficient to enable the bar to assume the curve 
of the first harmonic type. 

§ 18. If the mass be situated at any point in the length, 
let it divide the bar into segments a and b, as indicated in 
fig. 6. Then for 2<a the differential equation becomes 
d?y 
dz? 


of which the solution is 


EISZ =—m}j, (a — z) +T(y -y —M, 


y = A; sin nz + B, cos ng + Seta ty- ae 


Fig. 6. 


5 my, 
For z >a the equation is 
@ 
EIS % =Tiy,-y) —M, 
and the solution 


y =À, sin nz +B, cos naty, 


where the dashed symbols refer to values of y in the region b. 
The conditions at z=0 and z=l lead respectively to 


MYa 


ae ss 
y= — sin ne + ("a+ ay cosne—1)+ Te 


,_ M/. ` (23) 
j= T(S» nl sin ng + cos nl cos nx )+y1— 7 


The conditions of continuity of y and dy when =a giye 


dx 
an expression for the couple at the directed end, namely 
ae nsin nl 
utting «=a, in the expressions for y and y’ we find 


_ mf. 
nt 1 Sin na(2—cos na) — cot nl(1—cos na)? —na }. (24) 


When a=I, this reduces to the result of § 16 
VOL, XXI. 20 
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512 
that the amplitude 


_ It can be shown, from equations (23), 
1S a maximum at the directed end. 


Section VI.—Deduction of the Results of some 
Statical Problems. 
§ 19. The calculations in Section V. are similar to those 
required for the corresponding statical problems. Thus if a 
clamped-directed bar be subjected to a force W at and per- 


pendicular to the directed end, the centre-line assumes the 
form (see § 15) 
Ww (; 


1 
Y= EI gle 6 æ); 
Similar transformations may be made in §§ 16 and 18, and 
important results obtained. In each case the maximum 
deflexion is at the directed end. 
When the bar is subjected to a force w per unit length 


acting normally to the z-axis, its deflexion curve is 
wyl 1 1 ‘ 

We notice that, for a force concentrated at the end, the 
maximum deflexion of a clamped-directed bar is one-quarter 
of that for a clamped-free bar; whilst when the force is 
uniformly distributed the ratio is one-third. 


Section VII.—Some Experimental Results. 

§ 20. The experiments described in this section le PR 
merely to compare, in a few cases, the SA ese $ 
by the methods given in this paper aes that o wa ee 
direct observation. Care was taken that the accuracy 


aC tain limits. l 7 
"Ts eee beams used for the oie ee 
of two flat wrought-iron bars, each he ane ven = 

i tter dimension being 
0:315 em. thick, the la 
Fig. 7. 


ee er at their 
The bars were rigidly connected ee nae 
ue A 2 1e c b ° a ; ron g 
ee surely screwed to massive ca 
ends by being see b 
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as shown in fig. 7. The effective length was measured 
between the blocks, and this, as well as the distance between 
the bars, was varied. 

A striking feature of the apparatus is the certainty with 
which the end conditions can be relied upon. When this is 
the case, the distance between the bars is immaterial ; some 
of the experiments may, in this respect, be taken as a veri- 
fication of the absolute rigidity of the ends. 

§ 21. The flexural rigidity of a piece of one of the bars 
was determined by supporting it on knife-edges at each end 
of a span of 58:42 ems. (23 inches), and applying loads at 
the centre. The observed deflexions are given in the 
following table. 


a a a aa 


Lond inthe, | Peterson | Diiren | 
O ere ere ‘O27 ‘047 | 
f ETAN ba -048 | 
EP N 532 49 

SA -483 oi 
T cennu 433 030 
Tornon 483 ate | 
EIEN “OSL 049 | 
eieae ‘580 u4y | 
OF asain) 629 | 


Average difference per pound ‘0488 


The average deflexion at the centre was thus found to be 
0:0488 inch per pound, corresponding to a flexural rigidity 
of 15°20 x 108 grammes weight-cms.? The value of E here 
involved is the static modulus, but the difference between it 
and the kinetic modulus would be too small to affect the 
calculations. 

§ 22. The results of the experiments. on the compound 
bars are given in the following table. In each case vibrations 
took place in a horizontal plane, that is, in the plane of fig. 7 

mo? 

The clamped end was very securely bolted to a large 
lathe-bed in such a manner as to leave no room for doubt as 
to the applicability of the terminal conditions at that end. 


202 
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| No. of Preire co WARDEN E Obserred | Calculated 
' E p Length. Direrted end, p j 
xperiment. of hars. | Frequency. Frequency. 
| ema. gms. Pa | 
| | 
No eT ee ae ee eee 2 eae are eee 
bonores 0 H43 1604 165 1:27 | 1:26 | 
ete lota 1143 | 780 16:5 166 | 167 l 
| : 
E TRN orn | 160d 16-5 178 | 178 
l 1 
W EETA a) ee) | 780 16:5 2-40 2-40 | 
| 
| Ds eenean ' 1143 | 1604 60 1:26 126 | 
1S R2 6-0 1-65 1-65 


The last column is calculated from equation (20); the 
values are, however, practically identical with those given 
by (19). It will be seen that the agreement between the 
observed and calculated frequencies is very satisfactory. 


I should like to take this opportunity of making a slight 
correction in my paper “On the Lateral Vibration of Bars 
subjected to Forces in the Direction of their Axes.” On 
page 236 of the Philosophical Magazine for September 1906, 
and on page 227 of the Proceedings of the Physical Society, 
vol. xx., instead of tanh I have used its reciprocal. The 
error makes very little difference to the final equation, the 
correct expression being 


Vi ene D P Pp? 
— = 50056 — -+129 --* — 
A 00:5 ol + al Wean 


Armstrong College, 
January 1908. 
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XXXV. An Experimental Investigation of Gibbs’s Theory of 
Surface-Concentration, regarded as the basis of Adsorption. 


(Second Paper.) By Wa. C. McC. Lewis, M.A.* 


[From the Muspratt Laboratory of Physical and Electro- 
chemistry, University of Liverpool. ] 

IN a previous paper t upon this subject a number of de- 
terminations were recorded, which had been carried out 
with a view to investigate experimentally the expression 
deduced by Gibbs for the surface condensation of one of the 
components of a two-phase system at the boundary separating 
the phases. Two immiscible liquids—namely a hydrocarbon 
oil and distilled water—were brought into contact, there 
being a definite interfacial tension existing at the boundary 
of separation. To the water there were added various sub- 
stances soluble in water, but insoluble in oil, viz. sodium 
glycocholate, methyl-orange, and Congo-red. These sub- 
stances all produced a lowering effect on the interfacial 
tension—such lowering effect increasing with corresponding 
increase in concentration of the solute. 

Gibbs’s expression connecting the surface-concentrating 
of the solute with the lowering effect on the tension and the 
concentration of the solute in the bulk of the (aqueous) 
phase is 

c do 
Y= RT de 
where =the mass (in grams) of the solute per square centi- 
metre of the dividing surface in excess of what 
would be there supposing the concentration to 
remain the sume as in the bulk of the solution i 
c =the bulk concentration of the solute in the aqueous 
phase ; 
R=the gas constant; 
T =the absolute temperature ; 
o=the interfacial tension ; and 


do 
—- =the rate of change of the tension with the concen- 
tration of the solute. 
* Read November 27, 1908. 
+ Lewis, Phil. Mag. April 1908 


; also Proc. Phys. Soc. Saui 
p. 150 (1908). i ys. Soc. vol. xxi, 


— 
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The negative sign on the right-hand side indicates that 


big must be negative in order that r may be Positive, ie, 


de 
those substances which lower the interfacial tension will 


Increase in concentration at the interface. 

It was shown how this expression might be applied to the 
phenomenon of adsorption, which is considered to be more 
or less a surface condensation. The determinations referred 
to consisted in measurements of the varigus quantities 
occurring in the above expression, and in comparing the 

values obtained on the two sides of the equation. The 
general results showed that the actually determined values 


for I far exceeded the calculated values—those found being 
*, while the calculated ranged 


of the order 10-6 grms./cm.?, 

from 10-7 to 10-8 grms./em.? This discrepancy was ob- 
served in the case of all the substances mentioned in the 
The adsorption coefficient (T ) was measured 
experimentally under two quite different conditions—nainely, 
at an approximately plane surface ; and secondly at a very 
curved surface, with concordant results in both cases, | 

With the view of throwing some light on the cause of this 
discrepancy, further determinations of a similar character 
were carried out and are recorded in the present Paper. 

It may be pointed out that a ere emer are 
electrolytes (sodium salts of organic acids) and wou “i a 
fore suffer considerable dissociation in aqueous a H . 
To account for the discrepancy referred to one possibility 


me kind of 
sted itself, namely, the presence of so e 
e danble r” Of course this may or 


previous paper. 


7 ; 23 lectrical effect. 
a an ae. and it will be shown that for ae 
TAY ae pA robably not the cause, but evidently the rs 
ae ans Lesion other electrolytes—ordinary inorganic 
step was 


Its of simple constitution and comparatively low molecular 
Salts OF Sil 


. ] Fi t 
l i a O A g y } 


e e e . le 
adsorption determinations if possib 
€ 


stuffs. il 
and compare the results obtaine 


t 
Finally, to carry ou 
with typical non-electrolytes 


in this case also. 
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Tut INTERFACIAL TENSION BETWEEN OIL AND WATER 
MEASURED BY THE DROP-PIPETTE. 

The pipette was identical with that shown in fig. 1 (pre- 
vious paper). An expression giving the tension directly in 
absolute units may be derived as follows :— 

Consider the equilibrium of a drop of oil formed in water 
and just about to break away from the nozzle of the pipette. 

Let o = the interfacial tension; 

a = the radius of the orifice ; 

r = the mean radius of the drop ; 
P» = the density of water ; 
Po = the density of oil. 


The forces tending to draw the drop off are (1) gravita- 
tional, due to the difference in densities of the oi] and water 


4 
= 37 (P,, — Po), 
and (2) the difference of pressure due to curvature, 
= ma. 
r 


The opposing force is due to the tension and =2zao. 
Hence 


3 7" {Pa— po). 

Applying this to the particular case of the oil in which 
Pw = 1:0, 

Po = 0:899, 

a = 0175 cm., 

r = 0:4125 cm., 


o = 0:0467 gram per cm. 


21rac — 2ra? = 


we obtain 


or 


45°8 dynes per cm. 
Employing the empiric formula of Lohnstein * and Kohl- 
rausch f the value 40 dynes per cm. is obtained. 
The above expression had been already obtained when it 
was found that an almost identical one had been deduced by 
See previous paper, 
See previous paper, 


* Lohnstein, 
t Kohlrausch. 
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G. Guglielmo * for liquid-air surfaces. He has applied it 
to the case of the water-air tension with the following 


results :— 
Ee 
! 


Radius of orifice of pipette. | Tension in milligrams/mm. | 


0S mm 778 
11 ,, | 7°60 > mean 7°69 at 25° C. | 
2:15 ,, 769 


The value obtained by the capillary-tube method is 7485 
at 25°C. The results are therefore in fair agreement. 

As in previous determinations, the drop-pipette was em- 
ployed for the various cases of adsorption dealt with in the 
present paper, the only difference being that the absolute 
values for the tension are here calculated by means of the 


expression deduced above. 


THE INTERFACIAL TENSION BETWEEN A HYDROCARBON OIL 
AND AQUEOUS SOLUTION OF ELECTROLYTE. 


The oil employed was similar to that previously experi- 
mented with. About twenty electrolytes in all were examined 
and all showed a lowering effect on the oil-water tension—in 
general monovalent ions of small atomic weight having 
least effect while copper and barium salts had a marked 
influence. This lowering of the tension is remarkable in 
view of the fact that inorganic salts (with the exception of 
air-water tension f. Further, it is a 

salts to be adsorbed by charcoal ; and if 
this is regarded as indicative of a lowering of tension at the 
charcoal surface, one may be perhaps justified in ane 
that for aqueous solutions of an electrolyte 0 liqui y 
solid t interface, one may expect in all cases : peer 
thee & a or selected for adsorp- 


+ Whatmough, Zeit i 
t Using the word 11 1 


lithium) raise the 
general property of 


Acecad. Lincei, Atti, xv. p. =o 
schr. Phys. Chem. vol, xxX1x. 


ta ordinary sense. 
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method * being employed; while with the rest the large- 
dropping apparatus was used—this being rendered necessary 
as the adsorption determinations were carried out for each 
ion of the salt separately, the concentration changes being 
estimated by ordinary volumetric and gravimetric means. 


The Adsorption of Caustic Soda on Hydrocarbon Oil. 


The values of the interfacial tension for different concen- 


trations of the base (corrected for density) are summarized 
in the following table. 
Tase I. 


Ooncentration 


Interfacial Tension in dynes/cm. 


per cent. in gram-moles/litre. 
0 0 45°81 
10 0:25 26°93 
20 0:5 22°49 
4°0 10 16°76 
8-0 20 


streaming from orifice of pipette 
— tension too small to be measured. 


l oo values of the tension and concentration are plotted 
in fig. 1. 


Tension in Dynes per cm. 


O75 
Molar Concentration.—Caustic Soda. 


* See former paper. 


920) MR. W. C. M. LEWIS: EXPERIMENTAL INVESTIGATION 


Calculation of T by means of Gibbs's expression :— 
Take as a particular case the concentration 0:3 per cent, 
c = 0:003 grm./cc. 
— 2x42x l0 ergs _ 2x 4:2x 107 
molecular weight 20 f 


assuming complete dissociation 
at this dilution. 


T = 288° abs. 
A , i.e. the tangent to the curve (fig. 1) at the concentration 


0:3 per cent., 
-_ Idynes/em. _ 
~ 0003 grin./e.c. ~ ae 


Hence 
cdo _ „, 2g R 

-RT Z} 75x10 grams per cm. 
or 1:9x 10-8 gram-moles per cm? 


It has been assumed here in using the term gram-moles 
that the substance has been adsorbed either as undissociated 
base or in ionically equivalent proportions. Gibbs’s expres- 
sion for surface concentration does not contain any term 


allowing for the preferential adsorption of a single ion if 
a Also the measurement of concentration 


any should occur. } j ) 
changes by means of changes in tension embodies the same 


assumption. 


Experimental Determination of l :— | 
500 c.c. of caustic-soda solution (concentration per 
cent.) were shaken with 1'075 C.C. of the oil until ; a is 
emulsion resulted. After emulsification a tension e = 
ation showed that there had been a decrease in o z 
f 0:003 per cent. The diameter of the emulsion sie 9 
eee the microscope Was on the oe : 10-5 cm., 
so that the total adsorbing surface was 107500 cm. 
o x 10-7 grm./em.” or 3:7 x 107° i 
lated) = 7:5 x 10~* grm./cm. 
les/em.? 


2 
gram-moles/cm. 


T (calcu 


—!0 © = 
oe 19x107" grom mo 
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The probable error in the experimental result may amount 
to 25 per cent. A comparison of the observed with calcu- 
luted values shows once more the considerable discrepancy 
which exists between them. It should be observed, however, 
that the absolute value of the experimental determination 
has fallen from the order 10—86 (obtained in previous cases) 
to 10-7 grm./cm.? It should also be mentioned that if any 
slight trace of acid were present in the oil the adsorption of a 
base would be considerably altered. 


Re-determination of the Adsorption of Sodium Glycocholate. 


Having obtained a purer specimen of the material than 
that used in former cases, the values for the tension between 
the oil and solutions of different concentrations were again 
determined. There were only small changes noted in the result 
—the calculated value for the adsorption (at a concentration 
0:25 per cent.) being 7x 10-8 grm./cm.?, while in the former 
case the value was about 5x 10-8. The actual value deter- 
mined by experiment was from 3°5 to 4°7 x 10-8 grm./em.? 
while in the previous case it had lain between the limits 
d'l and 5:4 grm./em.? 


The Adsorption of Silver Nitrate. 

In the measurements of the adsorption of this substance 
(and in all subsequent cases) the “large drop” * apparatus 
was employed. One litre of ¿ly molar silver nitrate was pre- 
pared and about 750 c.c. poured into the tube through which 
the oil passed in the form of drops (of about 0°3 em. 
diameter), and on the surface of these the solute was ad- 
sorbed. When the oil-reservoir (of 1 litre capacity) had 
been exhausted and the total number of drops estimated 
from the time taken in emptying the reservoir, the solution 
which had been thus treated was withdrawn and analysed. 
For this particular substance the silver only was estimated 
before and after the experiment by precipitation with hydro- 
chloric acid, the Gooch crucible method being employed. 
An extremely small difference in weight was observed, 


a J + 
See previous paper. 


el 


Lar 9 
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namely 1°6 milligrams of silver chloride. The total surface 
area of the oil was 7000 cm.? 
Hence the adsorption of the silver is 
Pag = 1:7 x 10-8 grm./em.? 


A repetition of the determination gave 
Iag = 3°4x 10-8 grm./em.? 


The mean value is therefore 
Ia, = 2°5 x 10-8 grm./cm.? 

It may be mentioned that the measuring vessels used in 
these and subsequent determinations were recalibrated for 
15° C., and all-solutions were cooled to this temperature in 
a bath before measuring out the volume. 

It will be noted that the value obtained above is much 
smaller than for the previously mentioned substances (except 
caustic soda). One might therefore expect a closer approxi- 
mation to the value calculated on Gibbs’s expression. 


Calculation of the Adsorption of Stlver Nitrate. 


As in previous cases the oil-solution tension curve was 
op-pipette. The oil employed 


obtained by means of the dr _ the ! 
for these measurements was not quite identical with that 
The values obtained (corrected for 


used with caustic soda. 
density) are given in the following table. 


TABLE IT. 
Oil—Silver-Nitrate Solutions. 
Concentration. Pipette | Tension 
in gram-moles per litre. Drop-number. | dynes, cm. 
ee eee 
0 135 52 
001 140 | 50 
0-02 145 46-4 
149 473 


| 


0°04 
(eS see 
i 
tted against tension 


The values of the concentration are plo 
in fig. 2. 
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Fig. 2. 


Tension in Dynes per cm. 


Molar Concentration.—Silver Nitrate. 


The calculated adsorption, namely 
c do 
RT de’ 
has the following value for a concentration sy molar :— 
e = 0:0034 grm. per c.c. 
_ 84x10’ ergs 
= moleoulac weight 


The molecular weight at this dilution has been found by 
Smits * to be 94. T = 289° abs. 


O o 
de 38 the tangent to the curve at »ẹș molar concentration and 
1s equal to 


1:9 dyne/em. 


00034 grec. T °° 


Hence 


ce do | : 
DB =ç = (° = 7 2 
RT de ~ ! 3 x 10-*® gram per em. 


* Smits, Zeitschr. Phys. Chem. vol. xxxix. p- 418 (1902), 


ee ee 


— à =- mms __ 


a tat 


m i, 


m. i 
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This refers to the salt AgNO,, so that on the assumption 
that each ion is adsorbed equivalently we obtain the calcu- 
lated value for the silver ion to be 


Pag = 4°5 x 10-9 grm./em.? 
Pag (found) = 2°5 x 10-8 grm./em.? 


The values for the experimental and calculated adsorption 
are thus in much closer agreement than in any previous 
case—the experimental being five times the calculated. The 
question is: Does this represent a real discrepancy even in 
this case, or is it to be considered as agreement within the 
limits of experiment? Itis difficult to say, but without laying 
too great stress upon it, I am of opinion that there is a real 
(though small) discrepancy between calculated and observed 
values, 


The Adsorption of Potassium Chloride. 
Exactly similar determinations were carried out with this 
substance as in the case cf silver nitrate, except that with 
this salt both the metal and acid were estimated. | 
The Adsorption of the Potassium of Potassium ae 
A very large quantity of oil was allowed to pass through 
KC! solution in the large-drop apparatus. The resulting oil- 
was 16,000 cm.? The quantity of potassium 
oe and after adsorption was 


in the solution before é tion 
Arr a potassium sulphate. The difference in weight 


ot’ the K,SO, precipitate was 3'2 milligrams, whence the 
i 2 


adsorption of the potassium 1s . 
T, = 8x10-° grm./cm. 


A repetition of the experiment gave 
T, = 2x10-* grm./em. 


n value 1s 
Thus the mea p = 5x10- grm./em.? 
x a 


ibbs’ la :— 
T. on Gibbs's formu . i 
Calculation A i tension corresponding to aaa 
The values oO | for density) are given as follows : 


centration (correcte 
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Taste [1f.—Hydrocarbon Oil—Potassium Chloride. 


Concentration Pipette Tension 
in gram-moles per litre. | Drop-number. dynes/em, 
0 135 52 
U-0125 139 d0-4 
0:025 140 49:9 
0:05 143 4859 
0:1 147 478 


The tension-concentration curve is given in fig. 3. 


Fig. 3. 


Tension in Dynes per cm. 


0 0°02 0°04 0-06 008 019 
Molar Concentration. 


M 
20 


KCl is 


As before, the calculated adsorption for 


e = 0:0037 grm./c.c. 
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8:4 x 10’ ergs. 


ae 37 
where 37 is the osmotic molecular weight. 
T = 289° abs. 
do 
d 478. 
Hence 
c do 


tan 2°3 x 10-* gram KCl per cm.? surface, 


which corresponds to 1:7 x 10° grm. of potassium, 


while Tx (found) is 5 x 10-8 grm./cm.? 


It will be noted that potassium shows a greater discre- 
pancy than silver as regards the calculated value. The 
results are of about the same order as that obtained for 
caustic soda. 


Estimation of the Adsorbed Chlorine :— 


The surface area of the oil was 10,000 cm.? The change 
in the chlorine concentration was determined as silver chloride, 
the difference in weight of AgCl precipitate due to adsorbed 
chlorine being 0°35 milligram. Hence 


To = 8x 10-7? grm./cm.* 
Repetition gave Ta = 3x 10—° grm./cm.? 


These quantities are, however, so small that one is only 
justified in stating that the adsorption of the chlorine is of 
the order 10-7? grm./cm.? 


The calculated value is 1:6 x 10-? grm./cm.’, so that the 


agreement between calculated and observed is fairly good. 
These results for potassium chloride appear to point (at 
least as far as the small changes in concentration observed 
can be trusted) to the possibility of a certain amount of 
separation of the ions in the process of adsorption, i.e. a 
preferential cation adsorption. If this is so, it at once suggests 
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some electrical effect taking place which is not taken account 
of in Gibbs’s capillary theory. 


The Adsorption of Barium Chloride. 


In the case of this substance the chlorine only was esti- 
mated, this being carried out volumetrically with AgNO, 
solution. The surface area of the oil was 4000 cm.?. In 
the titration the change in concentration of chlorine due to 
adsorption was less than 0°] c.c. AgNO, solution. From 
this one can only say, therefore, that the adsorption To is 


not of greater magnitude than 10-8 grm./em.? 


Calculation of the Adsorption :— 


The following table (IV.) contains the values obtained for 
the tension (corrected for density) at different concentrations. 
_ The values of the tension are plotted against concentration 
in fig. 4. By taking the tangent to this curve the value of 


do. ; 
de "8 obtained for a particular concentration. 


TABLE IV, 
ee ee E E 


Concentration of the 
Barium Chloride 
—— | Density Drop- | Relative | Tension in 


of the be Tensi 
Gram-moles | Per nt: | Solutions: number. ension. dynes/cm. 


per litre. anhydrous. 


O 0 1-000 153 1-000 45°81 
0-062 1-29 1-009 171 0:895 40°99 
0:125 2:59 1-019 188 0:829 37:98 
0-2 4'14 1-038 210 0:757 34:68 
0:25 5:18 1-048 222 0722 33-07 
0:33 6-90 1-066 246 0-663 30:37 
oe 7°76 1-073 255 0:644 29°50 
i oes 1-099 290 0:580 26°57 
pee ah 1-216 419 0:444 20°34 
ae 1-289 585 0:338 15:48 
A E E E D, A 
VOL. XXI. 2 P 


r 


Ewa 


' 
© >» 
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5 


Molar Concentration.—Barium Chloride. 


For a solution of strength a we have 


c = 0:0041 grm./ce. 


7 75” 
where 75 = osmotic molar weight, 
T= 289° abs. 


do 
a 427. 


Hence 


RT a = 5:4 x 10—° gram BaCl; per em.’, 
1-6 x 10—° grm. chlorine, 
T'o: (found) + 10-* grm./em.” 


obtained here is of too qualitati 
e is agreement or not. 


or 


The result ve a nature to 
show whether ther 


Adsorption of Copper Chloride. 
With this substance both copper and chlorine were sepa- 


rately estimated. 
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The Adsorption of the Copper :— 

The oil-surface area was 8000 cm.? The copper in the 
solution was estimated electrolytically, both before aud after 
the adsorption. The change in weight of the electrode was 
only 0:2 milligram. 

Hence 

To, = 25 x 107° grm./em.? 
A repetition of the determination gave 
To = 45x 107°, 
or mean value 
Pe = 35% 10-" gram per cm.’ 

Estimation of the Chlorine :— 

As in previous cases, this was estimated as silver chloride. 
The difference in weight of the AgCl precipitate was 6 milli- 
grams. The surface-area = 8000 cm.?, and hence 

Tq = 18x 107° grm./cm.? 

A repetition of the determination gave 

To = 23x 107°; 
so that the mean value is 


loa 2x 1078 grm./cm.? 


Ctl = 55x 107° grm./em.? 


Hence 


Calculation of the Adsorption of CuCl, :— 

The following table gives the value of the tension 
(corrected for density of the solution) at different concen- 
trations :— 


Hydrocarbon-Oil and CuCl,. 


| ; 

| asi Pipette | _ Tension 

| per litre. Drop-number. ; in dynes/em. 
0 135 52 

| 0:0125 140 49:9 

| 0035 143 a 

| 0:05 147 47-8 

| 0:1 154 45:8 

| 


These values are plotted in fig. 3. 
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For a solution of concentration M/50 
c = 0:0027 grm./cm.*, 


do 

pr 518, 
_ 84x10" 
~ 5l 


Where 51 is the molecular weight at this 
concentration as determined by Biltz nel 


T = 289 abs. 
Hence d 
o 
RT Pr 4:0 x 107° gram CuCl, per cm’, 


To tla (found) = 5°5 x 107° grm./cm.? 


We have here once more inequality between observed and 
calculated values- It should be noted that it is the experi- 
mental value of r’ which is always the greater, and there are 
indications that the cation is adsorbed in somewhat greater 

nantity than the chemical equivalent of the anion. 

Further determinations with other electrolytes mast be 

dertaken before one could definitely state whether this 
ee t fact—the separation of the ions—takes place or not. 
importan sing oD to discuss in more detail, however; the 
Before b i the experiments carried out with non- 


data alr eady given be briefly recorded. 


electrolytes 

THE ApsoRPTION oF Non-ELECTROLYTES. 
: the outset with Imost all 

lty at regard to almo 

pief difficulty * "mall solubility in water. It is not 
fore, to aw @ comparison between the tension 
easy, ther ý ie! d by these bodies and the effects produced 
odu Altogether seventeen non-electrolytes were 
-p influence on the interfacial tension. 


by electr? ards the 
examine las jo aniline and p-nitrosodimethylanilinae—¥°° 
Two of 

» Bpiltz, Zeit. Phy® 


Chem. vol. xl. p. 199 (1901). 
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found to be soluble in the oil, and to this is probably due 
their comparatively marked effects on the tension *. 

The following table (p. 532) contains the values obtained 
from the various substances examined. 

The value obtained for cane-sugar is worthy of note. 
The lowering effect is small, although a more concentrated 
solution was employed than in the case of any other substance. 
The result is in agreement with that observed at the air- 
surface, in which case the presence of cane-sugar has no 
appreciable effect. 

In the case of all these substances (except iodine which 
was practically without effect) there is a lowering of tension 
at the interface which on Gibbs’s theory must be accom- 
panied by adsorption. The same general rule, therefore, as 
regards the effect at the oil-surface seems to hold for non- 
electrolytes as for electrolytes. 


The Anomalous Behaviour of Saponin. 


Saponin is a non-electrolyte whose aqueous solutions are 
characterized by foaming, thus pointing to considerable 


+ The Tension between two partially miscible phases. 


The Laplace theory of capillarity shows that the work required to 
form unit area of interface between two liquids A and B is given by the 
expression 


bea — odh zý(z)dz= TAB) 


where p, and pp =the densities of the liquids A and B respectively and 
the integral is supposed constant for all substances. This expression 
leads to the following relationship :— 


Vo = Nanto 


which has not been verified by experiment, but shows in a gen-ral way 
what takes place at the surface. Lord Rayleigh has on this hypothesis 
calculated the effect of making the transition gradual between A and B 
by the interposition of n liquids whose densities are in arithmetical 
series, in which case it is shown that the energy due to surface- tension 
is reduced to (n+1) of its original value. Hence any diminution in the 
abruptness will diminish the energy due to surface-tension. The solu- 
bility of the sniline in the oil causes the diminution in abruptness, and 


consequently we find very marked lowering of tension. 


eS A 
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TABLE IV. 


Interfacial Tension : oil-solution. 


Substance. Per cent. Molar Relat; 
Concentration. Concentration. Toute 
TE 
Water sanigooneionnei e s 
Iodine sicctesssieseeedee sees: 0 035 a0 
Hydroquinone .........--+++- 1-0 7 
Boric acid ..............-+ 01 à 
Urea rrr 0:8 ; 
Diphenylthioures.......----- -<01 a 
Milk sugar sonia 10 PS 
Succinimide .. ........-¢+0°" 0-2 5 
I 
Phenol 0-1 a 
1 
Mercuric cyanide .....----°"" 10 ae 
: 1 
p-nitrosodimethylaniline e. <01 mAT 
6-0 : 
Cane-sugar g 6 
. 10 E 
Amygdalin 3 51 
a 3°6 2 
Ethyl acetato ............" 3 
A 10 = 
Oaffeine -sesser l 
30 F 


oe 
o® 
eaoesveaveeseaer® 

aonver 


- tension *- It has also been noticed that bubbles 
lowering © saponin solution appear to gelatinize, so that 
ee ce formed they show a crinkled appearance on con- 
when on Solutions o this substance showed the following 
traction- the oil-water interface. On increasing the concen- 
effects at ere was first of all a rise of tension reaching a 
This was followed by a 


tration, p about 0'005 per cent. 
at 0:025 per cent. a slower fall to 0-05 per cent., 


maximum d 
rapid fall Ph, the tension remained constant. Measurements 
beyond W : up to 0-4 per cent., at which point streaming 


ken ‘ , 
were ta p18 subject by S, A. Shorter, Phil. Mag. 


. t 
r beanng upon 
* See oe PY 1 908). 


Tol. xi. p- 


Tension in dynes per cm. 
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effects began to be observable, so that no further readings 
could be taken. These peculiarities are shown in fig. 5. 


0 0-05 ol 0°15 0-2 025 03 035 04 
Grams of Saponin in 100 c.c. of solution. 


It seems probable that the gelatinizing effects which have 
been observed at the air-surface are also effective at the oil- 
interface. Experiments were carried out to test whether the 
substance was soluble in the oil. It was found to be 
insoluble. 


Of the substances enumerated in Table III., it will be seen 
that caffeine shows the most marked effects in proportion to 
its concentration. It was therefore selected as a suitable 
substance wherewith to carry out adsorption determinations. 


RNF d ki 
Determination of a for Caffeine. 


The material was obtained from Kahlbaum. Its molecular 
weight was determined by lowering of the freezing-point of 
water, and was found to be in agreement with the formula 
(weight 194). The substance employed is the monohydrate 
and crystallizes from water in long needles. That caffeine is 
a good example of a non-electrolyte follows from the value 
for its dissociation constant determined by Wood *, namely, 
4 x 10-!4, which is of the same order as the constant for water. 


* Wood, Journ, Chem. Soc. vol. Ixxxix. p. 1844 (1906). 


Digitized by Google 


534 MR. W.C. M. LEWIS: EXPERIMENTAL INVESTIGATION 


The sample of caffeine was first tested, as in previous cases, 
for any solubility in the oil. The same drop-number was 
obtained with the oil filtered from caffeine as for the oil fresh 
from the stock. Caffeine is therefore insoluble in hydro- 
carbon oil. 

The following table (Table V.) contains the determinations 
of the interfacial tension for caffeine solutions of different 


TABLE V. 
Per cent- 
Concentration Tension in 
of Anhydrous . | Tension. | dynes/cm. 
Oaffeine. 
Peas Sa Se 
0 48 
0-046 458 
0092 44:4 
0114 43:5 
0-229 40-9 
0:457 38:1 
0-915 348 


Tension in dynes per cm 
e 
Sa 


35 
A 05 0° 07 08 oo 1l 
os eine i ion. 
80 : as ae of anhydrous Caffeine in 100 c.c. of solution 
0 1 Gra 


ee ee 


OF GIBBS’8 THEORY OF SURFACE-CONCENTRATION. 535 


concentrations, the tension being measured by the drop- 
pipette. It will be noted that this oil is not quite identical 
with that previously employed. 

The interfacial tension is plotted against concentration, 
giving the curve on fig. 6. The tangent to the curve gives 


the value of da at the desired concentration. 


dc 


Calculation of the Absorption Coefficient :— 
As before, the expression for the adsorption is 
c do 
T=— RT ae’ 
For a solution of concentration 0-114 per cent. (anhydrous) 


caffeine the right-hand side of this expression has the follow- 
ing numerical value :— 


e=0°114 per cent. =0:00114 grm./c.c., 


R 2X2 x10" | 
= —j94 ae 
T= 288° abs., 


do _ 3 dynes/cm. 
de 0-00114 grmn./e.c.’ 
ne a = 2:4 x 10-8 grm./em.? 

It will be noted that this value is approximately of the 
same order as the similarly calculated values for previous 
substances. The substitution of a non-electrolyte for a 
simple inorganic salt does not seem therefore to have any 
marked effect on the theoretical value for the adsorption 
coefficient. It would seem, therefore, that in both cases we 
are dealing with a factor of the same magnitude as regards 
do 
de’ It 
will be remembered, however, that the results obtained in 
previous cases pointed to the existence of certain discrep- 
ancies between observed and calculated values of F. It is of 
particular interest, therefore, to attempt to measure I directly 
for caffeine, since in this case there is no possibility of sepa- 
ration of ions. 


its effect on the tension and the consequent value of 
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Determination of I for Caffeine in Aqueous Solution. 


The emulsion method * was employed in this deter- 
mination. 

Solutions of caffeine approximately 0-125 per cent. were 
prepared, and 500 c.c. shaken in steamed-out glass vessels 
for three days with about 1-2 c.c. of oil. The resulting 
emulsions were very uniform under the microscope, the 
average diameter of the particles being 6x10-5 cm. It is 
worthy of note that this is of the same order as the average 
diameter of the particles in the previous cases. 

The results of two emulsion experiments are given 
below :— 


Caffeine solution (approx. 0°125 per eent.). 


Experiment | Prop-number | Drop-number | Aren of 
nee emulsitication. | emulsification. oil-surface. 

TET 160 | 160, 160} | 87,180 em. 

ERTAN 160, 160} | 1603, 160} | 127,310 cm? 


The results show that there was no readable difference in 
the concentration of the solution before and after emulsification— 
the difference being a small fraction of a drop. Special experi- 
ments were undertaken to determine the accuracy of the 
readings made with the pipette, and it was found that fora 
small drop-number such as 160 the readings were reproduc- 
able to within about 3th of a drop. 

No very reliable quantitative relations can therefore be 
obtained from these determinations, as we are evidently 
dealing with a very small change in concentration, t. e., a 
very small adsorption. The important feature is this—that 
the calculated value of I (viz. 10-8 grm./cm.?) would also 
correspond to a small fraction of a drop as indicating 
concentration change; while a value for T of the order 
obtained in the case of sod. glycocholate and the dyes 
(viz. 10-® grm./cm.?) would have been indicated by a 
change of 4-5 drops, which would of course have been 


* See previous paper. 
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perfectly readable. These experiments therefore show that 
caffeine is very much less adsurbed than sodium glycocholate, 
Congo red, or methyl orange. 

It is perhaps going beyond the limits of accuracy warranted 
by the drop-pipette method to make an approximate calcu- 
lation of the T from the data given above. Taking the 
second experiment, the change in concentration corresponds 
to about ith of a drop. This is only approximate, and in all 
probability would give a maximum value for P. From a 
curve * obtained by plotting the drop-numbers against con- 
centrations given in Table IV. it is found that 4th of a drop 
corresponds toa change in concentration of 0°00094 per cent., 
and hence the total amount of caffeine removed from the 
500 c.c. emulsified is 0°0047 gram. The total adsorbing 
surface is 127310 cm.?, hence 


T = 3:7x10-° grm./cm.’, 
T calculated = 2:4 x 10-8 grm./cm.? 


An attempt was at once made to increase the adsorbing 
area in order to get more trustworthy data. It was found, 
however, that the limit had almost been reached in the case 
of the second emulsion—only a little more than 2 c.c. of oil 
can be emulsified by 500 c.c. of caffeine solution of O'l per 
cent. concentration. The method is therefore limited in this 
direction. A further attempt at more accurate measurement 
was made by employing a pipette of much larger oil-capacity 
(about 500 c.c). The drop-number against water was 2042, 
in place of 146 in the case of the smaller pipette. The 
drop-numaber against a solution of O'l per cent. concentra- 
tion was 2383. One result was obtained in which the change 
of concen tration before and after emulsification amounted to 
5 drops, which corresponded to 3°5 x 10-° grm./em., but on 
attemptirag to reproduce these values quite variable results 
were obtzained, owing to the change in wetting of the pipette 
during the long course (over two hours) of a single deter- 
mination . 

It appezars probable from the foregoing attempts to measure 


+ The Curve is a straight line between drop-numbers 155-200, A 
fraction of a drop can therefore be read fairly accurately. 
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I in the case of caffeine, that we are dealing with a quantity 
too small to be determined with accuracy by the method 
hitherto pursued. It may be possible by employing, for 
example, colloidal mercury instead of the oil to determine 
the caffeine adsorption at a mercury surface with accuracy. 


Behaviour of Sodium Gilycocholate and Caffeine in contact 
with Charcoal. 

In view of the considerable difference between the values for the 
adsorption of these two substances at the oil-surface, it was of interest to 
compare the results obtained with charcoal. The material was the same 
as that employed by Freundlich—namely, Merck’s blood-charcoal 
purified by acid. Freundlich has observed that the further washing of 
this material does not affect the result of the adsorption determinations, 
and this was confirmed in the present instance by the fact that there was 
not the slightest change in the oil-water tension in the case of distilled 
water which had been shaken up with a quantity of charcoal. 


Adsorption of Sodium Glycocholate :— 

500 c.c. of a solution 0'3 per cent. concentration were traated with one 
gram of charcoal, and the decrease in bulk-concentration of the solute 
amounted to 0'125 per cent. The change in concentration was measured 
by means of the change in value of the oil-solution tension as given by 
the drop-pipette. The drop-difference (before and after) was 47. 

Hence 1 gram charcoal adsorbs from a 0'3 per cent. solution 
0°625 gram sodium glycocholate. 


Adsorption of Caffeine :— 

500 c.c. of solution 0:218 per cent. concentration (i. e., approximately 
equimolar with the sodium glycocholate solution) brought into contact 
with one gram of charcoal gives a drop-difference of 10, which corre- 
sponds on the caffeine curve to a change in concentration of 0°108 per 
cent. 

Hence 1 gram charcoal adsorbs from a 0:218 per cent. solution 
0:324 gram of caffeine. 

It will be noted that the behaviour of caffeine and sodium glycocholate 
towards charcoal and oil is very different. In contact with charcoal 
there appears to be no very marked ditference as regards the magnitude 
of the adsorption for both substances. Possibly this may be due to 
oxidation of the caffeine by means of the oxygen adsorbed on the 
charcoal surface. 


Calculation of the Range of the Concentration Effects 
at the Oil-surface. 


Consider the case of an infinite mass of solution (of a non- 
electrolyte in water) whose bulk-concentration is c, and 
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surface-concentration c3. Suppose one gram-mole of solute 
transferred from the bulk into the surface-layer. The osmotic 
work done is 


RT log 2. 
Ci 
There is a corresponding decrease in the surface energy 
due to adsorption of the solute given by 
s 
aD’ 


and equating these two expressions, 


Co do 
RTlog ==- JT: 

Experimental case :— 

TE we assume that the solution of caffeine obeys in all 
probability Gibbs’s expression for surface-condensation, from 
the data previously given we may construct the following 
table :— 


Aqueous solution of Caffeine at 15° C. 


Per cent. , Mensan r calculated from 
Bulk-concentration in dynes/em. Gibbs's equation 
(anhydrous). In grm./cm.2 

0:0 48 0:0 

0-046 45-8 12x 107° 
0:092 44°4 18 ,, 
0:114 43:5 20 =, 
0:229 409 23 p 
0:457 38'1 28 ~=Ca, 
0-915 34:8 30 =, 


The tension was plotted against T, and the tangent to the 
curve taken at the point corresponding toa bulk-concentration 
0:114 per cent. The tangent gives 


do 7:25 ergs/em.? T 
dl 1x10-gram-moles/em.? — PADRI 

At this point l 
T =.2 x 10-8 grm./em.2=1 x 10-” gram-moles/cin;?, 7)" 2° 


Bes e m 
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The equation therefore becomes 
0°25 10 
log.cg = logec, + — mee P 
= log, 0-0064 + 0-044 
= — 2°1498, 
= 0:0071 gram-moles per litre 
= 0:00138 grm./e.c. 
Now if D is the range through which the surface-concen- 


tration effects are practically complete, it follows that the 
average concentration in the surface-layer is given by the 


logiges 


Cy 


ex pression. 


or 


and on substituting the values obtained above it is found that 


D= 14x 10-6 cm, 


It is evident that we eb here obtained a value for the 
e of molecular action,” as may be seen by comparing 
tes of the same quantity. 


66 rang i 
it with other estima 
7 -6 Method, 
; Ə X Ta cm, “ Wedge method.” 
Quincke ----- ai 1°2xX o Limiting thickness of soap film. 
Reinold & Bu 1:2X10 6 Effect on phase of reflected light. 
Wiener -eeunit 114X a Limiting thickness of glycerine film. 
Plateau eoenn cere” J -7 x< 10 ” 9 soap film. 
Drude .-----°°°°"" 13:4 X 10 7 Wetting of powders. 
-eueeew ee _6 = 
Baa a a | from 10 t° 19 soap Alm, 
Johonnot =t 
Drscuss10N OF RESULTS. 
Jusions to which the foregoing experiments point 
C usi 
The co” 
are :— r aaaeotă solution, in all probability obeys 
e ım aq titatively. 


Caffeine f | 
(1) Gi bbs 3 pile oa galts—Potassium chloride, Silver 
(2) ordinary ae chloride, and Copper chloride—are 
° te, 
a pitra 


b 
- 
e nie 8 


e 
è 
e d 
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adsorbed in quantities which are of the same order 
as the Gibbs’s calculated effect, though the experi- 
mentally found values are in all cases greater than 
the calculated. Caustic soda shows a more marked 
discrepancy between calculated and observed values. 

(3) Complex organic salts—Sodium glycocholate, Sodium 
oleate *, Congo red, and Methyl orange—show a 
very large discrepancy between observed and calcu- 
lated values. The first thing is therefore to consider 
the various possibilities of accounting for this large 
discrepancy. 


The Adsorption of Sodium glycocholate, §c. 


First can the excess exhibited by these substances be 
explained by an extension of the capillary theory ? 
The ex pression 
r=. &@ 
RT de 
is deduced on the assumption that we are dealing with one 
component only which suffers surface-concentration, i. e., the 
solute. Since the above-mentioned substances are salts, they 
will be associated, and almost entirely so, at the dilution 
worked with. Milner f, in deducing the Gibbs’s expression, 
has allowed for dissociation by the introduction of 
van ’t Hoff’s factor (2) thus: 


T c do 


~ RT de 

This is, however, really the expression employed in the 
foregoing experiments, since in all cases for the evaluation 
of R (the gas constant) the molecular weight of the solute in 
solution has been employed. By simply making this allow- 
ance for dissociation, therefore, the discrepancy between 
observed and calculated values for adsorption is still very 
marked—~as a matter of fact, such a correction acts in the 
opposite direction. 

The ne xt possible explanation may lie in incorrectness in 


æ Reference will be made later to this substance. 
t Milner, Phil. Mag., Jan. 1907. 
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| | ue (which has been made throughout) that the 
$ r suffers no surface density-change. 
| | It is very probable that water has not quite the same 
pt density in the surface-film as in the bulk of the liquid 
Ca « Evidence for this is to be found in the phenomenon of 
heat evolution observed by Parks and others, when water 
T | is poured upon finely-divided powders of silica, quartz, 
1 | glass, &c., where chemical action is of course excluded. 
Also one must not overlook the fact that in the adsorption of 
glycocholate and the dyes we are dealing with surface- 


r exceeding the ordinarily accepted values 


sodium 
“ solubility” 


concentrations fa 
for their solubility - Of course in using the term 


we assume that the surface-layer water possesses the same 
properties as water in bulk. For a solution of sodium 
glycocholate of 0'25 per cent. bulk concentration, I was 
found to be +X 10- grm./cm.? The value of the range 
| through which the surface-concentration is sensibly different 
from the bulk has beonshown tobe approximately 14 x 10-*em. 
‘ Hence the average surface-concentration is 0-37 gram per 
| oe. or 37 per cents while the ordinarily accepted value for 
polany o pOL PEET ee a There 

visible colour change on the oil surface 


was, however, no 


n 
| og i eg oe golubility is only 0-078 per cent. 
sa a substances erefore which have shown very great 

ncies as regards Gibbs’s theory are those whose suree 
rion greatly exceeds their solubility in the solvent- 
concentra eee substance? examined, viz. caffeine and the 
an For the salts, in no ase ts the ordinary solubility exceede ’ 
T: inorga” Jsorption © these substances is in much ¢!0s¢ 
B and the * with theory- Thus the surface-concentration © 
E agreem®! found tO be 0°26 per cent., while its solubility 
j -g 1°35 per cent. For silver nitrate 
| at ordina"? soncentration was approximately 0-28 per cen! 
the surt? - bility is 2% per cent. at 0° ©. Similarly for 

j solu m chloride, and copper chloride. 


| while 1 loride, ariu 
ee ch 
potass1u PE 


previous paper, l. c. 
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Another possibility however presents itself—namely, the 
existence of some electrical effect, such as an electrostatic 
attraction, causing the discrepancy, since sodium glycocholate 
and the dyes are electrolytes. If this were so, one would 
also expect somewhat of the same order of discrepancy 
manifesting itself in the case of the ordinary inorganic salts. 
Such does not take place. Caustic soda alone has marked 
effects, and shows an adsorption 20 times greater than the 
calculated. The other substances generally show a discre- 
pancy of about 5 to 8 times. To whatever cause this smaller 
discrepancy is due, itis unlikely that the same reason is to be 
assigned to the very much larger discrepancies observed for 
sodium glycocholate. 

The only other possible means, apparently, of explaining 
the want of agreement is on the assumption that we are 
dealing with some irreversible phenomenon of the nature of 
gelatinization upon the oil surface. The fact of the surface- 
concentration being much greater than the ordinarily accepted 
value for the solubility, is in agreement with this view. It 
should be pointed out, however, that the overstepping of the 
solubility limit does not seem to be essential to gelatinizacion, 
as will be seen by referring to the determinations carried out 
with saponin. The solubility of this substance is great ; 
according to Beilstein it is completely miscible with water, 
and although this cannot actually be the case, the constancy 
of the tension at comparatively dilute solutions cannot be 
explained by the solubility having been reached. This is a 
very striking case showing the sensitiveness of the tension 
to gelatinizing effects. The hypothesis of gelatinization has 
been put forward by Milner* to explain the behaviour of 
sodium oleate, although in this case the tension curve was 
continuous and quite similar to the sodium-glycocholate curve. 
From some unpublished experiments by Mr. H. E. Potts in 
this Laboratory, it was found that sodium oleate showed an 
adsorption at the oil surface, the magnitude of which was of 
the order 10-6 grin./em.’, while the calculated was of the 
order 10-® grm./cm.’, that is to say a discrepancy very 
similar to sodium glycocholate. 


* Loc. cit. 


VOL. XXIL = Q 


544 MR. W.C. M. LEWIS: EXPERIMENTAL INVESTIGATION 


Mention may also be made that Freundlich and Losev * 
have found that certain dyestuffs produced amorphous pre- 
cipitates on the charcoal surface during adsorption deter- 
minations. This was an irreversible process (the precipitates 
being insoluble in water), and as such might be considered 
as analogous to gelatinization. 

It is possible, therefore, that some irreversible effect of 
the nature of gelatinization is the real cause of the discre- 
pancy between observed and calculated values in the adsorption 
of sodium glvcocholate, Congo red, and methyl-orange. 


The Adsorption of Inorganic Sults from Aqueous 


Solution. 


It has already been pointed out that for certain purely 
inorganic salts, discrepancies are found between observed and 
calculated values of the adsorption, but that the existence of 
these discrepancies might be considered as not quite proved 
owing to possibility of great experimental error. On the 
whole, however, it is believed that there really does exist a 
smal] discrepancy which requires explanation. Attention 
might be drawn to the fact that in the cases measured the 
metal, z.e. the cation, shows an excess, while in the case of 
potassium chloride, and possibly also in barium chloride, the 
vhlorine (the anion) is much nearer to the calculated value. 
This at once suggests some separation of ions, that is partial 
selective adsorption due to some electrical effect. The value, 
however, for the adsorption of the chlorine in copper 
chloride is scarcely in accord with the preceding statement. 
Granting that there is a tendency for selective ionic ad- 
sorption, it 1s evident that the phenomenon cannot be com- 
pletely covered by Gibbs’s capillary expression, in the 
deduction of which no allowance is made for any such 
ionic separation. Of course for non-electrolytes, where no 
ionic separation is possible, Gibbs’s expression ought to 
hold quite readily, and experiment confirms this, although 
the determinations are unfortunately of a more qualitative 
character than one could wish. In electrolytes, the sepa- 
ration of cation from anion may possibly be regarded as 


* Freundlich and Losey, Zeit, Phys. Chem. vol. lix. p. 284 (1907). 
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local electrolysis at the surface of the oil—that in fact we 
are dealing with a cell of small dimensions the poles of 
which are the two homogeneous masses, and the hetero- 
geneous layer separating the masses functions as the “ elec- 
trolytic medium.” If this is so, we must treat the question 
as one of electrolytic conduction, but first of all it must be 
shown that there exists an electrical potential- difference 
between the electrodes, i. e. between the oil and the water. 
Owing to the non-conducting nature of the oil one cannot 
employ the usual methods, but by emulsifying the oil (2. e. 
converting it into small particles suspended in water) and 
placing the emulsion in an electrostatic field, it can be 
observed whether any motion of the particles takes place or 
not. This was done experimentally as follows :— 

A simple Nernst form of U-tube, identical with that em- 
ployed by Burton *, having a vertical capillary tube affixed 
at the bend through which water slowly runs so as to form 
a definite surface of separation (in both limbs) between the 
water and the oil-water emulsion, is fitted with platinum 
electrodes dipping into the emulsion. A potential-difference 
of 230 volts was maintained between the electrodes, and the 
movement of the emulsion-water boundary down in one 
limb and up in the other was read off on a scale 
attached to the vessel. It was found that the particles 
moved to wards the anode, being therefore negatively charged. 
The velocity of the particles was 4'3 x 10-* cm./sec. under 
a gradient of 1 volt/cm. 

Burton + has deduced an expression for the potential 
existing between the particles of colloidal metals and the 
water in which they are suspended, viz.: 


i 


E le hs 
Y=K x 
where V is the p.d. required (in electrostatic units) ; 
K is the specific inductive capacity of the 
medium ; 


* Burton, Phil. Mag. ii. p. 434 (1906). 
+ Burton, loc. cit. 
2Q2 


a 
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7 is the viscosity of the medium ; 


~ is the velocity of the particles under (elec- 
trostatic) unit potential gradient, 
X being the p.d. maintained between the poles. 


Applying this to the present case of oil suspended in 
water, we obtain 
V =0:00048 electrostatic unit, 
or 0°15 volt. 


There is thus quite a measurable potential existing between 
the oil and water ; and in considering the adsorption of 
electrolytes we must not overlook this fact. It may be 
mentioned, in passing, that the above value for the potential 
is quite of the same order as that obtained by Burton for 
various colloidal metals. A 

Since the oil bas been shown to be negatively c we 
one would not be surprised, speaking generally, that the 


tion should be selectively adsorbed. 
ca 


SUMMARY. 


tion of various substances on a hydrocarbon- 
Z georges ahi as been measured. The results are 
lected in the following table :— 
co 


Adsorption per om.? of the substance assumed to be | 
in the form of undissociated salt or in chemically 
. equivalent ionic proportions. 


PE ye ee Oe ae | 


| 


Bauer Found value. Calculated value. | 
ee | 
an UM 
aa 5 x 10-6 grm./cm.? 7x10-8 grm./cm.? | 
cnoiate. . 
Sodium 619° 3-7 x 10-6 11x 10-7 | 
E AES i boa 
Congo-F? 5:5 x 10-8 1210-7 
range wevceeres F uzi | 
Metbyl-° | 10 
godium oleate 1510-7 75x 10-9 | 
Ree 
da =" oo | 
c 8° 


eee a 10-8 24x 10-8 
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| 
‘Adsorption of cation per cm.? 
i 


| 
Adsorption of anion per cm.’ 


hash Se oe eS 


Substance. Found Calculated | Found Calculated 
value. value. value. value. 
| grm./em.? grm./em.? grin./em.? 
Silver nitrate ...... | 2510-8 | 45x10-9 |... 23x 10-9 
Potassium chloride | 510-8 | 1:7x10-9 10—9 16x 10-9 
Barium chloride . a Sunita 8x10-9 | not> 10-8 16x 10-9 
Copper chloride ...| 35x10-8 | 2x10-9 | 2x10-8 2x 10-9 


| 


(2) The large discrepancy between observed and calculated 
values for the first four substances is possibly due to 
gelatinization upon the oil-surface. 


(3) Caffeine obeys Gibbs’s law within the limits of experi- 
mental error. 


(4) There is evidence of slight selective adsorption, the 
cation more than the anion, probably due to elec- 
trical effects, since the oil is shown to be negatively 
charged, the potential-difference between the oil and 
water being approximately 0°15 volt, 


In conclusion, I gladly take this opportunity of expressing 
my gratitude to Professor F. G. Donnan for his advice and 
assistance in this work. 
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XXXVI. On the Elliptic Polarization produced by the Direct 
Transmission of a Plane Polarized Stream through a Plate 
of Quartz, cut in a Direction oblique to the Optic Acts, with 
a Method of Determining the Error of a Plate supposed to 
he Perpendicular to the Avis. By James WALKER, M.A., 
Oxford *, 

1. Let the primitive stream with polarization-vector Exp (ent) 

be polarized in an azimuth a with respect to the principal 

section of the quartz plate. This may be replaced by the 
elliptically polarized stream represented by the vector 


(Ei, m) =¢,(cos 8, —esin A) Exp{e(nt4 «)}. 


with its plane of maximum polarization (8 being numerically 
less than w/4 and positive or negative according as the quartz 
is left- or right-handed) in the principal section, together with 
the oppositely polarized stream defined by the vector 


(Es, 3) =c3(— sin B, —ecos 8) Exp (nt +e) }, 
where 
cı Exp (e,) =cos a cos 8 +i sin a sin £, 
Cy Exp (te) = — cos a sin 8 +4 sin a cos £. 

These oppositely polarized streams traverse the plate with 
different speeds, and on emergence the second is retarded in 
phase relatively to the first by an amount 6, so that the emer- 
gent light will be in general elliptically polarized and may be 
denoted by 

(u, v)=c(cos y, —esiny) Exp{e(nt+e)}, 

where 

c(cos y cos +e sin ysin 0) Exp {+(e+ 68/2) 

=c, cos É Exp{(e, +8/2)} —c, sin 8 Exp{t(eg—8/2) }, 
c(cos y sin @~« sin y cos 6) Exp{t(e + 8/2)} 
= =c sin B Exp{e(e, + 8/2)} — cz cos B Exp{e(es—8/2)}, 

0 being the angle between the principal section of the plate 
and the plane of maximum or minimum polarization of the 
resultant stream, according as y is numerically less or greater 


than 7/4. 
* Read November 27, 1908. 
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Substituting for c, Exp(se,) and c3 Exp(se,) and writing 
tan R=sin 28 tan 6/2, tan A/2=cot28sinR, . (1) 


we obtain 
(cos y cos 0 +e sin y sin 0) Exp{e(e+ 6/2)} 
cos (a+ R) cos A/2 +1 cosa sin A/2, 


e(vos y sin @—«sin y cos 8) Exp {e(e+ 6/2) 
=sin (2+ R) cos A/2—s sin a sin A/2, 


or 


e f cos y cos (8-5) + esin ysin (8- RY} wap {(e+5) } 
= cos (a+ 5 (eos s +¢sin >) 
of cos ysin(O—5 g) esin ycos(0— +) } Bxp { (e+ >) 
=sin (a- -+ 3 )(cos 5 —t sin 5 S); 


whence 
cos y cos(0- 3) 9 Jt ) + esinysin(@— 5) — 
cos y sin (6- z) sin y cos 0— i 
= cot( a + 3 (cos +cesin A) 
which gives 


cos 2y sin (20—R) _ >) 
1—cos 2y cos (28—R) eo (=+ g Joos A 


een i: eee 5) sin A z 
1 — cos 2y cos (20—R) — («+ 
From these we obtain the equations 
tan (20—R)=tan (22+ R) cos A, 
sin 2y =sin (2a + R)sinA, \ (3) 
tan? y=tan («+ 0) tan (a+ R—6) 


that determine the character of the stream emerging from 


the quartz, 8 and 8 and consequently R and A being 
Supposed to be known. 


. For the discussion of the elliptic polarization it is more 


Los eee 


ER 
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convenient to express tan 2(0— a) and sin? 


tan R. Solving for tan 2(0— a) We obtain Y in terms of 


tan 2(0—a) = tan (24 + R) cos A—tan (2a - R) 


— _SİÍn 2R cos? A/2 —8in 4a sin? 4/9 


cos 2R cos? A/2 + COs dæ sin? A 9 
sin 2R —sin 4a cot? 28 sin? R 


= cos 2R+ cos 4a cot 28 sin? R 


= 1 + (cos 4a cot? 28 ~ 1) tan? R A 


sin 2y= sin 2a cos Rsin A + Cos 2a sin R sin A 


= 2sin 2a cot 28 tan R + 2 cos 2a cot 28 tan? R 
1 + (cot? “8B +1) tan? R ' 


since 
? tan A/2 _ 2 cot 2Bsin 


fe 


ae I+tan? A/2 ~ 1+ Cot? 28 sin?R- 


Also 


These expressions have the form 


and the maximum and minimum values of y are Y=ltn 


occurring when 
oS T= Lm = (6+ VP +B) (a0), ; 


3. First considering sin 2Y, we see that sin 2y=0, or 
the light is plane polarized, when tan R=0 and when 
ea N anea he agri e te Valnes of an0a) 
being O and — tan 4a. Sin 2y attains lits maximum and 


minimum values sin 2a cot 22 tan ry, when 


a 
_ itv 1+ erage 
tan R= tanra= tan 2a/ sin? 29 28 


writing tan 2a/sin 26=tan yy, Y being a Positive angle less 
F , 
li tan 7, = sin 28coty/2, or —sin 28 tan y/2, 


; 5/2, the maximy d minimum 
and since tan R= sin 28 tan / 25 vp, m an 
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The values of tan R corresponding to the maximum and 
minimum values of sin 2y may be written 


tan R= sin28.x, where r= cot y/2 or — tan y/2, 


and tan 2a= —2 sin 28 cot f/2/(A— cot? y/2) 
=2 sin 28 tan y/2/(1— tan? 4/2) 
= —2sin 28 x/(1—2”); 


substituting these values in the expression for tan 2(0—a), 
we find 


a(1+.2?)(1—cos48.2%) 
DACA) OP ie) eel cet): 


and unless «?=sec 48, 

tan 2(0—a)=2 sin 28 
But when x? =sec 48, 

tan 2a=,/cot® 28—1, or. tan? 28= cos? 2a; 


hence corresponding to the maximum and minimum 

values of sin 2y, we have tan 2(@—a)=— tan 2a, unless 

cos 2a= + tan 28, a case that will be considered later. 
Further, sin 2y= +1, only if 


tan y/2= sin 2a cos 28, or cot y/2= sin 2% cos 228, 


that is if cos 2a=-+ tan 28, and consequently, except in these 
cases, 0 determines the plane of maximum polarization. 
Hence, reserving for future consideration the cases in 
which cos 2a=-+ tan 28, we see that as R increases from 
0 to m, corresponding to a change of &from 2nz to 2(n+1)r 
according as 8 is positive or negative, the light is initially 
plane polarized in the primitive plane of polarization; it 
then becomes elliptically polarized of a sign, the same as or 
opposite to that of the plate according as sin 2a is positive 
or negative: the ratio of the axes of the elliptic vibration 
attains its maximum value, the plane of maximum polariza- 
tion being then either parallel or perpendicular to the prin- 
cipal section of the quartz, when tan R=sin 28 cot y/2 or 
=—sin 28 tan 4/2 according as 8 is positive or negative ; 
when tan R= —tan 2a the light is again plane polarized in 


x | 
IZ z =~ tan 2a. 
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an azimuth symmetrical to the primitive plane of polarization 
with respect to the principal section of the plate; the sense 
of rotation then changes, and the ratio of the axes is again 
a maximum when tan R= — sin 28 tan y/2 or =sin 28 cot 4/2, 
the plane of maximum polarization being again either parallel 
or perpendicular to the principal section; and finally, when 
R=7, the light is plane polarized in the original plane *. 

4. Turning now to tan 2(@—e), we see that this attains 
its maximum and minimum values tan Rm, when 


tan =tan Rm 
_ —sin 2a cos 2a + 4/ (cos? 2a— tan? 28)(sin? 2a + tan? 28) 
cos? 2a — sin? 2a— tan? 28 


This, however, only gives a real value for tan R, if 
cos? 2a > tan? 28, and when this is the case, writing 


cos? 2a — tan? 28 = cos? y, 
where y is a positive angle less than 7/2, we have 
tan R,,= tan (y—2a) or — tan (y + 2a), 


the value of sin 2y in these two cases being tan 28/ cos 2a. 

Thus if cos? 2e< tan? 28, the plane of maximum pola- 
rization rotates continuously as R increases; while if 
cos? 2a > tan? 28, it oscillates between two extreme positions, 
making an angle y/2 on either side of the principal section 
of the plate or the perpendicular plane according as cos 2a 
is positive or negative t. 

The following tables give some of the principal cases 
of the changes of the plane of maximum polarization and of 
sin 2y as R increases from 0 to 7, 8 being taken as positive. 


* The changes in the value of sin 2y may also be conveniently traced 

from the formula 
sin 2y= 2 sin 2a cos 28 ain 6/2 sin (Y +ò/2)/ sin yp. 

t This oscillation of the plane of maximum polarization was deduced 
by Croullebois (Ann. de Ch. et de Phys. [4] xxviii. p. 382 (1873)) for 
the special case of light initially polarized in the principal section of the 
quartz. He appears to have overlooked the fact that it requires in this 
case that tan 23 should be less than unity or 8<7/8, a condition found 
by Monnory (J. de Phys. [2] ix. p. 277 (1890)). The condition for the 
general case does not appear to have been previously given. 
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TABLE [.—cos? 2a > tan? 28. 


O<a<n/4. 


Set a ed ages a ee eS 


tan R. tan 2(0 —a). | 6. sin 2y. 
1. : 0 0 a 0 
x tan 23 
2. tan (x—a) | tan(x—2a) 2 cos 2a 
tan? 28 0 e -1 tan 28 
8. | sin 2a cos2a nee (cae 2(tan cos Ža ) 
4. sin 26 cot Y —tan 2a 0 sin 2a cos 26 cot $ 
r tan 23 
ann = cl aN 
5. cot. 2a tan 4a eee 2( tan cos 2a 
6. | —tan(x+2a) | —tan(x+2a) -X tan 26 
2 cos 2a 
7. —tan 2a —tan 4a —a 0 
8. —sin 26 tan > —tan 2a 0 —sin 2a cos 296 tan Y 
9. 0 0 a 0 
ml4<a<m/2. 
tan R. | tan 2(0—a). 0. sin 2y. 
l. 0 0 a 0 
2. rin 26 cot ¥ —tan 2a Š sin 2a cos 28 cot Ý 
3. —tan 2a — tan 4a =e 0 
Tx tan 28 
4. | tan(x—2a) | tan(x—2a) | gto cos 2a 
5 cot 2a —tan 4a w—a sin 2(tan—1 tan oa 
: cos 2a 
6. — Bill 28 tan ¥ —tan 2a —sin2a cos 28 tan ¥ 
tan? 23 : — tan 28 
i "ain 2a coe 2a 0 a | sin2( tan i) 
a r X tan 2B 
8. tan(x+2a) | —tan(x+2a) | 9-9 cos 2a 
9. 0 0 a 0 
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TABLE I[.—cos? 2a< tan? 28. 


0<a< rid. 
tan R. tan 2(0—a). | 0. sin 2y. 
1. 0 0 a 0 
2. cot 2a — tan 4a T a |sin 2(tan-1 tan ) 
z2 cos 2a 
3. sin 26 cot 4 —tan 2a ka sin 2a cos 28 cot Y 
tan? 28 = 2 > tan 28 
+ gE Rs 0 J +a sin 2(tan l ee ) 
5. —tan 2a —tan 4a T—a 0 
6. —sin 26 tan Ý —tan 2a m —sin 2a cos 26 tan $ 
7 0 0 mr+a 0 
m/A<a<m/2. 
tan R. tan 2 (0—a). o sin 2y. 
1 0 0 a 0 
2 sin 28 cot Y —tan 2a ed sin 2a cos 26 cot Ý 
, 2 2 | 2 
3 —tan 2a —tan 4a ra 0 
tan? 28 0 z sin 2(tan-1 tan 28 
ł sin 2a cos 2a gee | aml 
5. —sin 28 tan Y —tan 2a m | —sin 2a cos 28 tan Y 
3 | 
6. cot 2a —tan 4a > a | sin 2(tan-1 = E) 
cos 2a 
f 0 0 mta | 0 


5. The transition from one of these cases to the other 
occurs when cos? 2a = tan? 28, and then 

T N E a m=i 2a tan R) _ a tents 

1—tan? 22 tan? R 1+ tan 22 tan R 

In this case @ increases from « to a+7/2, as R increases 
from 0 to m: the light is circularly polarized when 
tan R= cot 2«, and while for values of R less than that 
given by this equation @ gives the plane of maximum 
polarization, for greater values it determines the plane of 
minimum polarization *. 

* When tan R= cot 2a, tan 2(8—a) of course becomes indeterminate, 
but it is easy to see that the change from determining the plane of 
maximum polarization to giving that of minimum polarization, or vice 
rersd, occurs as 6 passes through the values (2241), 4. 
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The ratio of the axes of the elliptic vibrations may be 
easily determined from the formula 
tan? y= tan (a + 6) tan («+ R—@) 
which in this case reduces to the simple form 
tan y= +tan (0 +a) tan (0 —a), 
the sign to be attributed to tan y being determined from that 
of sin 2+. 


The following table gives the principal changes relating to 
this case, 


TaBLE II[.—cos? 2a = tan? 28. 


0<a< rji. 
tan R. 
L 0 
2. cot 2a cot 2a 4 1 
3, —cot 2a 00 Tha | tan (F+2«) 
4. —tan 2a —tan 4a 578 00 
— in 2a cos 2a 5 r PERTE 
1 +cos“ 2a =n a 2 
6. 0 0 5 +a œ 
mji < a< Tr]. 
tan R tan 2(0 - a) 0 | tan y 
1 0 0 a 4 
9, | —8in2acos2a ™ 2 
1+ cos? 2a —tan 2a 2 cot a 
3. — tan 2a — tan 4a rt =a 0 
4 — cot 2a ore) ite — tan (F +22) 
5. cot 2a cot 2a Se a | 
6. 0 (0) Ea — a 


———— SS 
—_—_ 


— 
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If æ be between 7/8 and 37/8, cases (3) and (4) in the 


above table are interchanged, 
6. When the light is analysed in a plane making an 


i incipal section of the plate, the intensit 
gle $ with the principa 1e plate, the inteni 
of the radiation characterized by (8, y) is 


= o*{cos?y cos? (p — 4) +sin? ysin? (6— 9) } 
E = $c7{1+c0s 2y cos 2(¢—6)}, 


Now from (2) and (3) 
cos 2y sin 20 cos R—cos 2y cos 26 sin R 


= sin 2y cot A =sin (2a +R) cos A 
os 2y sin 26 sin H+ Cos 2y cos 29 cos R 
c 


=1— tan(« T 3) sin 2y/sin A 
=f —tan(a + 3) sin (22+ R) =cos(2a+R); 
whence in R cos R(1 4 A) 
; = cos 2a sin cos 
cos 2y sin 20 +sin 2a (cos? R cos A—sin? R) 


? R—sin? R cos A) 
= COS 2a (ce 
cos 2y cos 20 —sin 2a sin R cos R(1+cosA). 


Now ase Si oo. 23 mR 
pey - s 
1+ cos ÂA =I F tan?A/ _ 9 
~ cos? R+sin? R/sin? 28’ 


2 tan R : ; 
° TYE Yo 28 sin ô 
‘sin R cos R(1 + cos A) = y+ tan’ R/sintgg = 8 28 
sin R co 


2 
2 R = 75 tan’ Rfint9g —1 


cos? R cos A — 810 ô 
= 2 cos” g — l = cos ô 
2 tan? R 
R sin? cos A E 1+ araa 
2 — 


cos? 28 +8in? 28 cos 8. 
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Hence 
cos 2y cos 24=cos 2a(cos® 28 + sin? 28 cos è) —sin 2a sin 28 sin ô 
=cos 2a cos” 28 + sin 28 vsin? Ja + cos? 2a sin? 28 
cos(5 + yr) 
s 2a sin 28 sin è+ sin 2acos 6 
= sin? 2a + cos? 2a sin? 28 sin (ò + Y), 
where tan Y= tan 2a/sin 28, 
and 
I = }c?[1+cos 2 cos? 28 cos 2h 
+ Asin? 2a + cos? 2a sin? 28{sin 28 cos 2 cos(5 + fr) 
+sin 2¢ sin (6+ y)} | 


cos 2y sin 20=co 


=1.?[ 1+ cos 2a cos? 28 cos 2h 
+ s/sin?2a + cos’ 2asin? 2B V sin? 26 + cos? 2p sin?28 
cos(6+r—wW’) |, 
where tany’ = tan 2¢/sin 28. 


This formula contains the theory of the interference 
phenomena that are obtained when a conical pencil of polarized 
light traverses the plate and is subsequently analysed. 

It may also be employed for the case in which the stream 
that passes through the polarizer, quartz plate and analyser 
is a parallel pencil of white light that is investigated with a 
spectroscope. With a sufficiently thick plate, 8 may be 
regarded as constant over a region of the spectrum corre- 
sponding to a variation of ô by several multiples of 7, and 
we see that the minima of intensity occur for the radiations 


for which 8=(2n+1)7r+¥, where 


tan Y= sin gaa 2ħ— tan 2a) 
sin? 28 + tan 2ġ tan 2a 


the intensity then being 
I = 4c?{1 + cos 2a cos? 28 cos 2ġ 

— VIco Qa cos? 2B V1 — cost 2 cos? 2G}. 
Thus as the analyser is turned, the dark bands travel along 
the spectrum, changing their intensity as they progress : 


they are perfectly black when ¢ = 7/2+a, and are least 
marked when @=0 and 77/2. | 
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With a plate perpendicular to the optic axis, 8=7/4, and 


I = c? cos? 


= ¢ cost (9-4) : 


hence as the analyser is turned, the bands traverse the spec- 
trum, retaining the same intensity. 

When the plate is parallel to the optic axis, 8=0 or is at 
any rate very small, and 


I = 4c*{1+ cos 2a cos 26+sin 2a sin 2g cos ô} ; 


wheh @=0 or 7/2, there are no bands, and in other cases 
the bands occur where 6=(2n+1)7 or 2n7, according to 
the sign of sin 2a sin 2ġ. Thus when 0<a<7/2, the bands 
occur at the points for which 6 = (2n+1)7 so long as 
0<¢<~7/2, their intensity being zero, when d=7/2—a; 
and as ġ increases through 77/2, they change their position 
to that of the former maxima of intensity, becoming per- 
fectly black when p=r/2 +a *. 

7. Let us now suppose that the light emergent from the 
plate is examined with a Savart’s analyser. 

On Jeaving the quartz, the stream may be represented by 
the components 


(u, vy =c(cosy, —ssiny) Exp {e(nt+e)} 


polarized in planes making angles 0 and 0+ m/2 with the 
principal section of the plate. Hence if u be the angle that 
the principal section of the quartz makes with that of the 
first plate of the analyser, the stream emerging from the 
Savart’s plate will have components 


E = {cosy cos (0+ p) +esinysin (0+ u)} Exp {e(nt+e' + D/2) } 
n = {cos ysin (0 + p)— esin y cos (0 + )} Exp {e(nt +e’— D/2)} 
polarized in the principal sections of the first and second 


plate, where D=D,—D,, D,, D; being the relative retard- 
ations of phase introduced by the two plates. 


* The above results agree with Beaulard’s description of the pheno- 
mena (J. de Phys. (3) ii. p. 399 (1893)). Croullebois, however, gives a 
different account of the phenomena in the first and last cases (loe. cit. 
p. 391). 
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On analysation in an azimuth ¢, these give a stream 
B = E cos p +n sin ġ 
=[ {cos y cos (0 +y) +: sin ysin (8+) } cos ġ Exp («D/2) 
+ {cos y sin (0 +p) —ı sin y cos (0 + u) }sin ġ Exp (—+D/2)] 
x Exp {t(nt+e’)}, 


and the intensity, obtained by multiplying this by the con- 
Jugate expression, is 


I = {cos? y cos? (0 + u) + sin? y sin? (0 + p) } cos? ġ 
+ {cos? y sin? (0 + u) + sin? y cos? (0 + p) tsin? d 
+ {cos 2y sin 2(0 + p) cos D—sin 2y sin D} sin ġ cosh 
= $ [1 + cos 2y cos 2(0 + p) cos 2 
+ sin 2ġ{cos 2y sin 2(89 + u) cos D—sin 2y sin D}] 


and when, as is ordinarily the case, ġ =r/4 
I = 4{ 1 + cos 2y sin 2(0 + p) cos D— sin 2y sin D}. 


In order, then, that the bands may disappear, we must 

have 

sin 2y =0 and sin2(@+p) =0; 
that is, the light emergent from the quartz must be plane 
polarized in the principal section of one of the plates of the 
Savart’s analyser—a result that is obvious from elementary 
considerations. 

Now the light on leaving the quartz is plane polarized (1) 
when ô= ?2nr, the plane of polarization being then the same 
as it was initially ; (2) when tan 6/2= — tan 2(a—)/sin 28, 
a being now the azimuth of the initial plane of polarization 
with respect to the principal section of the first plate of the 
analyser, and in this case tan2(0+m—a) = —tan 4(a— p). 
Hence in the first case, in order that the bands may dis- 
appear, the light must be initially polarized in one of the 
principal sections of the Savart’s plate ; and in the second 
case the principal section of the quartz must be in the 
azimuth p=kr/4+a/2. 

It follows, then, that if the initial polarization be such 
that there are no bands before the introduction of the quartz 
plate, there will bea disappearance of the bands whenever the 
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relative retardation of phase due to the quartz plate is = 2n, 
and if the principal section of the quartz bisect the angle 
between the principal sections of the Savart’s plate *, there 
will be a further disappearance whenever 8 = (2n+1)#. 

These results afford a method of setting the principal section 
of a quartz plate perpendicular to the axis of a spectrometer 
und of determining the error in the cutting of a plate that is 
supposed to be normal to the optic axis. 

The collimator is furnished with a web, placed by the 
ordinary method perpendicular to the axis of the instrument. 
The telescope is turned to one side, and a telescope with a 
Savart’s analyser is inserted in its place with its axis in 
the direction of that of the collimator, and the analyser is 
adjusted so that, when plane polarized light passes, the 
fringes are parallel to the web of the collimator. This sets 
the plane bisecting the angle between the principal sections 
of the plates of the analyser perpendicular to the turning 
axis of the spectrometer. This adjustment being made, the 
polarizer is turned until the fringes disappear exactly in the 
centre of the field. 

The quartz plate is then placed at the centre of the table 
of the instrument, and by means of the telescope of the spec- 
trometer its faces are made parallel to the turning axis, and 
the reading determined for which its normal is along the 
axis of the collimator. 

With the polarizer adjusted as above, the fringes will in 
general be restored when the light traverses the quartz, but 
a series of positions can be found for which they vanish over 
a narrow streak extending across the field, and if the quartz 
plate be turned about its normal so as to bring its optic axis 
perpendicular to the turning axis of the spectrometer, there 
will be, intermediate to these, further positions at which 
the fringes are absent over a small area at the centre of the 
field. 

In this way the principal section of the quartz is set per- 
pendicular to the turning axis of the instrument, and a 


* The second of the ahove cases becomes identical with first when 
a=0, if k be even, and when a=7r/2, if k be odd, since the value of 8 
then becomes Lar. 
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determination of the angles of incidence, for which the 
centres of the zones of disappearance of the fringes are at 
the centre of the field, will give by calculation or by the 
graphic method employed by Beaulard* the direction of 
the optic axis with respect to the faces of the quartz. 


XXXVI. The Use of the Potentiometer on Alternate Current 
Circuits. By Cuarves V. DRYSDALE, D.Se.t 


Oxe of the greatest inconveniences in connexion with 
alternate current measurements has always been the question 
of range. Owing to the fact that all instruments employed 
for direct indication of alternate currents or P.D. have a 
square law, their range is small and they becomes im- 
practicably delicate when low voltages are concerned. 
There is therefore a very great need for some instrument 
which, like the direct-current potentiometer, should be 
capable of measuring P.Ds. and currents of any range with 
accuracy. It would also be a great convenience if this 
instrument were capable of indicating the phase as well as 
the magnitude of the P.D. or current tested. 

In attempting to apply the potentiometer principle to 
alternate current measurements, two processes seem to be 
possible— (a) the balancing of the alternate current P.D. 
against an equal direct current P.D. by the employment of 
some differential balancing device preferably of an electro- 
static character, or (b) the balancing of two alternate current 
P.Ds. against one another. Such propositions as have 
hitherto been made for an alternate-current potentiometer 
have, the writer believes, always been based on the former 
idea, owing to the fact that the latter principle would involve 
equality of phase as well as of P.D. in the two voltages 
compared. He understands that some time ago Mr. Swin- 
burne suggested the use of a differential electrometer in 
connexion with a potentiometer, but has not seen any 


* Thèse de Doctorat, Marseille, 1893. 
t Read January 22, 1902), 
SRZ 
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details. An obvious device would be that shown in fig. 1, 
in which the P.D. to be measured is applied between the 
needle and one pair of quadrants, while that derived from 
the potentiometer is connected between the needle and the 
other pair of quadrants, in each case through a considerable 


Fig. 1. 
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resistance, say one megohm. By connecting a key to the 
opposite pairs of quadrants, which normally short-circuits 
them, but disconnects them when depressed, a deflexion 
should be obtained to right or left proportional to V,?— V} 
or 2VdV when balance is nearly obtained. Any want of 
symmetry in the electrometer should be eliminated by con- 
necting the standard cell as shown, so as to obtain a double 
weighing method. 

The procedure in this case is very simple, and exactly 
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resembles ordinary direct-current potentiometry. The scle 
difficulty lies in the electrometer. It should be possible by 
multicellular devices, or otherwise, to obtain a fair amount 
of sensitiveness with 1 or 1} volts, the P.D. of the standard 
cell, as has been done by Mr. Addenbrooke, but when we 
come to a tenth of a volt or less, as is so often necessary in 
current measurement, electrostatic devices seem hopeless. 
All other magnetic or thermal devices are incorrect in 
principle as requiring an appreciable current to operate 
them, which militates against the accuracy of the potentio- 
meter; but by employing a low-resistance potentiometer, 
and a differential thermal device, such as could be made 
from the Duddell thermo-galvanometer employing two 
junctions and two heaters, or two crossed thermo-junctions 
in series, a sufficiently sensitive and accurate potentiometer 
could perhaps be made. 

In view of the difficulty of making such devices, however, 
the writer has turned his attention to the second method, i. e. 
of balancing the alternate current P.D. to be measured 
avainst a known alternate current P.D., by the interposition 
of a sensitive alternate-current detector, such as a telephone 
or vibration galvanometer. This of course implies that the 
two voltages under comparison must have the same magnitude, 
frequency, and phase, and, approximately, the same wave- 
form *. 

The equality of frequency is of course secured by deriving 
the test and comparison voltages from the same source of 
supply, but some special device is needed for bringing the 
phases into coincidence. In some experiments recently 
made with the writer’s phase-shifting transformer, however t, 
the accuracy of the phase-variation was found to be so good 
that it was thought worth while to introduce it into potentio- 
meter work; and fig. 2 shows the diagram of the connexions 
which have been employed. The phase-shifter is here shown 
supplied with single phase current through a phase-splitting 


* Since this was written the writer has been informed that Dr. Sumpner 
har somewhere suggested that an alternating-current potentiometer could 
be made, if any means were available for bringing the phase of the current 
in the slide-wire into coincidence with that of the P.D. to be measured, 

t ‘ Electricign,’ Dec. 11, 1908. 
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device, which can be built up with it so that it merely 
requires connecting straight on to the mains. The current 
derived from the secondary of this transformer traverses the 
rheostat coils, and slide-wire of an ordinary potentiometer, 
such as the Crompton form; and also some form of dyna- 
mometer-current measuring device. The writer has found 


ig. 2. 
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a Weston A.C. voltmeter excellent for this purpose, as it 
gives a very good reading with the current (‘05 ampere) 
employed with the Crompton potentiometer. The remainder 
of the potentiometer is connected up precisely as for ordinary 
direct current working, except that a vibration galvanometer 
is substituted for the ordinary form. By having an auxiliary 
battery B and throw-over switch S, the arrangement is 
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always ready for either direct-current or alternate-current 
comparisons. 

The procedure is then as follows :—The throw-over switch 
is first arranged to supply direct current from the battery B, 
and the rheostat altered until the standard cell is balanced at 
its nominal value, as in ordinary direct-current working. 
The dynamometer reading is then carefully noted, or a 
fiducial mark is made, which always represents the exact 
"05 ampere. On now throwing over to alternate current, the 
rheostat is altered to reproduce the same R.M.S. current as 
indicated by the dynamometer D ; and the position of the 
potentiometer contact is shifted and the phase-shifter turned, 
until the vibration galvanometer shows no vibration. The 
adjustment is very similar to that of the two resistances in an 
Anderson’s bridge, and presents no difficulties. The voltage 
and phase are then read off on the potentiometer and phase- 
shifter respectively. In the illustration a low resistance is 
connected in series with the load, and a volt-box in parallel 
with it, and the current and P.D). can be determined directly 
in the ordinary way. Of course the phase-shifting trans- 
former must always be connected to the same source of 
supply as the load. 

Instead of the vibration galvanometer, a dynamometer or 
electrometer in which one pair of terminals is connected to 
the supply so as to be “separately excited,” and the other 
to the ordinary galvanometer terminals, has been employed 
with good results. The deflexions are then to left or to 
right as in an ordinary galvanometer. But it must not be 
forgotten in this case that balance will be obtained not only 
when the vectors of the two P.Ds. compared are coincident, 
but also when their vector difference is in quadrature with 
the P.D. of the supply. For this purpose, if such an instru- 
ment is used it must have its “exciting terminals” changed 
over from one phase to the other, and balance secured in 
both cases. 

Before giving examples of readings obtained in this 
manner, we must consider what is really measured. It is 
obvious that this device does not indicate the effective or 
R.M.S. value of the P.D., except when the supply and tested 
wave-forms are both sinusoidal or of identical form. When 
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a vibration galvanometer is employed, its sensitiveness to the 
fundamental wave is so great in comparison with that to 
the harmonics, that we shall be practically correct in assuming 
that it is the fundamental wave only which is measured, and 
the comparison is really between the mean and not the 
-R.M.S. values. On the other hand, if there is any serious 
difference of wave-form, the sensitiveness to the npper 
harmonics should be sufficient to prevent an exact balance 
being secured, and this warns us when great accuracy is not 
to be expected. 
The effective value of an irregular periodic voltage is 


V= VIV’, 
where V, is the effective value of the harmonic of order n. 
If the sum of the squares of the higher harmonics is small 


-in comparison with the square of the fundamental, we may 
take the approximate square root, and 


or 
_ Æ 1 Pa 
meer eee 3 
v2. { l+ gya. i, 


where 2V,? in the last two expressions implies the sum of 
the squares of the effective values of all the harmonics, 
excluding the fundamental. 

In the case of a single harmonic this becomes 


ee 1/V,\2 
V =V,{14+5(;2) h 


and the expression in brackets only differs 1 per cent. from 
unity when V„ is 14 per cent. of V,. Such a difference 
should be fairly easily recognizable, and would probably be 
sufficient to prevent the obtaining of a perfect balance on the 
vibration galvanometer ; and, moreover, if the distortion of 
wave-shape is great, there is little object, as a rule, in great 
accuracy of measurement. If accuracy is required in such 
cases, it can of course be secured by tracing the wave-shape 
and making the above correction, but if care is taken to have 
a supply of fairly sinusoidal wave-form, the measurements 
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may be considered sufficiently accurate for the majority of 
purposes. It should be observed that this difficulty, or a 
similar one, is inseparable from any method which can be 
devised, in which the detector is employed to indicate the 
difference between the test and potentiometer P.Ds. as is 
done with direct currents. 

Measurements.—T wo illustrations will be sufficient to show 
the possibilities of the method. An ordinary Crompton 
potentiometer was used with a Weston dynamometer volt- 
meter in series with it, and the connexions were made as in 
fig. 3. A Rubens vibration galvanometer was at first used, 


Fig. 3. 
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but was replaced by a Camphell bifilar instrament, which 
was found much more sensitive and convenient. A check 
with direct current and a Cadmium cell showed that the 
normal current was obtained when the dynamometer indicated 
82 “volts,” and this reading was reproduced in all the 
alternate-current measurements. 

The first test was a comparison of the readings of a 
Kelvin Deka-ampere-balance, with the current as given by 
the P.D. across a Crompton "04 w manganin resistance. 
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The following results were obtained :— 


——— a 


| 


Current by P.D. by C | 
Kelvin. | Potentiometer. sha ie | 
25 1-002 25-05 
20 ‘8018 20-045 
15 6022 15055 
I costee ee ae 


Frequency of supply 72 ~. 


The readings were obtained with great ease and definiteness, 
half a division on the slide-wire, or -0005 volt, being easily 
detected, in spite of the fact that trouble was found from 
mechanica vibration, as the alternator was in the same room. 
There seems NO reason to doubt that 0002 volt could be 
easily detected, or that a drop of 1 volt could be measured 
to an accuracy of ‘2 per cent. or closer. The readings of 
the phase angle repeated themselves constantly to within 
«1 degree. 
A ro give some idea of the accuracy of phase measurements, 
a resistance and ironless choking-coil were connected in 
serios with the -04 A resistance, and an alternating current 
of 15 amps. at 6 e through the combination. 
Readings were then h i of the P.D. across the ‘040 

tance, across the cho ing-coil, total resistance, and the 
2 2 last three being taken by the aid of a 


t, the 


resi 
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to the fact that a carbon resistance was employed which 
became heated. 

Fig. 4 is a graphical representation of the result in the 
last case, the horizontal line representing the resistance drop, 
and the other two lines the drop across the choking-coil and 
whole circuit respectively. Although the triangle does not 
quite close, the result may be taken as satisfactory in con- 
sideration of the fact that single phase supply was used in 


Fig. 4. 
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this case, and the phase was split by condensers. It should 
be noted also that errors in the phase angle do not in any 
way affect the accuracy of the magnitudes of the P.Ds. 

The writer has designed a potentiometer in which a small 
phase-shifting transformer and dynamometer are included in 
the case, with a throw-over switch, permitting the intrument to 
be used as either a direct or alternate current potentiometer. 

Fig. 5 shows the connexions, which need little explanation. 
The main circuit of the potentiometer, consisting of the 
rheostats R, and R., the two dials D, and D,, the side-wire 
W, and the dynamometer D, is connected to two of the blocks 
of the change-over switch C, which is similar in form to the 
well-known selector switch used in the Crompton Potentio- 
meter. The derived P.D. from the dial D, and slide-wire 
contact is led by the key K and the selector switch S to two 
more of the contacts on C. The remaining eight contacts on 


ey 
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C are connected in pairs to the phase-shifting transformer P, 
the battery terminals D.C., the ordinary galvanometer 
terminals G, and the vibration galvanometer terminals V.G. 
The phase-shifter primary is excited from the terminals A.C., 
which are here shown four in number, for two-phase or split- 
phase. A single motion of the switch C to right or left 
connects tbe main circuit of the potentiometer on to the 
battery or secondary of the transformer, and simultaneously 


he sliding contacts through the selector switch to 
connects the jyva nometer. The key K being provide 
the appropriate, oe m, leaves the hands free to move the 
with a holding- wee and rotate the phase-shifter simt 
potentiometer 1 aney meter F of the vibrating reed tyP® 
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results. Inthe meantime the results already obtained appear 
to justify the belief that this method is capable of being used 
with considerable accuracy and convenience for all P.D., 
current, and phase measurements. 

The numerous applications of such an instrument are 
obvious, and include P.D., current, phase, and power mea- 
surement over almost any range ; inductance and capacity 
test, and determination of dielectric losses, &c. One of the 
most valuable applications, however, is to search-coil work 
with alternate current, whereby the distribution of main 
and leakage fluxes in cores, and the propagation of magnetic 
impulses can be studied, and the variation of current and P.D. 
along a cable fed with alternate currents. 

The writer’s thanks are heartily tendered to Mr. A. C. 
Jolley for setting up the apparatus and great assistance in 
the experiments. 


DIscussION. 


Mr A. CAMPBELL remarked that the first method suggested by the 
author had already been described by Mr. J. Swinburne (Phys. Soc. 
Dec. 1893). It was also used with success at the Reichsanstalt in an 
improved form by Dr. Drewall (Zeitschr. fiir Instrumentenkunde, April 
1903). Dr. Drysdale’s phase-turning method was interesting and would 
give good results in many cases. The vibration galvanometer, however, 
was so very much more sensitive for its own frequency than for others, 
that it would not be likely to give any indication of errors due to other 
harmonics unless they were very pronounced. Hence the method must 
be used with great caution. 

Mr W. DUDDELL expressed his interest in the paper, and asked if the 
limit of accuracy depended on the sensitiveness of the galvanometer and 
if this was limited by the back E.M.F. of the instrument. He pointed 
out that the harmonics could be investigated by tuning up the galvano- 
meter tu be in unison with them. The device by which the phase was 
changed without changing the current was very useful. 

Mr RAYNER pointed out that the accuracy attainable depended on the 
sensitiveness of the Weston voltmeter employed. A vital point in the 
instrument was the phase-shifter with the sinusoidal windings. By 
using two galvanometers the fundamental and a harmonic could both be 
measured. 

Mr. PATERSON joined with others in expressing appreciation of the 
paper. Dr. Drysdale claimed that low resistances dropping 0'1 volt could 
be used with this potentiometer. He presumed that the object of 
measuring the phase displacement between the two E.M.F.s was to 
obtain a value for the watts in the circuit. In this case the employment 
of low resistances was a great disadvantage on account of the large time 


or oo — 
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constant which these shunts necessarily have, even though constructed. 
with the utmost care. He thought the failure of the vector diagram 
exactly to close was more likely to be due to some such error coming in 
to the measurement of the phase-angle than to any inaccuracy in the 
Kelvin Balance—as hinted by the Author. 

The AUTHOR, in reply, said that he regretted that time had not per- 
mitted his making further investigations into previous work in this 
direction, but he had alluded to Mr Swinburne’s suggestions, and had 
claimed no credit for the electrostatic device. Mr Campbell’s criticisms 
mainly dealt with wave-form errors. Of course where iron cores at con- 
siderable saturation were employed, the distortion of wave-shape would 
be considerable, but with the single exception of power measurement 
which should then be made with a wattmeter, he knew of no object in 
such cases for accurate P.D. or current measurements. For ordinary 
standardisatiun of P.D. and current, this difficulty did not present 
itself, as there was no difficulty whatever in obtaining a sufficiently 
closely sinusoidal wave-form, and the wave-forms of the measured and 
balancing P.Ds. were usually similar, being derived from the same source. 
The use of a second vibration galvanometer tuned to the third harmonic 
would be excellent if it was desired to measure them, but he believed 
that it would rarely be necessary, and there should be no difficulty in 
making measurements to an accuracy of 0:1 per cent. with the ordinary 
alternators and resistances. For inductance and capacity measurements 
there was of course a positive advantage in an instrument which dis- 
regarded the harmonics. In reply to Mr Duddell, there was no doubt that 
the vibration galvanometer did give a back E.M.F., as was shown by a 
telephone connected to its terminals when the coil was set in motion, 
and this would probably increase the damping, but he did not know the 
amount of the influence on the sensitiveness. He was glad the importance 
of the sinusoidal winding of the phase-shifting transformer was appre- 
ciated, and hoped that it would be found effective in preserving perfect 
equality of the potentiometer current as the phase was varied. It was 
true that slots or tunnels were employed in the stator core, but they were 
of considerable number, and the rotor and stator pitches were incom- 
mensurable. As to accuracy, it was true that this was limited by the 
dynamometer instrument, but this was fairly sensitive es it was always 
used at ita best range, and it was to be doubted whether it was possible 
under any ordinary circumstances to make alternate current measure- 
ments to within an accuracy of a few parts in ten thousand, owing to 
variations in the alternator speed or E.M.F. Finally, he was certain that 
no ordinary low resistance standards would give any appreciable inductive 
errors. To produce an error in magnitude of ‘1 per cent. would require 
a phase displacement of about 2-7 degrees, which was only slightly 
exceeded by helical iron wire resistances at 50~, and the straight strip 
resistances of the Reichsanstalt form were almost the perfection of non- 
inductive resistances. In any case inductance would not affect the 
closing of tie vector triangle. 
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XXXVIII. Note on the Luminous Efficiency of a Black 
Body. By CHARLEs V. DRYSDALE, D.Sc.” 


At the present moment, when the question of light pro- 
duction is so much to the front, it is of interest to ascertain 
the possibilities of various substances as incandescent bodies. 
Until comparatively recently nearly all artificial illumination 
has been derived from the incandescence of carbon in some 
form or other, and consequently from a substance which 
approximates to a perfectly black body. It is therefore of 
interest to ascertain the possibilities of such a body as a light 
radiator at various temperatures, and this can be readily 
obtained from the radiation formule. 

The best known and most convenient law for calculation is 


that of Wien t, 


Cy 
Ry = CA e AT, oe oe se C1) 


where A is the wave-length, T the absolute temperature, 
Ry the intensity of radiation corresponding to the wave- 
length A, and C, and C; constants. The value of C, according 
to Paschen & Wanner f should be 14,400, and to Lummer & 
Pringsheim § 14,700 when ) is in microns, and T in degrees 
contigrade. 

Wiems law is not quite as exact as that of Max Planck || 


Cy 
Ry = CA-Y(e—1), 
but only differs from it by 1 per cent. when AT is greater 
than C,/4°6 or about 3000. It may therefore be used for 
most calculations. 


The energy radiated between any two wave-lengths is 
therefore 


Ii Rady = aie LT tit Crt ttt]; (2) 


* Read January 22, 1909. 
t Berl, Ber. 9th February, 1893. 
t Berlin Akad. Sitzungsberichte, ii. pp. 5-11, 1899. 
§ Verh, d. deutsch. Phys. Ges. 1899, p. 23. 
ee l Ann. der Phys. i. 1900. 
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and the total radiation 
R ={ Ra = 6oLT 
corresponding to the Stefan law 
R=oTl™ ...... . (3) 


C C,‘ 
6 ga= r and C =A. 


Hence 


Several determinations of the constant ø have been made, 
but that of Kurlbaum * is most generally accepted. His value 
is 5°32x10-" watts per sq. cm. Combining this with 
Lummer & Pringslicim’s value of 14700 for C, we have 
©, = 41,400. 

At the same time by logarithmic differentiation 


1 OR), _ 5 C? 


Ri’ da ON TT 
from which we have the well-known relation 
C C 
Amar L = i or Amar. = ye 


where Amar. is the dominant wave-length. 
Hence for numerical calculation we have the following 
formule :— 


Total radiation 


R =| Rada = 5°32 x 10-1 T* watts per sq. cm. (4) 
0 


14700 


Ra = 41400A-8e °T, www we (5) 
Neel S 2910, Se woe eh ewe we oe & wo 0) 


T 
A7 


Ma 0oy] 
eT (5 +204x 10-4 
R A 


Às 
) Ryd\ =2°82T | 
Ay 1 
T? 
42°78 x 10-8 +189x 10-1"). (7) 


To obtain the radiant luminous efficiency we have only to 


æ Ann. Phys. Chem. lxv. 4. pp. 746-748, 1898. 
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calculate the value of the last integral between the spectral 


limits and divide by the total radiation R, and we have 
Radiant efficiency npg 


11707 1 204% 10-4 


A, - 
— 53 x 10}! L € AT (m + 27? 
2°78 x 10-8 wy]. 
iT — +1°89x 10- (8) 


The following results have been worked out by my Assistant 
Mr. A. F. Burgess, B.Sc., and are shown in the annexed 
table. Jn fig. 1 the values of the total and luminous ra- 
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diation and their logarithms are plotted against the ordinary 
ature. Fig. 2 shows the relation between the intensity 


temper i i 
J n in watts per sq. cm. and wave-length for various 


of radiatio 


Fig. 2. 
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to 76, the other from °4 to ‘Tu, the latter comprising practi- 
cally the whole of the useful luminosity of the spectrum. 
The dotted curves on the same sheet correspond to Paschen 
& Wanner 8 value of C, and do not differ much from the 


others. l 
Fig. 4 § hows the comparison between the results so calcu- 
lated and the experimental determinations of Prof. Féry *, 
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These curves show at a glance the enormous extent to 
which the luminous efficiency is dependent upon temperature, 
and how extremely low it is at ordinary temperatures. At 
1500° C. the efficiency is only of the order of 1 per cent. or 
less, while at 2000° C. it is stilt only about 3 per cent. In 
order to get anything like an efficient source of light by pure 
temperature radiation therefore, temperatures of from 4000° 
to 6000° C. would be required, and even then the efficiency 
would be only of the order of 30 to 50 per cent. This 
strongly points therefore to the necessity for working in the 
direction of selective radiation or luminescence. 

It is perhaps worthy of note that the temperature of 
maximum efficiency is in the neighbourhood of the tempera- 
ture of the sun as found by Prof. Féry, viz. 5500° C., which 
is due to the close agreement of the dominant wave-length 
of the sun with that which produces the maximum luminous 
effect on the retina. This correspondence is doubtless to be 
attributed to the influence of natural selection on the eye, as 
Prof. Féry has himself pointed out. 


: Total Luminous Radiation Luminous 
rnp A max. | Radiation Watts/sq. cm. Efficiency per cent. 
C. He |Wattsjsq.cm.| 4—Tp. | 88—76 p. | 4—7 p. | 38-76 p. 
1009...) 2-31 13-97 18:653x1074 |2:525x 1073 0062 0181 
1500 ... 1°66 52-57 "1358 "2766 258 "526 
2000 ... 1-29 142-01 2:534 4°264 1-784 3:003 
HW ... 1-06 2314-5 17°47 25°96 5:554 8'253 
aW A g0 610-5 69 39 98-24 | 11-367 | 16-092 
3500 ..\ 78 | 10781 195°5 257-7 18:137 | 23-919 
4000 | 69 1773-4 452-2 5828 25:498 | 31-737 
4500 .. -615 2760°8 849:5 1060-3 30771 38:405 
5000 _. 5B 4112-5 1454-0 1789-0 35:355 43:499 
5500 .. 5l 5909-0 22802 2779-6 38-589 47-041 
6000 .. "47 82373 3339-8 4051-0 40-544 49:180 
6500 ...| 435 | 11194 4639-6 5606-3 41:446 | 50-081 
7000 .. *405 14883 6173-5 74425 41-477 50:003 
7600 .. 38 19428 7931-7 9536-2 40°827 49-087 
8000 .. 855 | 24921 10079 11920 40:449 47:835 
a 
DIscussIoN. 


The SECRETARY asked the Author if he would state exactly what he 
meamt by the term “luminous efficiency.” The ratio of luminosity to 
energy radiated was different in different parts of the spectrum. 
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Dr Russet thought that the physiological effect on the eye ought 
to be considered. If the paper had been entitled “The radiation 
efficiency, for rays contained within the limits of the visible spectrum, 
of a black body” it would perhaps have been described better. The 
sensibility of the eye to light rays varied not only with the wave-length 
but also with the intensity of the rays and the time during which they 
had been acting on the retina. If we considered only the objective 
stimulus of the luminosity, the Author’s implied definition might 
be, he thought, accepted. But if we consider, as we ought, that the 
subjective sensation produced in the normal eye has to be taken into 
account when judging luminous efficiency, another definition is required 
and the problem becomes far more complicated. 

The AUTHOR, in reply, said that the term “luminous efficiency” was not 
very generally understood. There were three modes of defining it, of 
which two were due to Prof. Nichols of Cornell University, who distin- 
guished between “ total efficiency ” and “ radiant efficiency.” The former 
of these quantities was the ratio of the luminous energy radiated between 
the spectral limits to the total energy consumption of the source of light, 
and the latter the ratio of the luminous energy as above to the total 
radiation from the’ source. As had just been pointed out, however, 
neither of these definitions took any cognizance of the very different 
luminosities of the various spectral colours, and this had been realized 
by Dr C. Guilleaume, who had proposed to correct the luminous radiation 
by multiplying each ordinate of the radiation curve by a factor depending 
on the luminosity at that ordinate, which was unity at the point of 
maximum effectiveness (54). The Author had proposed (Proc. R. S. 
1908) the term “reduced ” total or radiant efficiency, for the efficiency 
expressed on this basis, which was evidently the most rational one. 
The term “radiant luminous efficiency” was, however, recognized and 
had been employed correctly in the paper. 
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D.Se.* 


TABLE OF CONTENTS. 
I. Iutroduction. 
II. Mathematical formula :— 
. The differential equation. 
. Kelvin’s ber and bei functions. 
. Approximate formule for the ber and bei functions. 
. Particular solution. 
. The ker and kei functions, 
Approximate formulz for the ker and kei functions. 
» Formule containing both functions, 
. The complete solution. 
lII. The formule for the effective resistance and inductance of a 
concentric main with a solid inner conductor. 
IV. Simplified formule for particular cases :— 
1. With direct currents. 
2. With low frequency currents. 
3. With high frequency currents. 
4. With very high frequency currents. 
V. The density of the current in the inner and outer conductors :— 
1. With low frequency currents. 
2. With high frequency currents. 
VI. Concentric main with hollow inner conductor. 
VII. 'The impedance of a concentric main. 
VIII. Numerical example. 
IX. Values of m for copper conductors, 


DNA TP wt eH 


I. INTRODUCTION. 


In connexion with the investigation of certain phenomena 
which occur when alternating currents of high frequency 
flow in thick wires, a knowledge of how the effective resistances 
and inductances of these wires vary with the frequency is 
most important. It is of little use to have “standard ” 
inductances in high frequency circuits when we do not know 
how their values alter with the frequency, and therefore also 
with the wave shape of the alternating currents. The “ mea- 
surement ” of inductances by means of alternating currents 
of unknown wave shape often leads to waste of time. Even 


* Read January 22, 1909. 
VOL. XXI. 2U 
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when the wave shape is similar to a sine curve, yet if we do 
not know how the inductance will vary with the frequency 
the results have only a very limited application. 

It would obviously be extremely useful to have formule 
which would take into account the appreciable variation of 
the density of the current which occurs over the cross section 
of the wires with high frequency currents. Even to fix 
inferior and superior limits to the possible values of the 
inductance would be a great help in many cases. Unfortu- 
nately the mathematical difficulties in the way of arriving at 
a solution in the case of a helical coil are very great. The 
author, therefore, has made a study of the simplest problem 
of all, namely that of a concentric main, as a preliminary to 
attacking the more difficult problems. A study of this 
problem is also of importance at the present time * in con- 
nexion with the discussion that is taking place amongst 
electrical envineers as to the magnitude of the skin losses in 
power transmission cables. 

The problem was first discussed by Maxwellf. He obtains 
a few of the terms of a series hy means of which the effective 
resistance of the inner conductor can be computed at low 
frequencies. Apparently, however, he did not fully appreciate 
the importance of the results given by the formula. In May t 
1884, Oliver Heaviside discussed the “ throttling ” effect ina 
core, that is, the increased resistance, the reduced inductance, 
and the tendency to surface concentration. He uses two 
functions M and N in his solution, which Kelvin subsequently 
called the ber and bei functions. In January § 1885, he 
described clearly the true nature of the current flow in a 
wire, laying particular stress on the initial surface effects 
and subsequent penetration. Lord Rayleigh ||, adopting 


* See the report of the evidence on the London Electric Power Bills 
given before Sir Luke White's Committee in the House of Lords (Nov. 
1908). 

t ‘Electricity and Magnetism,’ vol. ii. § 690. 

t ‘The Electrician,’ p. 583, May 3, 1884, or ‘ Electrical Papers,’ vol. i. 
p. 358. 

§ ‘The Electrician,’ Jan. 3, 1885, or ‘ Electrical Papers,’ vol. i. p. 429. 

| Phil. Mag. xxii. pp. 381-394 (1886), or ‘Scientific Papers,’ vol. ii. 
p. 86. 
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Maxwell’s method, next discussed the problem and gave a 
formula for the effective resistance of the inner conductor at 
very high frequencies. Oliver Heaviside * subsequently made 
most important contributions to our knowledge of the subject. 
He was the first, for example, to give the approximate formulat 
for the effective resistance of a hollow cylindrical conductor 
carrying a low frequency current. This formula is a par- 
ticular case of the general formula given in this paper. He 
also gives general descriptions of how the current-density 
varies in the conductors. He omits so many steps, however, 
in some places that it is very laborious to follow his reasoning. 
Three years afterwards Lord Kelvin { give a practical 
solution for the effective resistance of a solid inner conductor. 
It is virtually the same as that given by Heaviside. He 
gave a table, which we shall examine later, of the numerical 
values in important practical cases. Sir Joseph Thomson § 
also gives practical formule for the effective resistance and 
inductance of a concentric main having a solid inner conductor 
when traversed by very high frequency currents. 

The complete solution given in this paper is obtained from 
elementary electrical considerations, a knowledge of Ohm’s 
law and of Faraday’s law of induction being all that is 
assumed. The author proves the mathematical formule at 
length, as most of them are new and some of them will be 
helpful in other physical problems. It will also enable any 
slips he may have made in the algebraical work to be readily 
detected and easily rectified. He shows, however, that from 
his solutions all the previous solutions can be readily deduced, 
and as most of them are complex functions of the electrical 
and geometrical data of the main, the errors, if any, must be 
very minor ones. 


# ‘Electrical Papers,’ vol. ii. p. 64 et seq. 

t L. c. ante, p. 192, formula (72). 

t Journ. of the Inst. of. El. Eng. vol. xviii. p. 4 (1889) or Math. and 
Phys. Papers, vol. iii. p. 491. 

$ ‘ Recent Researches,’ p. 295. 
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II. MATHEMATICAL ForMULA. 


1. The Diferential Equation. 

The differential equation * to which our problem leads is 
07 ldi _ mdi A 
or ror w dt ° ° e ° ® ( ) 

where m and w are constants and i is a periodic function. If 
we assume that i varies according to the harmonic law, and 
that its frequency is w/27, we may write i=ue*", where vu is 
a function of r but not of t, and ¢ stands for ./ —1. 

The equation now becomes 


+> i —mu=0. . . . . (B) 


The solution of this equation is known f to be 


=À. Ty(mr/t) +B.Ko(mr./2), 
where A and B are constants, and I(7) and K(x) can be 
computed by means of the following series :— 


When « is small, 


a qå 


I, (2) =] + p + J Ë 


and 


a? 1\ zt 5 
Ko(a)=a. I(r) log z. T) + 24 (14 slg gt © 


where a=log 2—y¥ and y is Huler’s constant, and so 


a=0°1159315. 


When z is large, 


e PLP P.J? 
COEN er RAE TICO cs ceee i, e o (3) 


7. 2 19.33 | 
K(=a/ 7 2 € l- Sr + Zez) PES } . (4) 


The values of the series (2) and (4), for many values of z, 


and 


* This equation was first discussed by Joseph Fourier [Mémoires de 
l’ Académie, Tome iv. (for the year 1819) ]. 
t See Gray and Matthews, ‘ Bessel’s Functions.’ 
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have been computed to a high degree of accuracy by W. S. 
Aldis *, and tables of I(x) from 0 to 5'1 are given in the 
British Assoc. Reports, 1896, the interval of the argument 
being 0:001. 


2. Kelvin’s ber and bei functions. 


Kelvin + showed that the effective resistance of the inner 
conductor of a concentric main may be conveniently expressed 
in terms of two functions which he called the ber and the bei 
functions$. He published tables of the values of these func- 
tions for a few values of the argument, and from these tables 
he computed the numerical value of the effective resistance 
in various cases. 

We may define Kelvin’s functions by means of the equation 


I (mr Yt) =ber mr 4 ı bei mr. 


From (1) we deduce at once that 


mirt m’rë 
a a a O) 
and 
2 6,.6 
bime ee Fasip 0 2 6 « (6) 


92 R §? , G3 


which are the definitions of them given by Kelvin. 

In Mascart and Joubert’s V Electricité et le Magnetisme, vol. i. 
‚p. 718, several of the values of the functions given in Kelvin's 
paper have been recomputed and certain corrections made. 
As the author uses these functions in the solutions given 
below, it was necessary therefore to recheck the calculations. 
He at first attempted to do this by direct calculation, but the 
work proved so laborious that he was led to devise shorter 
methods of calculating the functions. He found that this 
was easy and that comparatively simple formule can be 
obtained for them in those cases where the direct computation 
by (5) and (6) would be laborious. 


* Proc. Roy. Soc. vol. lxiv. p. 203. 

t L. c. ante. 

t Noticing that in Heaviside's notation, ber=M and bei=N, Kelvin’s 
formula follows at once from the formula (36) given in Heaviside's 
‘Electrical Papers,’ vol. ii. p. 183. 
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The formule given below can also be usefully employed in 
simplifying the formule ordinarily given for computing the 
eddy-current losses * in a metallic cylinder, the inductance 
and resistance of two parallel cylindrical conductors t, the 
impedance of a solenoid with a cylindrical metal core f, &c. 


3. Approximate formule for the ber and bei functions. 


When the argument is small the functions can be readily 
computed from the formule (5) and (6). These functions 
generally occur associated together in one or other of tho 
following ways :— 


X (x) = ber?x + bei2z, Y (a) = ber’x + bei, 
Z(.c) = ber æ ber! œ + bei æ bei’ x, 
and W(.c) = ber e bei’ «— bei x ber’ z. 


In these definitions of X, Y, Z and W, ber’ z and bei’ « 
stand for the differential coefficients of ber x and beiz with 
respect to x. The combinations Y/X, Z/X, W/X, Z/Y, and 
W/Y also occur in this and allied problems, and so we shall 
give formule for these functions as well. 

By squaring the series for ber z and bei x and adding them 
together, we get 


eo Ife L1 yey 1 fe\®, 1 (28 
x=1+3(3) + za (2) + wal) +g9(5) » c 


approximately. 

When z is not greater than 4 this formula may be used. 
For instance, when «x is 4, (7) gives X(4)=11°8275. From 
the tables given in Gray and Matthews’ ‘ Bessel’s Functions’ 
where the values of ber x and bei z are tabulated for values 
of x up to 6, the interval of the argument being 0'2, we 
find that ber 4=—2°56342 and bei4=2°29269, and thus 
X (4) =ber? 4 + bei? 4= 11:8275. 


* A. Russell, ‘ Alternating Currents,’ vol. i. p. 374. 

t J. W. Nicholson, Phil. Mag. |6] xvii. p. 255, 1909. 

J O. Heaviside, * Electrical Papers,’ ves. i. and ii, or R. T. Welle, 
Phys. Rev. xxvi. p. 857 (1908). 
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Similarly we get the ~— formule :— 


ote (5) +g (5)? ete r (E) fe. 
“= 7, {14 Oa o(z) +a IT ‘Oh. « 


and 
wlll ee o 


When 2 is not greater than 2 the following formule can 
be oo :— 


C O O 
E )+3pl F pe a 

GPE}. 6 
y=i{1- (4+ Be- I2, e. SOT ita 


W 2 Lat 1 pe 
Y= 312+ al) ~iso(s) + 1. T y, 28.30 (5) $ (15) 


Formula (15) agrees with that found by Lord Rayleigh * by 
another method. Heaviside t gives 73/(12?. 28 . 80), that is 
657/(12? . 360 . 56) as the coefficient of (2/2) in (14). 

Formule (7) to (10) should not be used if z is greater 
than 4, and formulze (11) to (15) should not be used if æ is 
greater than 2. In practice, therefore, they have only a 
limited use. 

We shall now find approximate formule for ber z, beir, 
X, Y, Z, and W, which can be used with sufficient accuracy 
for practical purposes when z is not less than 5, and can 


* L.c. ante. 
+ ‘ Electrical Papers,’ vol. ii. p. 64. [Dr. Heaviside has written to me 
that he discovered this elip in 1894.) 
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always be used for computing with a maximum inaccuracy 
of less than 1 in 10,000, when z is not less than 10, that is in 
those cases where the labour involved in the direct compu- 
tation of the series becomes practically prohibitive. 

If y denote berxz+e beix we see from the definition we 
gave of these functions that 


ty 1 
yp LY ayy, . - . . . (16) 


Putting y=4A'e?/ V z, where A’ is a constant, we get 
2 
2e (Y =o. i . G7) 
When « is large, E 
O=xVitagt by 


is obviously an approximate solution of (17), where a and by 
are constants. Let us assume therefore that 


0=zx Vitaotbuta/t +a +... 


is a solution of (17). Substituting this value for 6, equating 
the coefficients of z-?, x-°,... to zero, and noticing that 

Vi=1/ f24+(1/ 72), and 1/ /t=1/ W2—(1/ /2)e, we find 
that 


vl t ? t 
1 8y 2 8 NE ’ 2 16” 
25 254 18 


ao STT Beye? OT Te 
iC. 


Hence we may write 


yV r= Alettaore 


= Ae* cos 8 + tAe* sin £, 
where 
v 1 25 13 
Se a e a. 
i v2 i SY2u 384V 223 128r (18) 
and 
z4 1 1 25 
= In = — — ees Se a 9 
8 V? +h SVr 162°? TINT ° (19) 
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e7 Hence, since y=ber z +2 bei x, we have 
a ber r=(A/V z) cos 8, and bei z=(A/V £) sine: 
To determine the values of A and by we notice that 
ber g +e bei 2=I,(x/1), 
and thus, from equation (3), we see that A is 1/V 2r, and 
by is — 7/8. 
We thus find that when z is large 
bor z= Zar cosB,. . . . . (20) 


T 
and 


bei z= 


ES = sin ĝ, ee “wt. oe AZT) 
where «æ and £ are given by (18) and (19), and b, is —7/8. 
The series for æ and £ are semi-convergent and a rigorous 
mathematical justification of (20) and (21) is difficult. It is 
easy, however, to verify that, if we only include the terms of 
the series given above, (20) and (21) give the values of the 
functions with great accuracy when z is greater than 5. The 
values of « and £ are easily computed by the formulz 
a= 0°707105 x + 0°08839/x— 0046/23, . . . . . . . (22) 
and 
8 =0°707105 2—0-39270 —0°08839/2—0°0625/27—0-046/2%, (23) 
Differentiating (20) and (21) we find that 
ber’ t= 1 1 1 


—-—— 
m o eam 


1 
/2 2x ayia) z- (-3 + 87 22? tga) bei x, 


and 


brasi +, + ga) bere+( 75-5, -> 5) bie, 


8/22? 
Squaring equations (20) and (21), and adding, we pet 
Ee? 
X= 5_, coe e e «a . (26) 


Wh l 
Me es value of z is not less than 7, the inaccuracy of the 


a V2+1/4 Vaz 
pa aay 
2a 


is less than 1 in 10,000. 


(24) 


(25) 
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Heaviside * has given the formula X=e™ Vime, but in 
order to get a four-figure accuracy with this formula x would 
have to be greater than 1500. 

ln a similar manner, we find that 

see (27) 


“eX (23-a pya) See (28) 


1 1 1 
W=X (z+ taa) e (29) 


These formulæ also give the ratios Y/X, Z/X, and W/X. 
They correspond to (11), (12), and (13), and give a four- 
figure accuracy when z is not less than 8. 

By the binomial theorem, we also readily deduce the fol- 
lowing formulz corresponding to (14) and (15) :— 


sza) 
$f 223) 


YOy avi Be oo OO) 


and 
Y"Vatetavae o OD 


To test these formulæ let us take the low value of 6 for z. 
We find from (20) and (21) that 


ber 6=—8°858 and bei 6= — 7:335. 


These results are in exact agreement with their values found 
by direct computation from the series given in (5) and (6). 
The accuracy of the formule rapidly increases as z increases. 

In the following table the numbers obtained by sub- 
stituting 10 for z in formule (20), (21), (24), and (25) 
are compared with the numbers given by Kelvin f and by 
Mascart and Joubert t. 


* ‘Electrical Papers,’ vol. ii. p. 184. 
t L. c. ante. 
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ji oo a E E EE 
ber 10. bei 10. ber’ 10. bei’ 10. 


LT eGR | ernest 


Kelvin seess.. | 138-8405 | 56:3704 | 51:373 135-23 
| 

Mascart & Joubert ...! 138840 | 56:370 51:207 135-31 
| 

Formulæ ............00. 138-840 56°368 51:202 13529 


Before the author worked out the approximate formulæ, he 
had verified Mascart and Joubert’s corrections as far as four 
figures by direct calculation from the series given in (5) and 
(6) and the series obtained by differentiating them. As the 
corrections to Kelvin’s table when the argument is 15 and 
when it is 20 are large, it will be interesting to calculate 
these values by our formulæ. 


ber 15. bei 15. ber’ 15. bei’ 15. 


Kelvin .scicacccavcisekises — 2969:79 | — 2952:33 | 86-648 — 4089-2 
Mascart & Joubert ...| — 2967:26 | —2952°72 | 91-06] —4088°5 
Formule .......cc0ee0e: — 2967:26 | —2952°66 | 91:010 —4087°7 


=e ge a S a e E y 


| 
ber 20. {bei 20. | ber’ 20. | bei’ 20. 


Kelvin ....0....sseseeeee 475837 | 11500°8 24325°1 | 41491-5 
Mascart & Joubert ...| 474892 | 1147744 | ~48802-8 | 111853 
Formulæ ....0....+0000. 474916 | 1147701 | —48797-9 | 111853 


REPE E E. EE EEN 

In evaluating the formulæ we have only used T-figure 
logarithmic tables. To compute ber’ 15 correctly we ought 
to have calculated ber15 and beil5 to eight significant 
figures, as ber15 and bei 15 are nearly equal to one 
another and from (24) we see that ber’ 15 is nearly equal 
to their difference. It will be seen that the accuracy of 
Mascart and Joubert’s corrections is satisfactory, The 
values, however, they give for the functions when the 
argument is 30 are not correct. 
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| ber 30. bei 30. ber’ 30. bei’ 30. 
Mascart & Joubert ...| —4544x10¢1 11024x10¢ | ~10933x10¢ | 4383x 10: 
n l EE | ~ 461110} 10995 x10 | —10959x 10+ | 4330x 104 


Hence the ordinary tables need revision. A more useful 
set of tables, however, might be constructed of the functions 
X, Y, Z, W, Y/X, Z/X, W/X, Z/Y, and W/Y. The ber 
and bei functions never occur alone in any of the practical 
formule using these functions, with which the author is 
acquainted. 

For instance, Heaviside * and Kelvin * have proved that 
the ratio of the effective resistance of the inner core of 
a concentric main with high frequency currents to its 
resistance with direct currents can be written down almost 
at once, when the ratio of W to Y is known. It was in 
fact in order to find the value of this ratio that Kelvin had 
a table of ber and bei functions computed. 

The values of W/Y given in Kelvin’s paper and found 
by (15) and also by direct computation are compared in 
the following table :— 


Values given Values computed 


i in Kelvin’s paper. by (15). True Values. 
0:5 4:0013 4:0013 
10 20104 2:0104 
1:5 1:3678 1:3678 
2-0 10782 10782 


In Kelvin’s table bei'l is given as 0:4999, but its true 
value is 0°4974. Making this correction and using Kelvin’s 
figures, we get 2°0104 for the value of W/Y when z is 1. 

Including the next term in the expansion of W/Y given 
in (31), we find that 

90% QP 
a = ToT ne . . (32) 


è L. c. ante. 
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The values of W/Y given in the first column of the 
following table have been computed by this formula. 


ži Kelvin. Mascart & | Formula (32). 
5 08172 | oo n 0:8172 
55 08069 Jooo an 0-8064 
6 07979 | n 0-7976 
8 07739 | n 0-7737 
10 0-7588 0:7596 0:7597 
15 0-7431 0:7416 07416 
20 0-7325 0-7328 0:7328 
30 T aisn 07251 0-7241 
40 | aa 07196 0-7198 
a 0:7172 0-7172 
00 o7o71 | ae 0-7071 


As the approximate formule given above are very simple, 
it will be seen that tables need only be constructed for 
values of « lying between 2 and 5 or 6, although to have 
tables of other values would doubtless be a great convenience 
to those who have to use the formule. 


4. Particular solution. 
We have seen that a solution of the equation 
0% ld mdi 
or rar w dt 
is i = I,(mr vt ) e" 
= (ber mr +2 bei mr)(cos wt +e sin wt). 
Hence, since both the real and imaginary parts of this 


solution must satisfy the differential equation, we see that a 


particular solution may be written in either of the following 
forms: 


i = (A ber mr + B bei mr) cos wt 
+(—Abeimr+Bbermr)sinwt, . . (33) 
t= (A? + B?)1(ber? mr + bei? mr)? cos (œt —e), . (34) 
where A and B are constants, and | 
tan e = (—A bei mr +B ber mr)/(A ber mr + B bei mr). 


or 
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For a solid core and an infinitely thin return conductor of 
infinite conductivity this solution suffices, and is the one 
given by Kelvin. When, however, the core is hollow * or 
when we wish to take into account the effects of the return 
conductor, the complete solution has to be found, as the 
above solution cannot be made to satisfy all the boundary 
conditions. 


5. The ker and kei functions. 


Imitating Kelvin we shall write the second type of solution 
of (B), namely K (mr Vi), in the form ker mr +c kei mr. 
Substituting z ye for x in equation (2) and equating the 
coefficients of the real and imaginary terms on the sides 


of the equation, we find that 
ker x = (a—log x) ber x + (7/4) bei z 
x x 
pe —(1+4) gf gat +4+4+4) oo at greg (39) 


kei z = (a— log x) bei e—(2/4) ber x 
6 
t5-Utd+Dorgrgtes «+ + o (36) 
where #=0°1159315.... 


6. Approximate formule for the ker and kei functions. 


When z is small, we may use the following approximate 
formule, which can easily be proved by (5) and (6) :— 


Tw mêr? 


mT mè mirt 3 
ker mz = a — log m+ y e a Wa ag 3—log mz) “64. 4 s 92. 42 6? ° (37) 


mx? 47 _ 
+7 ° 
l mmr mr m mix 
ear! em a a a, eas S Be a ene eee : 
ker’mz = tia (a+ $—log mr) ig EE ce (39) 


Mev 


kei mz = —7+(a+1~log mæ) —) EG +1}—log ma) se E a (38) 


and 


me rms 


kei! mz = (a+ 3—log mr) = +7: e eti- log m) st rE 7 - (40) 


è The solution given in Mascart & Joubert, vol. i. p. 719 (1897), for 
the effective resistance of a hollow inner core is incorrect. 
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When mz is small we see that 
ker mz = a—log mz and kei mr= —7/4, approximately; 
and hence, when mz is very small, we may write 
ker? me + kei? mz = (log mz}. . a (41) 
When z is not small we get suitable formulæ for calculating 
these functions by noticing that 
0 = =r ita tbe 


is also an approximate solution of (17). Hence, finding 
a series in descending powers of x for 0, and determining 
the constants by (4), we find that 


kerz = q/ Zet cos g, e. 6 e « (42) 


and == 
° T a » ' ‘ 
keiz =q4/ Ze snf’,. . . . (43) 
where 
Pek bE as l }_ 2 _ -B 
* = V8 Bae 384V9— 1282tt + (44) 
and ; L T 1 1 29 
= te CS aa cee ne 5 
B 72 8 8v3; 160?* 384/95, (45) 


It will be seen that a’ and 8' can be deduced from the 
formule for a and £, (18) and (19), by merely changing the 
sign of x in the latter. In making calculations it is best to 
use the formule obtained by writing —z for x on the right- 
hand side of the equations (22) and (23). 

By differentiating (42) and (43) we find that 


1 1 1 
ker’ x = —ke fe savas 
821/21 808 Ia 
x 1 1 1 
tkeiel atia an} > e + (46) 
kez = —ke ti 1 1 
tel atria 8 


—keie{ l 4. ee l 


and 


o 


1 
v2 2e 8v2 


e- 


ATR 
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We also have : 
s Te g 43 
X (r) = Ker? x + kei? z = F i (48) 
and i i 
Y (e) = ker’? + kei’? — Xia + 


mI 
m Ta me m 50) 
ker mz = Inne Y? cos Tata) ( 
_—_—_ mr 
Wo mr m | (51) 
kei me = — Ima * sin (ey? 
5 € cos(22_ m) (52) 
ker'mz = — 2me VI 
n mr 
and ane Yain ( J re) 
kei’ mx = LME 


ning both Junctions, 
le containing 
7. Formu 


ire the following formule, als 
requ 
a me is small, 


i me kei’ me 
: me + bei’ me 
S. = ber’ me ker’ 

c 


0, in our solutions. 


mE (a +3—log me) 
= | 


37 mbes . (54) 

mice (a—log mc) +z 42 62. 8’ 

+ 12.64 
12. 


“7 
ker mec 
and bei’ mc 
T= 


he 


ig 
cos mc 4/ =p 
Se = — 2me 


e 
è 

e 

e 


5 (57) 
sin me v2 ¢ a ot Se & 
i eae ae 
and 


AND Hy 


On the aU 
that the Complete 


= (A ber mrt 


+(~A} 
where A, B,C, 


Il. Tag For 
IsDter 
NN 

In order t 
that the inne: 
and that the 
inner d e 
value of th 

ductors, al 

Material se 

the Condy 
aTe const. 
leakage | 
assume, 
18 paral 
Potent: 
to this 
Le 
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8. The complete solution. 


On the assumption that ¿i follows the harmonic law, we see 
that the complete solution of the equation (A) is 


i=(A ber mr + B bei mr +C ker mr + D kei mr) cos wt 
+ (—A bei mr +B ber mr—C kei mr + D ker mr) sin wt, 
where A, B, C, and D are constants. 


III. Tae FORMULÆ FOR THE EFFECTIVE RESISTANCE AND 
INDUCTANCE OF A CONCENTRIC MAIN WITH A SOLID 
INNER CONDUCTOR. 


In order to simplify the problem, we shall first suppose 
that the inner conductor is a solid metal cylinder of radius a, 
and that the outer conductor is a coaxial hollow cylinder of 
inner and outer radii b and c respectively. Let yu be the 
value of the permeability of the metals forming the con- 
ductors, and let w’ be the permeability of the insulating 
material separating them. Let p be the volume resistivity of 
the conducting metal. We shall suppose that pw, p’, and p 
are constants and, for the present, that both the capacity and 
leakage currents in the dielectric can be neglected. We can 
assume, therefore, that the flow of current in the conductors 
is parallel to their common axis, and hence, that the equi- 
potential surfaces in each conductor are planes perpendicular 
to this axis. 

Let us now consider the current in a cylindrical tube of 
unit length in the inner conductor, whose inner and outer 
radii are r and r+dr respectively. If e, be the potential 
difference between the ends of this tube, the equation to 


determine the current-density i in it is, by Ohm’s law and 
Faraday’s law, 


eı = (p/2rrar)(t. 27rdr)+0d¢d/dat 
= pi +òp/dt, ° e A . ° ° e ° ° (59) 
where $ is the number of magnetic lines linked with the 
current in this cylindrical tube. 


By hypothesis, the equipotential surfaces in the inner 


conductor are planes perpendicular to the axis. Hence e i3 
VOL. XXI. 2x i 


(58) 
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independent of the value of r, and thus 


0=p% +2 0 ...... 60 


From the symmetry of a concentric main, we see that the 
intensity of the current is the same at all points equidistant 
from the axis. Hence, since the magnetic force outside an 
infinite cylindrical tube, carrying a current flowing parallel 
to its axis, is the same as if all the current were concentrated 
at this axis, we have, at all points of the inner conductor, 


$ = uf" 2 Òr+2p'I log ref ae Ao (61) 


where I, is the algebraical sum of the currents flowing 
through the cross section of a coaxial cylinder whose radius 
is v, I is the total current flowing in the inner conductor, 
and I’, is the sum of the currents flowing in the tube of the 
outer conductor whose inner radius is 6 and outer radius 
is z. 

By differentiating @ with respect to r, we get 


Od 2af h 
or = re aon 
and hence, by (60), 
ae _ dap à: 
Por r r3” e . e e ry (62) 


and finally, by differentiating, 


Sigl OF O ns ee oe HOD) 


Writing 


m? B dae = wef 7 e o >è œ (64) 
p P 
where f is the frequency of the alternating currents, we see 
that the value of 2 is given by (58). 

Let us suppose that the current-density along the axis of 
the cylinder is given by i=ipcosæt. At the axis r is zero ; 
and since ker 0 is infinite both C and D must be zero, as 
otherwise the current-density would be infinite. Since 
also berO=1 and bei0=0, we have A= and B=0, 


and thus 
t=2, ber mr cos wt— i, bei mrsin wt.. . . (65) 
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It is easy to verify by the help of the equations 
fr ber mrdr = (r/m)bei’mr . . . . (66) 
and fr bei mrdr = —(r/m)ber'mr . . . (67) 


that this value of 7, which is the same as that given by 
Kelvin, satisfies (62). It therefore gives the solution of 
the problem of finding the current-density at any point in the 
substance of the inner conductor., 


From (65) we find that 

I, = 2m | "ir Or | 
= (2r/m) r bei’ mr . io cos wt + (27r/m) r ber! mr . ty sin wt. (68) 
Putting r equal to a in this equation, wo get for the total 

current, 

I= (2zr/m) a bei! ma. io cos wt + (21r/m) a ber! ma . io sin wt. (69) 
By differentiating this equation with regard to t, we 


find that 
ol F pa 
T = — (27rw/m) a bei’ ma. ty sin wt 
| + (27rw/m) a ber'ma .i, sin wt, (70) 


and hence, solving these equations for igcoswt and t sin wt, 
we get 


; m bei’ ma mber ma Ol 

aang 2maY (ma) = 2arawY(ma) ot? ` (71) 
and 5 pf mber’ ma, m bei! ma ol (72) 

w SIN ON oray (ma)  2rawY (ma) ot 


Let us now consider the currents in the outer conductor. 
Let 7’ be the current density in this cylinder at a distance r 
from the axis. Let æ be the potential-difference per unit 
length measured from the distributing station to the alter- 
nator, #” being considered positive when flowing in the same 


direction. 
We have, therefore, 


e' = (p/2rrdr)(27rdr. 7’) —d¢'/0F 
= pi—dOg’/Ot,. - 6 2 es se (73) 
where p= fae. ma) 


” £ 
2x2 


rT Ər = —2u(I~T!) 


Also, since we h i 
’ ave gs (78) 
we get from ( 73) and (sy that ¢” does not vary with r 
pò Amy (" 3; 
ò! r J,” ge OF; (16 


and thus On 1D m si 
ò rÒ wo L 

By (58), the solution of Ure 
a" = (A ber mr4 B bei mr+( ker mr- written as follows:— 


D kei ma): 
+(—A bei mr + B ber mr—C kei m kei mr) ig cos wt 


r+ D ker mr) i, sin of, 

where A, B, C, and D are consta Blt (78) 

determined from the data of the ie Which have to be 
Now noticing that ` 


fr ker mr òr = (r/m) kei’ mp o.. (9) 
and frkei mr òr = — (r/m) ker mr, . . (80) 


we find, by substituting the value of i’ given by (78) in (76), 


that : ; 
A bei’ mc— B ber me + C kei’ me—D ker’ me = 0, (81) 


and A ber’ me + B bei’ me + C ker’ me +D kei’ me = 0. (82) 


By equating also the integral value S 2ari/ar of the 
current in tbe return conductor to the value of I given 


by (69), we get 
A bei'mb— B ber’ mb + C kei! mb—D ker’ mb = -5 bei! ma, (83) 


and g 
A ber! m6 + B bei! mb + C ker’ mb + D kei! mb = = ber ma. (84) 
tions (&1)-(84) completely determine © 

The four are B, C, a D. Hence the current density 


four constants the outer conductor is found. 


at all points °” 


ine the 
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From (73) and (74) we can see at once that 
| d (2(1—l) (85 
e = ply bs, me Os 2 à ( ) 


where i! is the current density on the inner surface of the 
m (59) and (61) that 
outer conductor. We also see from (59) an 


„n bal Ò (e 
e = piat 2u log a ry; THs, X ÒT, . (86) 


where í is the current density on the outer surface of the 
inner conductor. Thus, by addition, 
bol (87) 
a Ot 

Hence writing for i, and ï, their values given by (65) 
and (68) respectively, and also writing for igcoswt and 
isin wt their values in terms of I and Q1/dt from (71) 
and (72), we get, after a little reduction, that 


e+e = RI+LS, a e Goo (88) 


ete! = pit pi, + 2p log 


where 


R = (pm/2maY a) (ber ma bei! ma—bei ma ber! ma) 


pm bei! ma 


Bg ected f A ber mb+B bei mb +C ker mb + D kei mbt 
27aY, 


om ber me {A bei mb—B ber mb + © kei mb—D ker mb}, 
Z27TaXa 


a 2. te. a (89 
and Ga 
L = 2p! log è + Ae (ber ma ber! ma + bei ma bei! ma) 


q 2m ber ma 1A ber mb +B bei mb + C ker mb+D kei mb } 


may a 
4 2p bei! ma {A bei mb — B ber mb + C kei mb — D ker mh}. 
maYa 
* e + e (90) 
In (89) and (90), Ya stands for ber? ma + bei” ma, and 


A, B, C, and D can be found as follows from the equations 


(81)-(84), using the notation adopted in formule (54) 
aud (55) :— 


AY. = —CS+ DT. >... (91) 
BY, = ~C- DSe > +». (92) 


and 


-= ——m — 
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Hence substituting the values of A and B, given by (91) 
and (94), in (83) and (84), we get 


C(YS,—Y.S.) + D(YoT.— Y.T.) 
=-— ; Y.(ber! ma ber! mb + bei! ma bei! mb), (93) 


and _ y,T,—Y.T:) + D(Y.8s—Y.S8.) 
= — Y.(ber! ma bei! mb— bei’ ma ber! mb). (94) 


From these equations C and D are easily found, and then 


A and B can be found from (91) and (92). 


The above formule give the complete solution of the 
problem when the applied wave is sine-shaped and the 
capacity and leakage effects are neglected. 

If the applied wave be not sine-shaped, but if it be a 
periodic function of the time, it miy be expanded in a series 
of sines by Fourier’s theorem; and heuce we could write 
down the solution without difficulty, but it would be very 
cumbrous. 


IV. SIMPLIFIED FoRMULZ FOR PARTICULAR CASES, 


1. Waith direct currents. 


From the next solution, by putting m equal to zero, we 
find that the resistance Ra and the inductance La with direct 
currents are given by 


sas a age A 95 
Ra =g t T= b? (25) 
and EE. 
La = 2p log- +) 
2 puc“ c 3c? — }7 i 
+ (c’ —U*)? log b Aze 2) : (96) 


This value for the inductance agrees with that found by 


Lord Rayleigh *, 


° Phil. Mag. [5] vol. xxi. p. 381 (1886), or Russell’s ' Alternating 
Currents,’ vol. i. p. 53. 
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2. With low frequency currents. 

Substituting the appropriate approximate formule (54) 
and (55) for Se and T. in the equations (91)-(94), and 
noticing that Y,=(m?’c?/4)(1+mi'c'/192) approx., we find 
that 

C Cmt + Cum’, e >è e ° e >œ » e © e (97) 
where 

e(a) _ arb! 
= Tee f—) ~ Xe papp 


and 


= La 2419¢c?—42 
C:= 22, 4. a 1 Der cantik Caer 1—70) 


272,4 
= a 2 ~ a f 14 êb?’ —a—2b* + Bat} 


atta) {io cys 
~43(c2—82)3 83 


abec? 
+ P(e — al g oa 


—D = DmDm, . ge. 9. i Oe Be AIO) 


a*c? 27,2 1 ODS 4 2 ,42),2 
D= z] le a 2b + od b?) 


a?b?c (@—4") 1, 
2.48. (P2) S 


a’h'‘8 vee c 
- ya- pp (8 J 


2 22 7arctm 
a TA E Fa 2 Dym 


ap 8(c? — Be —b4) tHE. 3(c’— 2. 3(c?— t?) 
—C,(4+ ¢— log me)mt, © oe >» œ s. (99) 
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and 
a i + D,\(a+3#— log me) — j T Um? 


n 
T 22,43, 0%. 


© . « (100) 

Substituting these values in (89) and (90), and using the 

approximate formulæ for the functions, we get, after lengthy 
algebraical operations, 


_ E mia’ 
R= 773 1+ 192 


Te 2 19¢' 
+ rs A+ GCst Dy(at+}—log me) + ; - 3 D, m 


where 
ATE C= (e —b*) —? ) bet 
= g O PE g 
{,2¢8 ae 
PpP: = — TETEN ) and £= Eg’ 


It is interesting to notice that the coefficient of m? 
vanishes and that the numerical constants æ and logm have 
cancelled out. This formula is in exact agreement with 
that* given by Oliver Heaviside. It is not quite clear how 
he obtains the formula, but he states that the work was 
“very heavy.” 

In power transmission cables a?=c?—b?, In this case the 
greater the value of b the smaller the value of p,+ p:Æ + p3é?. 
In power transmission cables, when the frequency is not 
greater than 50, the increase in the effective resistance of 
the outer conductor due to the skin effect is negligibly 
small. 

We find in a similar manner that 


a‘ 
L=lu— 5-795” 


-UMEME AE HNE m, . . (102) 


* Electrical Papers, vol. ii, p 192 (72\ 
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where x 1966+ 103 6°? —41/,' +3? 
= 27, 42, 6? (2 — b?) a 


14t (2 2—3) 


MET p, p, (EB? 
b cê 
N= RELE 
bic’ 


M= TCI and E=log;. 


Heaviside * gives the formula as if the coefficient of mt 
were zero. The term —(ya‘/384)m* can be deduced from 
the formula given in Gray and Matthews’ ‘ Bessel’s 
Functions, p. 160, as the “ self-inductance ” of a cylindrical 
conductor. 

Formula (102) shows that at low frequencies the inductance 
diminishes as the frequency increases, the effect being more 
pronounced the thicker the shell of the outer conductor. 


3. With high frequency currents. 


When ma is greater than 5 we can use the formule (50) 
to (53) for the ker functions and the corresponding formule 
for the ber functions. Substituting these values in (89) and 
(90) we get, after a little reduction, 


pak" A i 83 
7 i + oma t 8 \/2mta? 


pm sinh m(c—b) 2 + sin m( cb) y2 


oe LOO 
E 2mb V2 cosh m(c—b) V2— — cos m(e— b) v2 vane 
and 
= 2wlog? Go (ee _ 3 
L= 2p log ~ + E ( y2? 8 V2m2u? T ma) 
E Va— 2 
24 sinh m(e—b) v ¥2—sin m(e—b) V2 (104) 


mb y2 cosh m(e—b) y? + cos at ) 2° 


* ‘Electrical Papers, vol. ii. p. 192. [Dr. Heaviside has pointed out 
to me that he was only giving the first term correction to R+Lot, and 
thus it was unnecessary to give the coefficient of mt in (102). ] 
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It is to be noticed that R becomes infinite when b=c, but 
L becomes 


2p' log (b/a) + (2p/ma) (1/ 7 2—3/8 f 2mPa? —3/8mIu3). 


The first term in (103) gives the resistance of the inner 
conductor and the second that of the outer conductor. In 
(104) the first term gives the linkages of the magnetic flux 
in the dielectric with the current in the inner conductor. 
The second term gives the linkages of the magnetic flux in 
the substance of the inner conductor, and the third the 
linkages of the flux in the outer conductor. 


4. With very high frequency currents. 
When the frequency is very, high, provided that c be not 
nearly equal to b, we may write 


pm pm 


2ra,/2* Qnb/2 
=V) + + + (103) 
Similarly when ma is very great we may write | 


be 2u'tog? + Pa / 2 (5+ 5) - (106) 


We see, therefore, that as f increases R continually 
increases, but L approaches the value 2’ log (b/a) asymp- 
totically. Whatever the frequency, we see that the value 
of L lies between the value given by (96) and 2y' log (b/a). 
lt is easy to see that it has the latter value when the 
currents are confined to an infinitely thin skin on the 
outer and inner surfaces of the inner and outer conductors 
respectively. 

Formule (105) and (106) agree with those given by Sir 
Joseph Thomson (see ‘Recent Researches,’ p. 295). They 
are also given in Heaviside’s ‘ Electrical Papers,’ vol. ii. 
p. 193. 


R= 
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V, Tae DENSITY OF THE CURRENT IN THE INNER 
AND OUTER CONDUCTORS. 


1. With low frequency currents. 
For the inner conductor we find from equation (65), that 
si) {X(mr) p? cos (@t +E) » = > (107) 
where tan e =bei mr/ber mr. 


Tt is known * that X (mr) always increases as mr increases. 
Hence the amplitude of the current density is always greatest 
at the surface of the inner conductor and least along the 
axis. When the sixth and higher powers of mr can be 
neglected (L07) becomes 


i= i (l + m'r'/64) cos (wt +e), - e (108) 
where tan e=m°r/4. 
If mr=1, (107) gives 
i=1:015 i, cos (wt + 14° 15’), 
and (108) gives i= 1:016 ip cos (wt + 14° 2’). 


Hence when mr is not greater than 1, (108) may be used. 
Even when mr=2 the inaccuracy in the value of the ampli- 
tude of the current density given by (108) is less than 
2 per cent. In this case the amplitude of the current- 
density at the surface of the conductor is about 23 per cent. 
greater than at its axis, and the current along the axis lags 
by about 52° behind the surface current. Š 

Similarly when me is small, we find by (78) that 
Ti <a f ye i 
‘a ZP g 108 m} cos wt. $ (109) 
Hence the amplitude of the current-density in the outer 
conductor diminishes as r increases. 


3. With high frequency currents. 


In this case, by (20) and (21), we get for the inner con- 
ductor 
i emri N3 mr 


e z aA 
-= aa (ott 2 3) . + (110) 


* Russell's ‘ Alternating Currents, vol. i. p. 3738. 
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Similarly in the outer conductor we find that 


ema V2 fq ‘ye ie m(c—r)\/2 + cos m(e—r) v2 
= /2nmr coshm (c—b),/2—cos m(e—b)\/ 


ak cos (wt + 9), 


(111) 
tee 2 mic—r)' N3 
where sin e, +e sin € 
tang= & et a 
—mi(e—ry N? nie—r) v2 ? 
€ cose + € COS €z 
and mr Tr mr ge 
E= —_ Ò + Th 


A + g? 


S278! 
tan y= tan b= k» and y—S=me V2. 


Since {cosh m(c—r) 2+ cos m(e—r) V2} /r 


continually diminishes as r increases, we see that the ampli- 
tude of i always diminishes as r increases. 


VI. Concentric MAIN wira HoLLow INNER CONDUCTOR. 


Let us suppose that a, is the inner radius of the inner 
conductor. The solution (58) for the current-density i still 
applies. Assuming that i=2, cos wt, when r is a,, we get two 
equations connecting the four constants A, B, C, and D. 
The equation corresponding to (62) is now 


i " di 
pot — “tH raar . (112) 
Substituting the value of + in this equation and equating 
the coefficients of cos wt and sin wt in the resulting equation 
to zero, we get two other equations connecting the four 
constants, and hence they can be found. 

Adopting the method suggested by O. Heaviside *, however, 
the values of the effective resistance of each tube may be 
written down at once from the formula given above. From 
formula (101), for instance, the resistance Ry of the outer 


* ‘Electrical Papers,’ vol. ii. p. 192. 
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conductor is given by 
4 
p (Ta bt) (BY) | _ PP logs 
R= Tei) k i m$ 192 + gi °F 5 


bee’ c \? ] 
—_ a oa = e e e 1 1 
eo) (log, ) f (Ee 


To deduce the resistance R;of the inner tube we write a 
for b, and a, for c in the coefficient of mê, and noticing that 
the area of the cross section is now m(a?—a?), we get 


2 72 a_n? 2.4 
R p [rem wn a ) + a ai log 


= 7(a— ai?) 8(a? —a,”) ay 


aza,® a \2 
~ ams (one) yy. . (114) 


For a given cross sectional area 7(a*—a,’) we see from 
(114) that the coefficient of mê diminishes as a, increases. 
Hence, at low frequencies, making the inner conductor hollow 
diminishes the skin effect. Similarly for a given cross 
sectional area, the larger the outer tube the smaller the 
effective resistance of the tube. 

From (103) we see that at high frequencies the resistance 
R, of the outer tube is given by 


Rea’. sinh m(c—b) V? + sin m(e—b) V2 
Inb VB cosh m(e—b) V 2— cos m(o—b) V2 
Hence the resistance R; of the inner tube is given by 
2ra V2 cosh m(a—a,) V2— cos m (a—a,) V2 


The difference, therefore, between the effective resistance of 
a tbin and a thick inner tube having equal outer radii is 
very small at high frequencies. 


. (115) 


VII. THE ĪMPEDANCE OF A CONCENTRIC MAIN. 


If the length of the main be very long compared with its 
diameter and the insulation resistance of the dielectric be 
very high, the assumption that the current flow is linear is 
permissible. In this case, if e be the potential-difference 
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between the i 
mains at > 
alternator, we have* a point at a distance z from the 
di 
ol’ 


and _Õi e de 
Or § tK? 


de 
— 5, =R+L 


ct 


where K and : 

hat es ce preg eine the insulation resistance 
; ength. In thes i 

aar e pa the values found earlier in the ee : 

ave to substitute these values in the well-knowe ne 

res- 


sions for the impedance of the main 


VIII. NUMERICAL EXAMPLE. 

Tn connexion with the transmission of electric power at 
low frequencies, the question of the magnitude of ahs ki 
effect in three-core cables has been recent! pean | ty 
engineers. As the question 18 one of aie aie diffcalty 
owing to the very complex nature of the magnetic fel 
inside a three-core cable (see Russell, ‘ Alternating Currents, 
vol. 1. p. 321), it is important to know what are the ne 


oncentric main. 
at the inner core is solid and that me 


is not greater than 2, so that we may use formula (101). 
Let the radius of the inner main be one centimetre. Fora 
very high pressure cable a suitable valuet of b would be 
9:4 cms. Hence, since the section of the outer conductor 
is made equal to that of the inner, cis 2'6 cms. Substituting 
these numbers in the formula, we find that 
R_2 (14% as, 
B(1+ 755) +5 (1+ 192 ) 
where Z is the length of the main in centimetres. 
With the frequencies used in practice m ig not very 
We sce that the skin effect increases te 
by about the half of one 


different from 1. | 
resistance of the inner conductor l 
the effective resistance of the 


per cent., and the increase in 
yol. ii. p. 458 et #¢9- 


‘ Alternating Currents,’ 
lectric Cables and Networks, P- 203. 


sponding losses in a c 
Let us suppose th 


s Russell, = 
t Russell, ÉE 
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outer conductor is less than the hundredth part of this. 
For a low voltage cable we might have c=5/3 and b= 4/3. 
In this case 


R p 2) p ( 0:059 m* 
and hence the increase in the loss of the outer conductor is 
only about the twentieth part of the corresponding quantity 
for the inner. If the return conductor were a tight-fitting 
tube so that b= [1 and c= y2. the formula becomes 


si >) 4 0148 m! 
+i93)+ 5 P (1+ 192 


Even in this case the increase in tho loss of the outer is less 
than the fifth part of the increase in the loss of the inner, 
although the losses for very high frequencies would be 
practically the same in each conductor. 

If the main consisted of a hollow inner conductor whose 
radii were 1 and ,/2 respectively and an outer conductor 
of radii 2°6 and 2°4, then we would have 


R p/, 0105m m 00072m) 
T=eQ 192 )+ Pit — 92 


Hence, making the inner conductor hollow has > 
reduced the losses due to skin resistance. It will also be 
noticed that the losses due to this cause in the (1, 4/2) 
cylindrical conductor are about 30 per cent. less when the 
return current is outside it than when it is inside it. 

It is easy to see that if the current returns by a fine con- 
ductor in a minute hole along the axis of a cylindrical 
conductor, the increase in the losses for low-frequency currents 
will be nearly seven times greater than if it returned by a 
concentric tube outside the conductor. 


IX. VALUES oF m FoR COPPER CONDUCTORS. 


The volume resistivity of high conductivity annealed 
copper at 60° F. (15°°6 C.) is 1696°5. Hence 
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Assuming that w=1, we get the following table :— 


| i | m. | f. m 

5 | 0:4824 | 100 2:1573 
10 0:6822 200 3-0509 
15 0:8355 300 3-7366 
20 | 0-9648 400 43147 | 
25 1:0787 500 4 8240 
30 1:1816 1000 6:8221 
35 1:2763 | 5000 15:255 
40 1'364 | 10000 21:573 
45 1:4472 | 100000 68-221 
50 1:5255 | 1000000 215-734 

| 
DISCUSSION. 


Mr W. DUDDRLL congratulated the Author, and remarked that the 
results obtained in the paper would be most useful. It was, he said, 
customary in dealing with high-frequency currents to use several parallel 
insulated wires instead of a single wire in order to increase the surface 
and obtain greater conductivity. He asked the Author to what extent 
it was advisable to do this. He also asked how far it was valuable to 
silver-plate copper wires for high-frequency currents. 

Mr A. CAMPBELL observed with regard to Dr. Russell's warning that 
inductance standards might be greatly dependent on frequency, that 
well designed single-layer wavemeter coils of highly stranded wire (e. g. 
7/36°) did not show according to his experiments a variation of more 
than 1 or 2 in 1000 in their self-inductance for frequencies from 0 up to 
1,000,000 ~ per second, the actual inductances being from 10 to 200 
microhenries. 

Dr W. H. EccLEs remarked that in high-frequency work the re- 
sistance of a conductor depended on the nature of the surface. If a 
copper wire tarnished its resistance altered. Uniform results could be 
cbtained by lacquering the wires. He congratulated the Author upon 
the mathematical results obtained. 

Mr B. S. Conen said that a knowledge of the variations with fre- 
quency of effective resistance and inductance of copper conductors was 
of considerable importance in connexion with telephonic transmission, 
and it was to be hoped that Dr Russell would extend his valuable 
investigations to conductors lying side by side. The heaviest gauge of 
conductors met with in general telephonic practice is 2°85 mm. in 
diameter in the case of cables, and these conductors are separated by 
about 2:5 mm. of combined paper and air dielectric and twisted together 
with a lay of about 15 cms. 
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In the case of overhead open wires, the largest conductor in general 
use is 4 mm. in diameter, although in a number of cases a 5°69 mm. 
conductor has been used. The mean axial distance apart of these con- 
ductors is about 35 cms. as they are rotated in sets of 4 in a foot square. 

Applying Lord Rayleigh’s formula for effective resistance in these 
cases we get, for a frequency of 1500 ~, an increase of l per cent. in 
effective resistance over steady current resistance in the case of the 
2:85 mm. eable wire. A frequency of 1500 ~ can quite safely be taken 
as the maximum frequency which is of any importance in speech 
articulation. The increase with the 5°69 mm. open wire at this same 
frequency is 12 per cent., and with the 4 mm. wire it is 3°55 per cent. 
In a table given in a well-known Pocket Book, a 5'69 mm. conductor is 
stated to increase 15 per cent. in effective resistance at 1500 ~, and he 
noticed that this figure had been adopted by one writer on telephonic 
matters. Mr G. M. B. Shepherd some time ago worked out the decrease 
in inductance with frequency for wires lying side by side by both 
Heaviside’s and Rayleizh’s formuls. The following percentage varia- 
tions between O and 1500 ~ were found for 5:69 mm. wire :—L ‘37 per 
cent. decrease; r ‘22 per cent. increase. This is very small, and is due 
to the fact that most of the inductance is due to the field between 
wire and wire. On the other hand, increase of resistance in this wire 
at 1500 ~ means an increase in attenuation of 12 per cent. 

In the case of 5°69 mm. conductors 33 cms. apart, the inductance as 
calculated by Maxwell’s formula amounts to 3:2 millihenries, which 
would reduce the attenuation constant to one-fifth of its value at 
1500 ~. It is very desirable therefore to know the order of decrease of 
inductance with frequency. 

Lastly, I should like to ask Dr Russell whether he thinks that the 
presence of the adjacent conductors in a telephone cable or open wire 
route is likely to modify the skin effect to any decided extent. 

Mr PATERSON expressed his interest in the paper, and asked if the 
formula given for the effective resistance of the core of a concentric 
main would be of the same form if the outer layer were removed. He 
also asked if the skin effect in the outer shell would be altered if the 
shell were cut parallel to ite length and laid flat. 

Prof. C. H. LE&s pointed out that a change of sign in one of the early 
equations would lead to the use of the Bessel J function instead of the 
I function. 

Dr DRYSDALE congratulated the Author, and wished to make a 
suggestion from the point of view of facilitating the use of these 

and other calculations. Electrical measurements frequently neces- 
sitated the employment of higher functions, and this involved either 
troublesome calculations or the compilation of bulky tables. He had 
therefore been led to try whether graphical methods could not be 
employed. The plotting of a function f(x) graphically could only give 
values to a low degree of accuracy, but if some simple empirical formula 
y=) were found which approximated to the required function, it was 
possible to express the true value f(x) in the form r(x) or (2) +a, 
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where r or a might be termed a correcting factor or term, which only 
varied between comparatively narrow limits. By employing a curve in 
which log ror a was plotted against x, it was frequently possible to obtain 
values of a function from a single curve correct to l in 10,000 or closer, 
and which greatly assisted interpolation. He had found this of great 
service in dealing with elliptic integrals, and solid angles, and thought 
that it might perhaps also be applied to the ber and bei functions. 

The AUTHOR, in reply to Mr Duddell, stated that in his opinion 
stranding and insulating the strands of the wires used in wireless tele- 
graphy would not diminish the skin effect, if the strands were parallel to 
the axis of the wire. It would probably increase it. Silver-plating the 
wires would be beneficial. The distribution of the high-frequency 
current on the surface of the wires can sometimes be found by remember- 
ing that the distribution is such that no magnetic induction is produced 
in the metal. The corresponding electrostatic problems are consequently 
of great help. Mr Campbell’s experimental results were interesting as 
they show that it is possible to make coils of low time constant so that 
frequencies even as high as a million have little effect on their inductance. 
These coils, however, are of little use for many experimental purposes. 
With ordinary laboratory coils a frequency of 10,000 will alter their 
inductance 2 or 8 percent. If we have two parallel cylindrical wires 
practically touching, the inductance will alter from 3°7726 cms. per unit 
length to practically zero as the frequency is increased. 

Dr Eccles rightly lays stress on the importance of keeping the surface 
of the wires used in wireless telegraphy in good condition and careful 
lacquering would be very beneficial. Mr Cohen’s data about the tele- 
phone cables used in long distance transmission are most interesting. A 
piece of metal adjacent to the wire would in many cases modify the skin 
effect, but it would be difficult to deduce any general rule as the main 
current is affected in different ways by the induced eddy-currents in the 
neighbouring metal according to the relative positions and magnitudes 
of the metal and wire. Mr Paterson’s question was rather hard to 
answer. In the hollow tube the current-density was a maximum at the 
outer surface. When split open and laid out flat, the current-density 
would be a maximum at the edges. In both cases, the uneven distribu- 
tion of the current leads to an increase in the apparent resistance. But 
which would be the greater he could only determine by calculation. In 
reply to Professor Lees, he stated that he had first given the Kelvin 
functions in terms of Bessel’s J function, but he had changed it to the I 
function as this made a + instead of a — in the fundamental definition. 
Dr Drysdale’s methods of calculation would be convenient in the case of 
the elliptic functions, but it would not be so easy to apply them to 
periodic functions of continuously increasing amplitude, 
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XL. A Laboratory Machine for Applying Bending and 
Twisting Moments simultaneously. By Professor E. G. 
CoKER, M.A., D.Sc., of the City and Guilds of London 
Technical College, Finsbury *. 


[Plates XXV. & XXVLJ 


APPARATUS for applying simple tension or compression 
stresses, and also for applying bending or twisting moments 
to materials, are in common use in laboratories, but such 
machines are, as a rule, not very well adapted for experi- 
ments on combined stresses, although the frequency of such 
cases in practice make it very desirable that experiments 
on the effects of combinations of stresses should be carried 
out by engineering students. This is particularly the case 
with shafts which are generally subjected to stresses due to 
combined bending and twisting moments. The present paper 
describes a machine built by students of the City and Guilds 
Technical College, Finsbury, in which uniform bending and 
twisting moments can be applied simultaneously over the 
whole length of the specimen, and in any desired proportion 
to each other. 

The machine is similar to one designed by the author for 
the testing laboratory at McGill University, Montreal, but 
with some modifications suggested by experience with the 
earlier machine. The principle on which the design is based is 
illustrated by fig. 1 (PI. XXV.), in which a rod R is suspended 
at intermediate points A, B, by wires C, D, depending from 
a fixed support E. The equal overhanging ends of the rod 
are loaded by weights W, so that the applied couple between 
the points of support is uniform and of amount Wa, where 
a is the length of the lever-arm. The rod is also twisted by 
weights Wi attached to equal arms of length b, so that there 
is a uniform twisting moment of amount W, between the 
points of suspension. The two systems of loading are 
independent and their ratio can be adjusted to any value 


desired. a 
In carrying out this arrangement in practice it is con- 
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venient to arrange that one of the levers for applying the 
twisting moment shall always remain in a horizontal position, 
and that the other shall be capable of turning through an 
arc to bring the first lever back to zero after each application 
of the load. The most convenient way of carrying this out 
is to replace the adjustable lever by a worm and worm-wheel 
gear secured in a casing and turned by a hand-wheel. To 
allow freedom for bending the worm-wheel casing must be 
pivoted to rotate around a line intersecting the axis of the 
specimen and perpendicular thereto, and this method of 
pivoting must also be adopted at the horizontal lever. This 
arrangement only differs from that of the perfectly freelv sus- 
pended arrangement shown by fig. 1 (Pl. XXV.) in fixing one 
point of the rod, and this has the indirect advantage of stilling 
vibration which is troublesome in the freely suspended bar. 

The arrangement described above is carried into effect in 
the manner indicated by figs. 2, 3, 4, and 5, showing the 
apparatus in side elevation, end elevations, and plan 
respectively. 

The various parts are supported in a built up frame con- 
sisting of two planished steel shafts, A secured in cast-iron 
cross frames, B mounted on four standards, one of which 
latter is adjustable in height to secure steadiness on an uneven 
floor. Upon the steel shafts are two castings C, D, each of 
which has a cylindrical bearing E encircling one of the 
shafts and resting with a flat face F in line contact with the 
other shaft, and secured in position by a cross-bar G threaded 
on studs. This connexion is perfectly rigid, since it removes 
all degrees of freedom and it is readily released by simply 
turning back one of the cross-bar nuts, leaving the casting 
free to slide into a new position. It also has the advantage 
that no accurate fitting is required for the supporting frame. 
The casting C carrying the worm-wheel gear W has trunnion 
bearings IL at right angles to and intersecting the axis of 
the specimen. The bearings are fitted with friction rollers, 
and when the machine is used simply for torsion the worm- 
wheel is kept in a vertical position by an arm I keyed to the 
bearing H and locked in position by a thumb-screw. A 
weight J attached by an arm to the second bearing balances 
the pivoted casing in all positions. 
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The weigh levers are supported from a vertical standard 
K of the frame D by a wire L, terminating in a thin plate 
M with a keyhole slot encircling the spindle N. Formerly 
a roller bearing was used for this spindle, but this is an 
unnessary refinement as the friction is extremely small, and 
can be easily taken into account. The casting supported in 
this way has three levers, P, Q, and R, the first two of which 
are for the application of twisting moments 8, and the third 
R, in the line of the specimen, is for applying a bending 
moment. 

All the loading levers are provided with knife-edges S, 
fig. 6, of circular form, made by turning an ordinary Whit- 
worth nut down to form a disk witha V-shaped edge. These 
disks carry rings T with wide angled V-shaped recesses on 
the inner sides, and light rods V screwed into these rings 
carry the weights. This arrangement of knife edge is very 
easy to adjust accurately, and when bending and twisting 
stresses are applied simultancously the rolling line contact 
adjusts itself to the bending and twisting of the specimen. 
The bending of the specimen causes a change in the effective 
arm of the bending levers, which is generally negligible, but 
a correction may be necessary with a very long specimen. 
For if a is the length of the lever-arm and b is the radius of 
the circular knife-edge, an angular deviation of amount @ 
will cause a change of a—(acos@+bsin 0) in the lever- 
arm, and this is zero when @=0 and also when a=a cos @ 
+bsin 8. 

In the machine described a is 10 inches and d is 0°5 inches, 
and the angles @=0 and 0=5°75 both correspond to an 
effective length of 10 inches. The maximum correction 
between these values is easily shown to be at an angle @ 
given by the equation bcos 0=a sin 0, in the present case 
2°-9 approximately, for which value the correction is 0-12 
per cent. For values of @ greater than 6° the correction 
increases more rapidly, and its amount may be obtained from 
the diagram, fig. 7, which shows the percentage error for all 
angles upto 10°. In the majority of tests the angular chan ge 
at the ends rarely exceeds 5°, and the correction is therefore 
so very small as to be practically negligib'e. 

The worm-wheel W and the casting V for the weigh- 
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levers : 
nee car arr ae ceive the ends of the specimen, and 
key-ways cut in th ‘i key s which slide in correspondin 
stress they are a When tubes are subjected ; 
pins, thereb avoid; ed with solid ends secured by transverse 
a Re ae brazed joints since these latter are 
By the basin ae to the state of the metal being altered 
the cal ig aa ETa pee ee 
: with a lever X f i 
K a b nd both levers for bending may wand 
en l 
shown in fig 2. y a cross-bar suspended from stirrups as 
A photograph of the machine i 
: i ; s shown by fig. 8 (PI. XXVI. 
with a specimen inserted which has failed Aan the pears 


effect of bending moment and twisting moments. 


Measurement of the Strains. 


. The worm-wheel is graduated in degrees and a vernier 
circle enables 0'1 of a degree to be read with ease, while in 
order to start with a zero reading this vernier is carried ona 
ring sliding in a groove in the casing so that it can be 
adjusted to any angular position. This arrangement measures 
the twist on the whole specimen, and includes any motion 
due to back-lash in the keys and keyways during a test it 
is therefore only suitable for Measurements with long wires 
having substantial ends, and for plastic strains in which the 


end effects are negligible in comparison, 
For observations within the elastic limit the author prefers 
which is secured to the specimen 40 


to use an instrument * 


is self-contained. 


This instrumen nally designed to measure the 


t was origi i 
angle of twist within the elastic limit, and with some rece? 
alterations 16 can be adjusted in 4 few seconds for measuring 
the angular change due to bending. The calibration : 
the readings ig effected on the specimen and serves for sa 

bending and twisting. Fig. 9 (Pl. XXV.) shows the app 
ratus in part longitudinal section. 
It consists of a graduated circle A mounted o 
asuring small Torsional Str 


n the specimen 
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B by three screws C in the chuck-plate D. A sleeve E pro- 
vided with three screws grips the specimen at a fixed distance 
away from the first set. 

The spacing of these two main picces on the specimen is 
effected by a clamp, not shown in the figure, which grips the 
double cones F, G, and maintains them at the correct distance 
apart, until the set screws are adjusted. 

The clamp is afterwards removed, leaving the plane of the 
graduated circle perpendicular to the axis of the specimen 
_ and the sleeve correctly set and ready to receive the reading- 
microscope H. 

The vernier plate carries a sliding tube I, on which a wire 
J is mounted, and the movement of this latter due to bending 
or twist is measured by a scale in the eye-piece K, the 
divisions of which are calibrated by reference to the graduated 
circle. It is found convenient to have the microscope-tube 
pivoted about an axis perpendicular to its central line at L, 
so that any slight difference due to imperfect centering can 
be adjusted by the screw M to make the calibration value 
agree for a series of specimens. 

The observation wire may be set at any convenient position 
for calibration, but for observations of the angle of twist 
when the specimen is also subjected to a uniform bending 
moment the wire should be in the central plane perpen- 
dicular to the specimen. For if the bending is in the plane 
containing the axis of the specimen and the observation wire, 
it has the effect of causing new parts of the wire to come 
into view on the scale, but no error is caused thereby. If 
the specimen is bent ina plane at right angles to the former, 
then the change in the reading is (@—@)/, where 0 and $ 
are the alterations of angle at the ends and 2/ is the length 
of the specimen under observation. Since the bending is 
uniform 0=¢ and no correction is necessary. Bending in 
any other plane can be resolved into components in the 
vertical and horizontal planes, and therefore falls under 
the preceding cases. In order to effect the adjustment 
required, both the wire and the microscope slide in adjust- 
able tubes provided with graduated scales, and the move- 
ment to bring the wire into focus is divided between them. 
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To check the setting of ‘ras a 
convenient to apply a alien tae ge AS 
to e if any change takes place a e ee 
; or shi i í 
P. no change in the reading can be found in a few 

In a sha iments where the bending moment is constant and 
the twisting moment is varied, no adjustment is practicall 
required during the elastic life of the specimen; and : 
when the bending moment is variable the aes 
practically negligible, as the length of the specimen under 
test is only a few inches. 

The instrament is used for observations of the angular 
change due to hending by adjusting the wire in the hori- 
zontal plane passing through the axis of the specimen, and 
at a fixed distance away from the central plane, as ahead in 
fc. 7. Thus jf the wire is at a distance x from the central 

d and the apecimen is subjected to a uniform bending 
ading will be (1+ .2)@—(l—«)@=226, and this 

angular change 6 between the ends, since 
olves higher powers of 0 which are negligible 
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to the graduated circle was found to be 10°35 divisions for 
one minuteof arc. The following readings were obtained:— 


Twisting 


aie. Reading A. 
0 0 
100 237 ~ 237 
560 474 237 
300 712 7238 
400 920 — 238 
500 1188 ~ 298 


and the value of C—12,400,000 in inches and pounds was 
determined from these observations. 

The observation wire was then rotated into a horizontal 
position and set at a distance of one inch from the central 
plane. Bending moments were applied and readings were 
observed as follows :— 


Bending 
Moment. ' 
Inch-Pounds. Reading A. 
0 0 
10) 59 -59 
200 118 -59 
300 173 60 
400 939 — 8 
500 297 58 


from which the value of E was calculated. The angular 
change 6, of one end of the specimen was determined 
from the readings R by the formula R=2z0;,, where z=1 
inch, and account was taken of the fact that the effective 
radius of arc was changed from r, to r3 in the new adjust- 
ment of the instrustment so that the angle 6, must be 
multiplied by r,/rə In this instance rı/ra was 1°61 and 
E/C=7r,/r; . 0;/0.=2°485 or E=30,800,000 and Poisson’s 


ratio = ‘245. 
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A tension-test on a similar piece of tube gave E = 30,700,000. 

In addition to its applications for bending and twisting the 
apparatus may be used for testing a variety of cases of com- 
bined stress if a pump is added to give a fluid pressure in 
the interior of tubes. 

The accompanying diagram (Pl. XXV. fig. 10) shows the 
results of tests to failure of bicycle-tubing when subjected to 
(1.) bending, (II.) twisting, and (III.) twisting combined with 


a uniform bending moment. 


DISCUSSION. 


Prof. F. T. TRouTon said he was interested in the experiments from 
the point of view of the viscous flow which occurred towards the end of 
the test. He asked if the flow would be different if the end of the bar 
was unloaded. 

The CHAIRMAN expressed his interest in the paper, and asked if the 
experiments favoured any particular theory of fracture. 

Prof. COKER said he had not yet made many experiments with the 
machine, but thuse made seemed to show thnt failure was due to shear 
stress. He hoped to carry out further experiments on both ductile and 
brittle materials, 


ALI. On the Self-Demagnetizing Factor of Bar Magnets. 
By Sirvanus P. Tuompson, D.Sc., F.R.S., and E. W. 
Moss *. 

[Plate XXVII] 

THIS paper consists of three parts :—(i.) A discussion of the 

significance and definition of the self-demagnetizing factor of 

magnets in general, and of bar-magnets in particular; (ii.) a 

redetermination of the values of the self-demagnetizing factor 

for bar-magnets of circular section; (iii.) determination of 
the values of the self-demagnetizing factor for bar-magnets 
of rectangular cross-sections of various proportions. 


Part I.—PRELIMINARY. ON THE SIGNIFICANCE AND 
DEFINITION OF THE SELF-DEMAGNETIZING FACTOR. 
Between any two magnet-poles, whether they are regarded 
as points, or as regions over which there is a surface- 
distribution of magnetism, there are magnetic forces. In 
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the space between any two point-poles the intensity of the 
magnetic field that is due to these poles, at any point in the 
line joining them, is expressed by the equation : 


= _ ce 
Z (ata? (a—a) 
where the respective strengths of poles are m, and — mg; a 
the half of the distance between them, and æ the distance of 
the point in question from the mid-point between them. The 
value of this expression in no way depends on the material 
in the space between the poles, whether non-magnetic or 
magnetic, or actually magnetized in any manner. 
If m, and —m, are numerically equal, the expression 
becomes : 
24 p3 
FE, = 2m eer 5 
At the mid-point, under the same condition, tho intensity 
has the minimum value of 


FCO 


Dain, = 2M+a?. 

If the space between the two point-poles be regarded as 
occupied by a thin, cylindrical, uniformly-magnetized steel 
magnet the ends of which constitute the point-poles in 
question, then these equations will be the expresions for a 
self-produced magnetic ficld acting in a direction which 
opposes the actual magnetism of the magnet, and tending to 
demagnetize it. Each portion of the filiform magnet will be 
acted upon by a demagnetizing field, strongest towards the 
poles, weakest at the middle. The supposed uniform mag- 
netization of the magnet will of course be unstable, If it 
were produced, even for a moment, there would at once be a 
retrocession of a portion of the magnetization from the ends, 
with a new distribution of the polarity. On the supposition 
that the middle part of the rod retains still its full flux, the 
retrocession of the pole would shorten the effective length of 
the magnet, diminishing the magnetic moment, but increasing 
any self-demagnetizing internal action. This tendency to 
produce a retrocession of the pole may operate to different 
degrees according to whether the bar consist of soft iron, or 
hard tungsten steel. In either case the retreat of the pole can 
be only incomplete ; because if we suppose the pole to have 
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actually retreated by any given amount—for example 1 centi- 
metre—the end piece of that length will now he subjected to 
the magnetizing action of the rest of the bar, and will be 
remagnetized up to a certain point, namely, such that the 
reaction of the magnetism of this piece is equal to the mag- 
netizing action of the whol of the rest of the bar, less the 
demagnetizing reaction of the bar as a whole. The inevitable 
result is a distributed pole. It cannot remain concentrated 
at one point, on the end ; it must redistribute itself along the 
bar with a distribution determined by the conditions of 
equilibrium at every point. 

Also the middle piece of the bar will not be exempt from 
influence, it, too, must diminish its inherent magnetism, 
because even in weak fields the magnetism of the hardest 
steel is subject to eyclical changes; and because any retro- 
cession of the poles is, pro tanto, productive of an increase in 
the se!f-demagnetizing force at ‘the middle. Only in cases 
where this self-demagnctizing force at the middle is less than 
that which suffices to produce an irreversible change in the 
magnetism of the steel, that is only in cases where the bar is 
very long in proportion to its cross-section, can the action at 
the middle be regarded as negligible. 

It is clear then, in general, that for every bar-magnet there 
will be a self-demagnetizing action the value of which, at the 
middle of the bar, depends, for a given intensity of magneti- 
zation, on the length of the bar relatively to its cross-section, 
on the permeability of its parts, and on the distribution of 
its surface-magnetism. Owing to the circumstance that with 
every kind of steel the permeability is neither constant, nor 
stands in any simple or even single-valued relation to the 
flux-density, any calculation of the actual polar distribution 
for rods or bars is exceedingly complicated and indeed 
impracticable. 

As is well-known, the one and only form of magnet that 
is practicable for calculation is that of the ellipsoid, the 
properties of which are that for any and every value of the 
permeability, and when placed in any uniform field, the 
surface magnetism is so distributed that the magnetic force 
which this distribution of polarity exerts in the interior 
is uniform at every point within. Hence the internal 
demagnetizing force everywhere within is constant; the 
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resultant field at every point of the interior (if the structure 
is homogeneous and isotropic) is also constant, and the 
internal flux-density cannot but be uniform. 

Du Bois and others have determined by experiment the 
demagnetizing actions of cylindrical rods of various dimen- 
sions, and have compared them with ellipsoids of revolution 
of similar dimensional proportions. 

In the case of ellipsoids, it is natural to compare the value 
of the intensity of the self-demagnetizing force with the value 
of the internal magnetization f, because both of these are 
uniform throughout the interior. For an ellipsoid of 
revolution of given axial proportions, whether highly or only 
slightly magnetized, both #, the self-demagnetizing force, 
and .¥, are proportional to one another. By definition ¥ is 
the quotient of the magnetic moment by the volume. Fora 
given size of equatoreal cross-section of the prolate ellipsoid, 
the magnetic moment and the volume are both proportional 
to the axial length. But for ellipsoids of given equatoreal 
section and of different lengths, the self -demagnetizing 
force #¢, (for a given <f, or a given m) does not follow any 
simple function of the axial length. For small changes of 
length it is nearly proportional to the inverse square of the 
axial length, but is accurately expressible only in terms 
deducible from a rather troublesome elliptic integral. Max- 
well and Du Bois (following F. Neumann) have given the 
general formule. But because both “%, and ¥ are for an 
ellipsoid of given ellipticity proportional to one another, it 
was quite natural to regard the quotient of the former by the 
latter—that is to say the amount of self-demagnetizing force 
per unit of intrinsic muagnetization—as a sort of natural 
coefficient, and to recognize it as a self-demagnetizing fuctor. 
Du Bois (following Maxwell) assigns to it the symbol J. 
It bas a definite value for ellipsoids of revolution of any 
assigned ellipticity. Thus for an ellipsoid of equatoreal 
diameter 1 and axial length 10, the value of N is 0°2549 
whatever the degree of magnetization. Thus if an ellipsoid 
of this form be magnetized so that ¥ has the value 100 c.e.s. 
units, the self-demagnetizing force within the ellipsoid will 
everywhere have the value of 25:49 gauss. Denoting the 
dimension-ratio of axial length J to equatoreal diameter d by 
the symbol m = l= d (in Du Bois’ notation), then meN 
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varies from 25°49, when m = 10, to 80 when m = 1000. 
(See Du Bois, The Magnetic Circuit, p. 41.) 

But, if we now compare the case of the ellipsoid with that 
of the cylindrical bar, we find that the matter is not so simple. 
For with the bar, as stated above, #@, is by no means uniform 
throughout the interior, neither is - The former has its 
minimum at the middle point of the axis, while the latter has 
its maximum at the equatoreal section of the bar. To com- 
pute the value of #, at the middle point (or at any other) is 
impossible without knowing the law of surface distribution, 
and this depends on too many conditions to be of service. 
But the nett value of #, for the entire bar can be easily 
determined by comparing the .4-@ curve of the bar (found 
by experiment) with the .2- curve of a ring (or infinitely 
long rod) of the same iron, and taking the difference of the 
values of “© for some assigned value of .@ On the other 
hand, values of - can be found by experiment, either 
magnetometrically, giving the mean value, or ballistically, 
giving either maximum or mean according as whether the 
exploring coil on the bar is wound over its whole length or 
over its equatoreal zone only. The ratio , + ¥ so deduced 
may still be called the sel/-demagnetizing factor, and values 
found for rods of different dimension-ratios. 

Magnets of other forms, for example the slit toroid, or 
anchor-ring with a gap in it, and the horse-shoe magnet with 
parallel limbs of given proportions, will likewise have self- 
demagnetizing factors of their own, dependent on their 
geometry and on the distribution of their polarities. With 
them also, neither #, nor ¥ will have constant values at all 
points within the substance of the magnet; and for each form 
therefore the term “self-demagnetizing factor” bears a 
significance different from that which it possesses for the 
ellipsoid of revolution or for the cylindrical bar. 


All previous writers have defined the term dimension-ratio 
as applied to a bar as the ratio between its length J and the 
diameter d of its circular section. But when we come to 
deal with forms of cross-section other than circular, it is 
inconvenient to use this mode of expression. For if we were 
dealing with a flat bar of breadth 6, the curve for self- 
demagnetizing factors in terms of the ratio +5 would not be 
comparable with those for cylindrical bars in terms of ld. 
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The preferable way, when such comparison has to be mado, 
is to state a dimension-ratio, for bars of all and every form 
of section, in terms of the ratio which is borne by the length 
to the square-root of the area of section. The ratio 1+,/A, 
we accordingly propose to denote by the symbol Aà. For any 
given bar we have the relation à = m x 17128. 


Part II.. EXPERIMENTAL. ON THE VALUES OF THE SELF- 
DEMAGNETIZING FACTOR FoR BAR-MAGNETS OF CIRCULAR 
SECTION, 


Several investigators, including Ewing, Fromme, Holz, 
and Ascoli, have written on the factor of sclf-demagnetization 
of cylindrical bar-magnets, and have given experimental 
values for bars having different ratios of length to diameter. 
The best-known results are those published by Du Bois, who 
has compared the values obtained with those for ellipsoids 
having similar axial ratios. More recently, Riborg Mann 
obtained a series of values slightly higher than those obtained 
by Du Bois, who has accepted them as more correct than his 
own figures. Ewing’s observations ranged over rods the 
lengths of which varied from 300 diameters down to 50 
diameters. Du Bois’ results go from a dimension-ratio of 
1000 down to one of 10; those of Riborg Mann from one of 
300 down to 5. The magnitude of the outstanding dis- 
crepancies may be indicated by stating the values found by 
different observers for the self-demagnetizing factor N for 
cylinders having a dimension-ratio of 50. For rods of this 
proportion Du Bois found N=0°0162; Riborg Mann 
N=0°01825. For the ellipsoid of revolution having the 
same axial ratio of 50, Du Bois and Riborg Mann agree in 
assigning the value 0°0181, and presumably the true value 
for the cylinder is less than that figure. Greater discrepancy 
is found for shorter cylinders. For a dimension-ratio of 
10 Du Bois gives NV = 0°2160, while Riborg Mann gives 
N = 025500. 

To clear up, if possible, such discrepancies a research 
was undertaken in the laboratory at the Technical College, 
Finsbury. 

The bars used were cut from two long rods of best Swedish 
iron carefully annealed, and for comparison a ring was forged 
from the same material. To each and all of the rods the 


628 DR. 8. P. THOMPSON AND MR. E. W. MOSS ON THE 


same diameter was given, namely, 1°128 cm., in order that 
each might have a cross-section of precisely 1 sq. cm. After 
being turned down to approximate size they were annealed, 
and then finally turned to the precise size required. 

The magnetizing coil used to magnetize the rods was a 
long coil wound on a brass tube 91:4 cm. in length and 
4:75 cm. in external diameter. It was carefully overwound 
with 5800 turns of wire of No. 20 s.w.c., in seven layers. 
With this coil a very uniform field could be produced of any 
desired intensity up to #=255. The uniformity of the 
field between the ends of this coil was tested by means of a 
short coil of somewhat smaller diameter, wound on a turned 
bobbin of hard fibre, of a size fitted to slide inside the brass 
tube. The wires of this smaller coil were connected with a 
ballistic galvanometer, the throw of which was observed 
when the current in the long magaetizing coil was reversed. 
The field was found to be sensibly uniform for a length of 
60 cm.; while the longest specimen of iron was only 40 cm. 
There was therefore no need to apply any corrections for 
non-uniformity of field. 

The ballistic method was also used for determining the 
magnetization of the bars. On the middle of each bar was 
wound an exploring coil of 10 turns of very fine wire, the 
breadth of each such coil not exceeding 0:25 cm. The 
galvanometer was calibrated by the short coil previously 
mentioned, its dimensions being accurately known. The 
magnetizing current was measured by a standard commercial 
amperemeter, the readings of which were calibrated at regular 
intervals of time by a Crompton potentiometer. 

Each specimen was mounted on a carrier by means of 
which it could be inserted centrally in the middle of the long 
magnetizing coil. The galvanometer calibration having been 
effected, a test was made of each bar by subjecting it toa 
series of reversals in fields varying from 77=20 to H=255, 
the throws of the galvanometer being noted; and for each 
bar a -X curve was then plotted. 

A similar curve having been plotted from the tests made 
on the ring, the values of the demagnetizing intensity of 
field 9@,, due to the self-demagnetizing action of the poles 
of each bar, could then be calculated, for any value of 2, by 
taking the abscissa, corresponding to that ordinate, in the 
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curve for that bar, and subtracting the corresponding 
abscissa in the curve for the ring. 

Let the field due to self-demagnetization at the mid-point 
of any bar, for any given flux-density B, be called a Let 
the total impressed field due to the magnetizing coil be called 
JC; and let the impressed field required in the ring to pro- 
duce the same given value of B be called %,. Then 


HHE, 


Then since, by definition, the self-demagnetizing factor N 
has the value 


N= AS, 
and BFE 
of 
ÅT 
we get 
© = An KX, 
BB FC 


Fig. 1 (Pl. XXVIT.) gives the B—H curves for our rods, 
the dimension-ratios of which varied from 35:6 to 2°66. These 
curves were sensibly straight lines up to @=12,000, or as high 
as the curves could be carried. The value @=10,000 was 
chosen for the calculation of the self-demagnetizing force and 
deduction of the self-demagnetizing factor, except for the very 
short rods in which lesser values of @ were alone available. 

Fig. 2 gives as the final result the curve exhibiting the 
values of the self-demaynetizing factors found, for rods of 
different lengths, the corresponding values found by Du Bois 
and by Riborg Mann being added for comparison. 

It will be seen (1) that our values are throughout lower 
than those found by either of these experimenters ; (2) that 
we have carried the determinations down to shorter rods 
than those examined by either of them; (3) that the dis- 
crepancies between their results and ours are smaller as the 
dimension-ratios ure larger. 

The fact that our values are throughout lower than those 
of Du Bois and Riborg Mann is doubtless due to the cir- 
cumstance that they used a magnetometric method, whilst 
we have returned to the ballistic method of Ewing. The’ 
values of ¥ which they employ are the mean values deduced 
from the magnetic moment, and are presumably mean values 
throughout the length of the bar, whilst our values of £ are 
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TaBLE I.—Demagnetizing F actors for Cylindrical Bars 
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remarkable. It would have a sectional area of only 0:0561 
sq.em. Further, while his cylinder was 11°850 cm. in length, 
his magnetizing coil was only 30 centimetres long and 4 cm. 
in diameter. The ends of his rod were therefore at points 
only 2} diameters distant from open ends of the coil, where 
therefore the value of the field would differ by some 
24 per cent. from the value of the uniform field at the middle 
of the coil. 


Part III..—EXPERIMENTAL. ON THE VALUES OF THE SELF- 
DremaGyetizina Factor For BAR-MAGNETS OF RECTAN- 
GULAR CROSS-SECTIONS OF VARIOUS PROPORTIONS. 


We are not aware that any previous investigator has 
determined the self-dJemagnetizing factor for square bars or 
flat bars of rectangular section such as are often used in 
magnetic work. 

A priori we should expect the self-demagnetizing factors 
to be less than for bars of equal section of circular form and 
equal length ; since the greater perimeter of the rectangular 
forms is magnetically equivalent to giving to the end parts 
a polar expansion, reducing the reluctance of the air-paths 
of the external magnetic flux, and so bettering the magnetic 
circuit. And such has proved to be the case. 

The experiments were made in exactly the same manner 
as those for the bars of circular section. Rectangular rods 
of the softest Swedish iron of various proportions were pro- 
cured, and reduced by milling-cutter to the required form, 
so as in every case to have a sectional area of 1 square centi- 
metre; the ratios of breadth to thickness being respectively 
1:13; 2:13; 4:1; 6:1,and10:1. From each of these 
rectangular rods pieces were cut of lengths of 10), 8, 6, 5, 4, 
and 3 centimetres respectively. In all 35 different ones 
were examined. For each of these a Z-/€ curve was plotted; 
and the self-demagnetizing-factors were deduced as before. 

In figs. 3, 4, 5, 6, 7, and 8 these various curves are 
plotted; and in fig. 9 the final results are summed up by 
plotting the several demagnetizing-factors as functions of 
A the ratio of the length to the square-root of the area of 
section. 

Table IT. gives numerically the values of the self-demag- 
netizing factors obtained for various ratios of breadth & to 
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Prof. F. T. Trouton pointed out that the self-demagnetizing oe 
became less as the bar became thinner, and asked if this was likely 
to continue until the bar became a thin tape. 

Mr. A. CAMPBELL asked if experiments had been made on different 
materials. The curves obtained for soft iron might be very different 
from those obtained for hard steel. With regard to the Pan aar 
magnet referred to by Prof. Thompson, he had used one at the National 
Physical Laboratory and found it a satisfactory way of calibrating 
ballistic galvanomcters. 

Mr. Rayner asked if any experimenta had been made on hollow 
magnets, such as those used in the Kew pattern unifilar magnetometer. 

Prof. C. H. Lees asked how the iron ring used in their experiments 
had been prepared, and suggested that it might be advisable to make 
use of two or three rings. | 

Mr. R. S. Wurppe.e said the question of the preparation of a standard 
magnet was an important one. Had the Authors made any experiments 
with ball-ended magnets, especially those with thin wires and large balls ? 

The SECRETARY read a letter from Dr. A. Ruseell, stating that the 
pəper was a notable contribution to the practical theory of magnetism. 
The Authors deserved thanks for their lucid comments on the self- 
demagnetizing factor and for the important experimental results they 
had obtained. He asked how they had calculated the magnetizing force. 
Had they assumed that the magnetizing solenoid was infinitely long and 
that the radius of the circular axis of the ring was infinite? The errors 
introduced by these assumptions were small, and Dr. Russell indicated 
how they might be calculated. It could be shown that if the length of 
the axis of a helical current was greater than six times its diameter, the 
magnetic flux entering or leaving the end planes was within about one 
per cent. of half the total flux through the central plane. Seeing that 
the external field produced by a cylindrical bar-magnet was almost 
equivalent, except near the ends, to that produced by a helical current, 
he would not be surprised if the flux leaving the end of a cylindrical bar- 
magnet was appreciably less than half the total flux through the central 
plane. He should be grateful if Dr. Thompson could give any data on 
this point. Further researches on the demagnetizing effect of the free 
magnetism in the air-gap of a split toroid would be of great interest, and 
would throw some needed lizht on the magnitude of the errors involyed 
in the ordinary magnetic formule used in engineering. 

Prof. S. P. THOMpson, in reply to Mr. Skinner, said that in their 
experiments there was an immediate ageing of their magnets on the 
application of the field. With regard to Mr. Campbell’s remarks, dif- 
ferent materials would of course givedifferent curves. A forged riug was 
used in the research, but the forging could not have had much effect on 
the curves obtained. They had not tested hollow magnets, but experi- 
ments had been made on magnets with holes in the ends and the results 
were siuilar to those obtained for solid magnets. He had not performeg 
experiments with Robison ball-ended magnets, but the effect of mag- 
netic material at the ends of a magnet was to reduce its self-demarne- 


tizing factor. Referring to Dr. Russell's remarks, he said the Corrections 
he mentioned could be neglected. 
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XLII On Pirani’s Method of Measuring the Self-Inductance 
ofa Coil. By E. C. Snow, B.A.* 


Is Pirani’s method of measuring the self-inductance of a 
coil, it is assumed that the self-inductance of the galva- 
nometer used may be neglected. That this assumption is- 
legitimate in the case in which the discharge of the condenser 
employed (which, it will be shown, is of the same nature as 
the discharge through the galvanometer) is continuous has 
been proved f. 

The object of the present analysis is to investigate the 
case in which the discharge of the condenser is oscillatory. 


A condenser of capacity C, the “internal ” resistance of 
which can be neglected, is placed in series with the coil whose 
self-inductance is to be measured. The condenser is shunted 
by a non-inductive resistance r. This combination forms one 
acm of a Wheatstone’s bridge, the resistances of the other 
arms of which are adjusted so that a steady balance holds 
between the four arms. 

One or other of two methods can now be used: (i.) keeping 
r constant, C can be varied until there is no throw on closing 
the galvanometer-key before the battery-key; or (ii.) keeping 
C constant 7 can be varied, the total resistance of the arm 
being kept constant, until the same result is arrived at. 


The following symbols will be used :— 


I, the current in the battery. 

z the current in the galvanometer or (in the case of an 
alternating current) the telephone. 

a, the current in the coil whose self-inductance is required, 


* Read March 12, 1909. 
t Ov de A. Silva, L'Eclairage Electrique, vol. l. pp. 113-116. 
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æ, the current in the shunt resistance r. 

c, the current flowing into the condenser. 

b, the current in the resistance B. 

a', the current in the resistance kA. 

b', the current in the resistance kB. 

R, the resistance of the battery. 

P, the resistance of the galvanometer or telephone. 

L, the self-inductance of the coil. 

LL’, the self-inductance of the galvanometer or telephone. 
E, the applied E.M.F., not necessarily constant. 


The resistances of the arms of the bridge are adjusted as 
indicated. 


The following seven equations are derived immediately 
from Kirchhoff’s laws applied to the various circuits :— 
a=C+a ... (1) b=b' -x . . . (2) 
a=xa'+x . . . (3) I=a+b ... (A) 

RI + Bb+kB =E.. 2... . (5) 


da Qe 
Lg trat (A-r)at prt dt 7 BO =9.- . . (6) 


pæ +B -kAd +S’ =0. 2. . (7) 


l 
Also c=Cr + : (8) 


From (1), (2), (3), (4), and (7) we find that 
ttt kBE da 


nh +P dee 
and 
_kAK-ge dæ 
a © h ~ Tae? 
where 


f={p+kB+kA}{R+B+kB} —k'B?, 
g=R{o+kA+kB}+PAB. 
A=kKA{R+B+kB}+kRB. 

ph=L'{R +B + kB}. 

qh=L'R. 
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Substituting these values of a and b in (6) we have 


w w (iiM) +(m-— rr )e 


_ kBr kBL dE (9) 
E ye E E Ne 
where 
M=L!'+ Ap+ Bq-pr, 
and hm=Af+Bg+ph. 


Differentiating (9), and eliminating a and A between the 


resulting equation together with (8) and (9), we finally 
obtain 

dr 

dt? 


+ {pt m0+ > x + 1i L— —ony be +o 


LB. dE kBCL œE 
=p (CP-L) a a o (10) 


The solution of this differential equation will consist of 
two parts, a complementary function and a particular 
integral. The former is the solution obtained by putting the 
right-hand side of (10) equal to zero. This part will, 
consequently, be the complete solution in the case for which 
E is constant. 

In this case the value of x is, therefore, 


Lops or + {MC+ Loh 4 Ph 


a= Aet 4 Age 22+ Ase—o, 
where @,, ap, and a; are the roots of the cubic equation 


LOpy’— { MC +108 + Le} r 


M m 


and A,, Ag, and Ay are constants determined by the initial 
conditions. 

From the above value of «—the current through the 
galvanometer—the value of a, the current through the 
shunted resistance, can be obtained. 
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For, from (1) and (8) above, we have 


_ da _f kBE da 
Ur 7, +a= =I t Pn: 
dæ 


Putting in the values of « and —, and solving for a, we 


find dt 


t . ~at 
f e~et f e- at 
T AT — pe) oe AC), TPt) 1 Crag’ 
A; being another constant determined by the initial 
conditions. 

From this we see that the discharge of the condenser will’ 
be continuous or oscillatory according as aj, æg, and a; are 
all real or one real and two imaginary (these are the only 
cases which have to be considered for a cubic equation). 
But from the above value of 2, if a, ap and az areall real it is 
seen that the discharge of the galvanometer is continuous, 
while if two roots are imaginary it is oscillatory. Hence 
the discharge of the condenser is of the same nature as that 
through the galvanometer. 

To consider the case of the oscillatory discharge of the 
condenser, therefore, we must put 


a,= ka + ths, 
and consequently 
ag=kj—tks, 4 being /—1. 
The terms A,e~*# + As—*# now become A,e-* cos (hte). 


A, and e being other constants. 
The complete value of æ now is 


v= Aet A e7 cos (kzt — e). 


The initial conditions will be of the form 


dv Pe 
(z) =0, (F) =% and (Sz) =5 


wand v being constants. 
Differentiating the expression for æ and putting 4=0, we 
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shall have the following equations to determine the constants 


A,, Ay, and e. 
A, +A, cos €=0, 
Aa, + Ayk, cos e— Ak; sin e= —u, 
Aia? + A,(ko? — k?) cos e—2A, hk; sin e= v. 
These give 
AA, =v0+2uhy, 


AA, cos e= —v —2uk,, 
AA, sin e= 7 Í ak) + Buka) + Au b. 
3 


where A = (a, — @:)(@;— a3), ag and «æ; having the values used 
above. 


In the case of a constant E.M.F. a ballistic galvano- 
meter is used. This measures the total quantity of electricity 
flowing from the time t=0. The conditions of the experi- 
ment require that the galvanometer should give no deflexion 
after the current has flowed for an appreciable time. This 


condition® can be expressed by Í edt=0, the upper limit 
Q 


of integration being taken as infinity, since the current will 
always be zero after a small interval has elapsed. This 
condition will give 
om, | e-a"dt + A, cos f e—*t cos (kyt). dt 
0 0 


+ A, sin ef e™** sin (Ast) . dt; 
0 


=0. 


: A k; 7 : ks 
1. €. a + A, cos TETE +A,sin ae +h 


Also 2k; = a; + az, and hq? + ky? = aa. 


* Lord Rayleigh, B. A. Report, 1883, p. 444, has drawn attention to 
the imperfections of a galvanometer as an instrument for indicating 
whether the integral sum of the transient currents through it is zero or 
not. See also a paper by Alex. Russell, M.A., M.LE.E., Phil. Mag. 
Gth series, vol. xii. No. 69, 1906, where a full investiration and expla- 
nation of the necessary corrections is given. 
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Putting in the values of the constants, therefore, we have 
{vu +u(a,+ az) } { cya, + ala —a,—4a3)} +Aau=0; 
i. e. {u+ u(as+ as)? {(a1— a) (a; — a3) } +Aau=0, 
and, therefore, v+ulait ag +a) =0. . . . . CII) 


Now from equation (9) above we have, when t= 0,- 
dar T) = kBr 
PG), HEr 5 + MN =e 


dE.. f l 
the term —- being always zero in the case of a constant 


EMF. ~“ 


Also, since (a)y>=0, we shall have, on putting ¢=0 in the 


$ ABE de 
expression for a, ra +(G). =Q. 


Px f dr\ _ 
rua), + {Li +M+pr} (a ), =e 


i.e. plv+ LL I + M+ pr}u=0, 


Hence 


Also 
atartas= { MC+LO +L? } +LCp 


Using these last expressions, (11) becomes 
C{L+M+pr}— f MC+LO$ +12} =o. 
l h r 
ie “(L-Cr)=0, or L=07 


Therefore, in the case of the oscillatory discharge of the 
condenser, with a constant E.M.F., the relation L= Cr? 
holds. Hence the expression for the inductance of the coil 
is independent of the inductance of the galvanometer. 

Cass Institute, E.C., 

Feb. 23, 1909. 
Discussion. 

Mr. A. CAMPBELL expressed interest in the Author's thorough investi- 
gation in the first part of the paper. In the case of alternating currents, 
however, Mr. Snow’s final result involved the resistance and inductance 


of the galvanometer circuit. Since the condition for a balance was that 
the current through the galvanometer should be zero at every instant, 
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the final result could not involve either of these quantities, both conld 
be altered to any extent without affecting the balance. The correct 
solution for alternating currents could, however, be obtained without 
dilliculty. Thus, let P be the effective resistance of the coil L, and let 
a= A/B, the rest of the notation remaining unchanged. 


Then P+Lo¥ -1+ 7G aq = eB 


Separating the real and imaginary parts, 

L=rC(eB—YP) and rLCw=P—sB-+Yr. 
1°C r 

Le 14 reCw and P=6B— LprUw?' 

Thus it is seen that the balance depends on the frequency, which 
must therefore be accurately known in order to determine L and P. 
Mr. T. Smith had worked out the problem by the Author's method, 
and had found the source of the error. With alternating currents, 
the initial assumption that the resistances of the four arms are A, B, 
kA, kB was impossible. When this was put right, B, and B, both 
could be equal to zero, which conditions easily reduced to the equations 
given above. 

Dr. RrssELL pointed out that M. Silva began the investigation of 
the accuracy of Pirani’s method two years ago. Ie had not, however, 
discussed the case when two of the roots of the cubic were imaginary. 
He congratulated the Author on having completed Silva’s investigation , 
and said that his solution of the cubic would be helpful in other 
problems. 

The AUTHOR, in reply, thanked Mr. Campbell for his remarks and 
snid he would make the necessary alterations in the part of the paper 
dealing with alternating currents 


Hence 


XLIII. A Aigh-Potential Primary Battery. 
By Wm. S. Tucker, B.Sc., A.2.C.Se.* 


[Plate XXVIII] 


Tuts battery may be used for maintaining at known high 
potentials such conductors as the needle of the quadrant. 
electrometer, for charging condensers in capacity and insula- 
tion tests, for calibrating electrometers and electrostatic 
voltmeters, and for producing constant electrostatic fields. 

[t is composed of a large number of elements in series. 
These elements consist of carbon and pure zine with a 
saturated or nearly saturated solution of calcium chloride 


* Read March 12, 1909. 
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as electrolyte. The carbon is in the form of graphite used 
for blacklead pencils, and is about 5 cm. long. A strip of 
zinc foil about 5 mm. wide is bound to one extremity of the 
carbon by thin copper wire as in the diagram, and the strip 
is bent so that it nearly makes contact with the carbon of 
the next element. This contact, however, is just prevented 
by paraffin wax. The connected ends are melted into a table 
of paraffin wax contained in a shallow wooden tray. Elements 
are mounted in parallel rows, the ends of alternate rows 
being connected to brass terminals. In the battery illus- 
trated (Pl. XXVIII.) 900 of these elements are arranged 
in series. The table of wax with the elements is then 
inverted, and the exposed portion of the elements dipped 
into a shallow tray containing the solution. On being with- 
drawn, each carbon-zine pair holds solution between owing 
to capillary effect. With ordinary care there is no danger 
of fracturing the elements, but to protect them they are 
enclosed in a frame of perforated zine. 

The solution, which is highly hygroscopic, is of such 
strength that it neither increases nor diminishes in bulk on 
exposure to the air if the temperature and humidity of the 
latter do not appreciably change. 

The battery is arranged so that a row or any portion of a 
row of elements can be employed, hence any desired voltige 
from that of one element to that of all the elements can be 
obtained, 

To eftect this, sets of 50 elements corresponding to nearly 
30 volts can be introduced by changing the connectiny-wire 
from one brass terminal to the next in the row of terminals 
fixed to the front of the battery, as seen in the figure. 

By means of the plug-key shown at the top of the battery 
on the right-hand side, a set of 25 more elements may be 
introduced or cut out—the key occupying for this purpose 
a gap in the front or at the back of the apparatus. Still 
another row of 25 elements can be introduced, one element 
at a time, by means of a slide-contact which passes over 
a number of brass studs insulated by ebonite, and each 
connected to an element below. This is also shown in the 
figure. 

lt has been found possible to obtain 1:02 volts per element 
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and to keep this constant to within 0:1 per cent. for about 
two hours and to with 1 per cent. for half a day. Witha 
suitable solution the battery will act for over a week without 
repetition of the dipping, and another dipping after that 
time immediately puts it in working order again. 

If the battery is short-circuited for a short time no apparent 
damage is done, owing to the very high resistance of the 
element. For the same reason no shock can be felt and no 
appreciable spark can be obtained when the terminals are 
momentarily touched. If, however, condensers are placed 
across the terminals, they are quickly charged, and a strong 
spark can be obtained. 

When the terminals are again insulated the elements 
gradually recover, owing to the apparent depolarizing action 
of the porous graphite. It is this effect which distinguishes 
the battery from others of the same type; thus, with the 
copper-zine type there is always a tendency for the voltage 
to fall, and there is no recovery after the battery is de- 
polarized, without drying the elements. 

After use the battery may be cleansed of the exciting 
fluid by immersing it in the tray, through which a stream ot 
cold water is caused to pass. The battery can then be 
withdrawn and allowed to dry. 

The zine shows remarkably little corrosion after three or 
four months of use, and separate experiments have shown 
that the local action with calcium chloride is very much less 
than with ammonium chloride. Moreover, there is no sign 
of creeping, and hence the insulation is maintained. 

This insulation is a special feature; all terminals are 
mounted on ebonite, and all wire connexions inside the 
battery are covered with paraffin wax. 

Since the battery can be dried, it can be stored for an 
indefinite period, but is always ready for immediate use when 
required. Moreover, should any element be accidentally 
broken, the defect is easily located, and a new one can be 
quickly inserted without disturbing the others. 

It may be mentioned that the battery is very compact, the 
tray being only 18 inches long, 10 inches wide, and 2 inches 
deep. The materials employed cost comparatively little, and 
the life of the battery when carefully treated should compare 
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very favourably with thot of others used for the same 
purpose. 
Discussion. 


Mr. F. E. SMITH congratulated the Author upon his battery, which 
h> said was small, cheap, and effective. He asked if Mr. Tucker had 
made experiments with other elements, and whether he had constructed 
a single cell of low resistance and investigated the change of potential 
with time. 

Mr. A. CAMPBELL asked what happened if the battery was short- 
circuited, and what determined whether ‘creeping’’ would occur when 
using any particular solution. 

Mr. S. G. STARLING said one of the important points about the 
battery was that it could be washed and put away, and was then 
ready for use on any future occasion. 

The AUTHOR, in reply, said that the only other elements he had used 
were copper and zinc. He had used different liquids, but always got a 
lower voltage. Short-circuiting of course caused a fall of potential, but 
there was not much chemical action on account of the very high 
resistance of the battery. 


XLIV. The Effect of Radiations on the Brush-Discharge. 
By A. E. Garrett, B.Sc.* 


THE effect of the radiations from radium on the electric 
discharge produced by means of a Wimshurst machine 
carrying three pairs of plates each 2 feet diameter, between 
two brass spheres of 27 mm. and 48 mm. diameter respectively, 
has been studied by Willows and Peck f. They found that 
the sensitivity of the discharge to the action of radium 
radiations rapidly increased with increase of spark-length ; 
the extinction of the visible discharge was accompanied by a 
decrease in the current ; the radium was most effective when 
held opposite the positive end of the spark-gap ; the effect of 
the radiations from radium could be stopped by the action of 
a magnet; Röntgen rays did not produce any apparent effect 
upon the discharge ; and when the anode was made suff- 
ciently small (no. 22 wire was used) the discharge passed 
almost entirely in the brush form, and the radium had no 
apparent effect. 


* Read March 12, 1909. 
t Phil. Mag. March 1905, pp. 378 et seq. 
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It was with the idea of ascertaining how far the above results 
apply when the discharge is produced by an induction-coil, 
that the present experiments were undertaken. The expe- 
riments are not completed, and there is no opportunity to do 
so at present ; it was, however, thought that the results so 
far obtained would be of sufficient interest to warrant their 
publication. The induction-coil used was a 6-inch coil, and 
the primary current was so regulated, and the coil so arranged, 
that the discharge took the form of a positive brush, and a 
luminous glow on the cathode. The radium used in all the 
experiments about to be described was 5 milligrams of strong 
radium bromide contained in a capsule and covered with 
mica. 

When using the coil it was always found that the radium 
had to be placed much nearer, in order to produce any 
visible effect upon the discharge, than when using the 
Wimshurst. 

When the anode of the coil was a copper wire 3 mms. 
diameter and the spark-gap was 6°3 cms., the radium had no 
apparent effect on the discharge whether the end of the wire 
was flat or carefully rounded. 

Some experiments were tried with a second spark-gap in 
parallel with the first, the knobs of the second being just so 
far apart that no visible discharge took place between 
them when a steady discharge occurred across the first gap. 
When the radium was so placed that the visible discharge in 
the first gap was extinguished, sparking at once took place 
across the second gap, so that in this case radium produced 
an effect equivalent to un increase of the resistance of the 
first gap. When the gap was small the radium was unable 
to extinguish the discharge ; the smallest gap on which any 
effect was observed was one of 2°5 cms. Willows and Peck 
(loc. cit.) found that radium produced little effect when the 
knobs of the Wimshurst were less than 3-4 cms. apart. 

As the sensitive nature of the brush was found to depend 
upon the shape and size of the anode, it was thought probable 
it might also depend upon the material of which the anode 
was made. Experiments to test this were next tried. 
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Effect of Material of which the Knobs are made. 


Equal-sized anodes were made of copper, brass, zinc, iron, 
and carbon. In each case a rod 9 mms. diameter with hemi- 
spherically turned end was used. 

In the case of the first three no difference in the distance 
at which radium was effective could be observed. When 
iron was used the radium had to be placed much nearer ; 
and when carbon was used it was practically impossible to 
stop the brush. This was tried with spark-gaps of 5 cms., 
10 cms., and 11°5 cms., respectively. The cathode was first 
a zinc ball 3°75 cms. diameter, and then a brass plate, and 
similar results to the above were obtained in all the 
experiments. 

The brass anode was next carefully covered with soot, 
and it was found that this made it mach more difficult to 
extinguish the brush. When, however, the soot was scratched 
off a small spot on the rounded end, the brush became just as 
sensitive as with clean brass. It was also found, as a general 
rule, that the radium was more effective if the anode was 
kept carefully polished ; in fact with short spark-gaps it was 
often impossible to extinguish the brush unless this was done. 
Again, when a small capacity was added to the machine the 
brush became more sensitive. This would lead one to imagine 
that the sensitivity of the brush depends upon the oscillatory 
nature of the discharge, and that the latter depends upon the 
nature of the anode. 

The nature of the material of which the cathode was made 
was not found to have any effect upon the kind of brush 
produced. The above experiments were repeated with the 
Wimshurst machine, with similar results; and since it was 
found that a much more sensitive brush could be obtained 
by this means, the machine was used in the subsequent 
experiments. 

With reference to the peculiar action of the iron, and 
more particularly the carbon positive electrodes, we know 
that the cathode and anode falls of potential * depend, among 
other things, upon the metal of which the electrodes are 


æ Thomson, ‘ Conduction through Gasos, pp. 442 & 458, 
VOL. XXI. JA 


Nee 
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radium was held sufficiently near, the images of the brush B 
disappeared, while that of A continued unaltered. Positive 
knobs of different substatices were tested, and it was found 
that the period of the brush-discharge with carbon as anode 
was about one half that when copper was used. Again, the 
images of the carbon brush were evenly spaced, but those 
formed when zinc or copper were used appeared in little 
groups. 

If the gap was gradually increased when using carbon 
as anode, the brush ultimately became slightly sensitive, and 
at the same time the period appeared to change, the number 
of images seen in the mirror decreased in the proportion 7 : 5. 
The spacing of these images was also much less regular, and 
they showed a tendency to arrange themselves in groups. 

Iron anodes behaved in the same way as carbon, but tlie 
brush was more sensitive than with carbon, although less so 
than with copper and zinc. [Ordinary iron rod was used, so 
the effects observed may be due to the carbon contained.] 

Since the brush was more sensitive when the images 
appeared in groups, it was thought possible to see by means 
of a low-power microscope some difference in the appearances 
of sensitive and non-sensitive brushes. 


Microscopic Appearance of the Brush. 

For this purpose a microscope fitted with a 3-inch objective 
was used. A sensitive brush when viewed with the naked 
eye appears as in diagram II (a); but with the microscope 
the stem B is found to be built up of several small stems 
(6-10). When radium is gradually brought near the brush, 
these stems are seen to become fewer in number, until only 
one is left; then if the radium is pushed still nearer, the 
brush is entirely extinguished. With the non-sensitive brush 
as produced at the pointed anode, the stems B as seen throu gh 
the microscope appear thicker, and seem to arise from smal] 
mounds as in diagram II (b), which to the naked eye appear as 
a glow on the anode. This was also visible when the rounded 
carbon anode was used, but the mounds were then not so 
conspicuous. When a fairly sensitive brush was examined, 
and the electrodes were gradually separated so as to produce 

3A2 
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a more sensitive brush, the stems B were found to diminish 
in brightness and at the same time become fewer in number. 

Hence it would seem that the sensitive brush is due to the 
intermittent nature of the discharge, and that the period of 
the discharge as ascertained by the spacing of the images is 


II (b). 


an irregular one; while the non-sensitive brush at the carbon 
anode is produced by a discharge which not only hasa shorter 
period, but also one of a more regular nature. The non- 
sensitive brush from a pointed anode formed a practically 
continuous band of light in the rotating mirror. 

Before concluding this part of the experiments the effect 
produced by a magnetic field was tried. 


Effect of Magnetic Field. 

In this connexion I was able to confirm the observation of 
Willows and Peck (loc. cit.); for as soon as the field was 
applied, the brush, which had been previously stopped by 
radium, started again vigorously, thus showing that it is the 
' B radiations of radium to which the effect is due. The mag- 
netic field produced no visible effect on the brush, when tried 
under exactly similar conditions without the radium. This 

experiment was tried with the induction-coil. 
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Cook * and Bowlker + have experimented with side attach- 
ments, and have found that these have a marked effect upon 
- the nature of the discharge ; so it was thought that an inves- 
tigation in that direction might throw some light upon the 
manner in which the 8 radiations effect the brush-discharge. 


Experiments with Side Attachments. 
A. With Induction-Coil. 


Diagram II. 


III (b). 


MN W and GA BH E are bare copper wire. 
A and B in III (b) are brass plates 9 cms. square. 


Using III (2)—When M N W was insulated and attached 
to the cathode the brush obtained at A was much brighter, 
more clearly defined, and more constant. The brush so 
obtained was generally much less sensitive than when W was 
absent. It wassomewhat easier to obtain a good brush when 


° Phil. Mag. 1899, vol. xlvii. pp. 40 et seq. 
t Phil. Mag. 1904, vol. viii. pp. 897 et seq. 
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a plane surface was used for ihe cathode than when a ball 
was used. The best brush was obtained when W was held 
facing the anode at a distance a little too great for sparks to 
pass between W and the anode. 

Using II (b).—G ABH E was insulated and attached to 
the cathode. When E pointed to the anode in a direction at 
right angles to the gap, and was gradually moved towards it, 
the brush at D suddenly disappeared. If the distance A to B 
was altered, the distance of E from D had also to be altered. 
When A was nearer to B, E had to be placed farther from D, 
and vce verså, in order that the brush at D might just be 
extinguished. On the whole, the brush was not so steady 
with this arrangement, except when E was just on the point 
of extinguishing it. In III (b) the relative position of A B 
with respect to the spark-gap D C had no influence upon the 
results obtained. If brushing just occurred from A to B, the 
brush at D was most easily extinguished by E. When 
sparking took place between A and B, the brush at D was by 
no means so sensitive to the action of E. When the brush 
at D was extinguished by E, it could be made to reappear by 
placing a sheet of ebonite, cardboard, or even paper, between 
A and B or Dand E, If A was replaced by a point the 
same phenomena could be observed. When A, B, and E 
were in almost the correct positions to extinguish the brush 
at D, it was found to be much more easily affected by the 
radium than usual ; in other words, the action of radium and 
the side attachment E is additive ; for if E was in almost the 
correct position to extinguish the brash at D and the radium 
was gradually brought near, the brush was extinguished, 
but reappeared on moving either the radium or E further 
from D, 

If G A B was attached to the anode it was difficult to obtain 
a steady brush, and the brush when obtained was not so 
sensitive to the action of radium as when G A B was attached 
to the cathode, 

B. With the Wimshurst Machine the same kind of results 
were obtained; the following in addition were also noted. 
When W (IIIa) was attached to the anode and was of the 
same size and material as the latter, but the wire M N was 
coiled, W could be placed much nearer B than A could, and 
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yet a brush occurred at A and no visible discharge at W. 
When W was pointed and attached to the cathode, if placed 
facing the anode the brush was extinguished, and no visible 
discharge occurred at W; but the brush reappeared when any 
solid body was held between W and A. When a brass ball 
was used instead of a pointed rod, the brush at A was not 
extinguished. If the anode was earthed through a high 
resistance, a steady brush was obtained, and at the same 
time the machine was not able to reverse. The degree to 
which the brush was sensitive could be altered by changing 
the resistance through which the anode was earthed. When 
the earth was too good it was not possible to work the machine. 
With the anode so earthed the radium had to be placed on an 
insulated stand, since it was found that under these conditions 
radium was more effective if held in the hand; and it was 
even found possible to stop the brush by placing the hand 
alone, within 10 cms. of the anode. Asa rule, the brush 
produced when the anode was earthed was far less sensitive 
to insulated radium than usual. It was generally found that 
Röntgen rays had no effect on the brush unless the tube was 
placed very near the anode. Is it possible that the effect 
produced by the radium &c. may be due to a non-luminous 
side discharge taking place between the radium &c. and the 
anode? To test this point an attempt was made to ascertain 
whether a current between the radium and the anode could 
be detected, but the results obtained were very irregular. 

Willows and Peck (loc. cit.) found, however, that a decrease 
took place in the current across the gap when the brush was 
extinguished. 

A sensitive brush produced by the Wimshurst could not be 
stopped by a side discharge from an induction-coil, and, in 
fact, it was found that the side discharge must be produced 
by the same source as the brush itself for the former to be 
effective, unless the side arrangement is near enough for 
sparking to take place. 

The natural conclusions from these experiment seems to 
be that the brush owes its sensitive nature to the oscillatory 
nature of the discharge ; and that it is possible the action 
of the radium may be due to side discharges which are set 
up by its radiations. 
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In conclusion I desire to thank Dr. R. S. Willows for the 
kindly interest he bas taken throughout the course of this 
work. 


` Cass Institute, 
Jau, 1909. 


DISCUSSION. 


The SECRETARY read a letter from Dr. R. S. WıLLows stating that 
the experiments of the Author were the only ones that conuected the 
extinction of the spark with any other feature of the discharge. The 
most obvious explanation seemed to be that on account of the ionizing 
action of the rays the potential never rose high enough to cause lumin- 
escence, This explanation was apparently ruled out by the fact that 
Röntgen rays do not cause extinction, although the ionization they 
produce ia much greater than that produced by the radium used. It 
wae thought that the intermittence of the rays was their cause of failure, 
but it was found that Lenard rays, also produced intermittently, caused 
extinction. In spite of this difference in the action of Lenard and Röntgen 
rays, the Author’s experiments showing that the discharge in order to 
be sensitive must be intermittent, render it probable that the cause of 
the failure of the Röntgen rays to produce extinction must be looked for 
in their discontinuous character. Neither the Author nor he (Dr. Willows) 
could obtain a sensitive discharge with a positive point: it was therefore 
of interest to note that Lebedinsky had recently obtained this by con- 
necting in parallel with a Leyden jar, thus producing the Author's 
condition of a periodic discharge of fairly long period. 

Prof. C. H. Lers expressed his interest in the experiments, and refer- 
ring to the side discharge to the radium, said that it was possible that a 
discharge towards the radium might be dispersed by the air without 
giving an actual current from the radium. 

Mr. A. CAMPBELL asked what was the frequency of the oscillation in 
the sensitive brush. 

The AUTHOR, in reply to Prof. Lees, said that on several occasions he 
had detected a slight current from the radium to earth, but the results 
were s0 irregular that he omitted them from the paper. With reference 
to the question of frequency of the discharge producing the sensitive 
brush, he had compared it with that of a discharge in a hydrogen tube 
in which the discharge was produced by an induction-coil the primary 
circuit of which was interrupted by a tuning-fork making 86 ~ per 
second, The number of images visible in the rotating mirror was in the 
case of the sensitive brush double that given by the tube, so that the 
frequency was a very low one. 
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XLV. On the Least Moment of Inertia of an Angle-Bar 
Section. By H. S. Rowe. *. 
THE determination of the least moment of inertia of an 


angle-bar section is important in the design of a strut by 
the Euler-Rankine equations. 


If k be the least radius of gyration of the section, 2a and 
2b the lengths of the legs as shown in fig. 1. Then, very 


approximately, 
a 
i 6-4 G —1) 
3 =017 + —_—_., 


i= re 
2 100(%—1) +50 


This formula is a very good approximation indeed when 


(1) 


1<7<2, When 4>5 >2 the following linear form is 
better 


js =021—022(7 —2). o s >è œ (ID) 
Fig. 1 
|! 


These formulz were obtained in the following manner :— 
The principal axes of inertia through the centre of gravity 
were determined to a good degree of approximation by 
assuming that the section may be replaced by the two 
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rectangles de and J9 (see fig. 1), The centre of gravity of 
these two r ectangles may be readily found by the following 
simple construction, Fro and B ¢ e centres of the 
rectangles draw perpendiculars AQ and BC (as in fig. 1) 
meeting in C, from C draw Co bisecting the angle ACB 
(using 45° set square) and meeting AB in o. Then o is 
the C of G. If we take Coordinate axes ox and oy through 
o parallel to the legs, we may easily show that the Coordinates 
of A and B relatively to these axes are 


ab b? ) >a? a} 
a a es sr 


respectively. Bk 
oe the moment of inertia of the System about ox js 


readily found after algebraical] reduction to be 
2 {elata a+) } | 
“= 3(a+b) a EET, 


- ‘rmmetry the moment of inertia about oy is 
By sy f 2 
{ a(a+t)+ T (a+, a) 
3(a+b) i biti : 
. : the system about these axes is 
The product of inertia of bathe k 
— a a+b » ey oe E 3 


is shown in text-books that if @ be = angle which either 
t is sho | a 
ola pal axis makes with the axis of 2 


2 
tan 20= as s 


oOo — 
— 


l ° 2), and (3) 
ituti ations (1); ( 
» by substitution from equa 
whence i 6 4 c 5) 
tau b t44) (5+4 + Jabba 
sine dy the proportions com- 
The term in ¢* may be neglected for will be observed that 
nl we in practice. Moreover, ít -< unimportant since 
ee if as in the determination of 9 3 ,incipal axis 
b “definition in the neighbourhood of 4 P 
á dI, dl; 
dð ~ do 


1 O 
ing tt l pal moments 


(4) 


=(), 
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The remainder of the work was chiefly done by graphical 
methods. Sections were taken from the standard forms of 
manufacturers, the centre of gravity was formed by the con- 
struction above given, a correction being made for the two 
small squares shown shaded in fig. 1. This correction 


0:088 £. be ae i 
amounts to eT in the direction Co remote from C and 


is very small. The principal axes were then drawn in 
according to the values found from equation (4). 

The section was divided into the two rectangles shown in 
fic. 2, and each rectangle replaced by its equimomental 


Fig, 2. 


A 


system of particles, viz., 4 of its area at mid-point of each 
side and 3 of area at centre. Perpendiculars were drawn 
from each particle to the axis of least inertia, and the square 
of each one multiplied into the mass of its respective particle. 
In this way it was found that the moment of inertia of the 
actual section was greater than that of the centre lines (both 
being of equal mass) by about 5 or 6 per cent. The least 
radius of gyration of the centre lines was then determined 


for various values of 2 ranging from 1 to 4. 
2b 


The values of Bi 80 found were then plotted against z 


thi is s ° > 
(this is seen to be a rational proceeding from considerations 
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of similitude), and the full-line curve of fig. 3 was thus 
obtained. 

The dotted-line curve shown in the same figure is that 
given by the empirical formule I. and II., and while allowing 
somewhat for the thickness of the section, it always errs on 
the side of safety from about one to two or three per cent. 


Fig. 3. 


The dimensions of angles are generally given as the lengths 
of the outside edges. The least radius of gyration can easily 
be expressed in terms of these. Let a, and b, be the lengths 
of the outside edges and ¢ the thickness of section, then 


b t 
Zaa = pa: 
Putting these values in equation (1) we have, assuming b,=6t, 
a more handy practical form, viz. 


On 


ay 
a 1 35(7° ses ) 
j,? = 037+ z 2 ° 
1 100( ;— ) +50 
1 


The greatest value of s in the British Standard Sections 


1 
=24, and this Jast equation should not be used where 7 
exceeds this. 


There was much tedious work involved in the above com- 
putations, which would not have been completed but for the 
kind encouragement of Professors Perry and Harrison. 
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DISCUSSION. 


Dr. RUSSELL expressed his interest in the problem. He suggested 
that the phrase “ second moment of an area ” was preferable to “ moment 
of inertia of an area.” He asked the Author whether he had compared 
the numbers obtained by his formule with the numbers given in 
manufacturers’ catalogues. He noticed that manufacturers introduce 
corrections for tapering flanges, rounded corners, etc., and that the 
numbers they gave for the minimum radius of gyration varied largely 
with the thickness of the web. Large factors of safety were used in 
practice, but it was highly desirable that the theoretical numbers should 
be as accurate as possible. Unfortunately the Author had made some 
approximations which were not really necessary, and these made it 
dificult to know what weight to attach to his results. Personally 
he thought that the best way of finding the second moments of angle-bar 
or other sections was to use an Amsler’s integrator. These integrators 
had been extensively used for many years, more particularly by naval 
architects, and their accuracy was not inferior to that of graphical 
methods. 


XLVI. A Note on the Production of Steady Electric Oscil- 
lations in Closed Circuits and a Method of Testiny Radio- 
telegraphic Receivers. By J. A. Fuiemina, M.A., D.Sc., 
F.R.S., and G. B. Dyke, B.Sc.* 


In testing radiotelegraphic detectors the difficulty is generally 
to obtain facilities for working in actual stations and at 
various distances. Thus, if an inventor desires to know 
whether an improvement which he has made in oscillation 
detectors is an advance on anything yet done, he must be 
able to test this receiver at a station in correspondence with 
others at various and at considerable distances, and even then 
quantitative measurements are difficult, or impossible, to 
obtain on account of the continually varying atmospheric 
conditions which, as is well known, introduce an element of 
difficulty in connexion with long-distance radiotelegraphy, 
or else on account of the limited or continually changing 
distance between the sending and receiving station. 

The first-named author of this paper has therefore been 
secking for some years past for a method of testing receivers 
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within very moderate distances which can afford all the 
advantages to be obtained by working over long distances 
without any of the disadvantages, 

This has now been achieved by the use of closed electric 
circuits or magnetic oscillators instead of electric oscillators. 
In a paper read before the Physical Society on October 25th, 
1907 (see Phil. Mag. Dec. 1907 or Proc. Phys. Soc. Lond. 
vol. xxi. p. 47), “On Magnetic Oscillators as Radiators in 
Wireless Telegraphy,” by J. A. Fleming, the author gave two 
formule : one for the radiation in watts from a linear oscillator 
of the Hertzian type of length l, and the other from a square 
closed circuit of area S, on the assumption that the oscillations 
were persistent oscillations having a root-mean square value 
a and a frequency N. These formule were as follows :— 


W =87 x 10-"l*a?N? (for the open or electric oscillator). 
W= 4x 10-8S*a?N* (for the closed or magnetic oscillator) 


In the above formule W stands for the radiation in watts, 
l for the length of the linear oscillator, and S for the area of 
the closed or magnetic oscillator. 

These formule show that in the case of the open or 
electric oscillator the power radiated varies as the square of 
the current-strength and as the square of the frequency, 
whereas in the case of the closed or magnetic oscillator it 
varies as the square of the current, but as the fourth power 
of the frequency. Hence, for any such frequencies as are 
used in radiotelegraphy and for such dimensions as are 
generally possible, an open or linear oscillator has much 
greater radiative power than a closed oscillator of about the 
same linear dimensions. Accordingly, if two closed-circuit 
oscillators are placed at a certain distance apart and oscil- 
lations set up in one of them, and the other one used as a 
receiving-circuit, the current in the receiving-circuit can be 
made extremely feeble when the oscillators are separated by 
not more than a few hundred yards, and we can avail our- 
selves of such a means to provide what is the equivalent to 
two radiotelegraphic stations with apen or linear oscillators 
separated by many hundreds of miles. The convenience, 
therefore, of the closed or magnetic oscillator is very great 
because it is possible to set up in an ordinary building, sucb 
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as a College or Technical Institution, two square circuits. 
both under cover and within a reasonable distance of each 
other, which can be equivalent to two radiotelegraphic 
stations separated by several hundred miles. 

In order to supply the necessary conditions for quantitative 
work, one of these closed circuits must be made the seat of 
perfectly constant oscillations, damped or undamped, by 
preference damped oscillations. The appliances which have 
now been in use in the radiotelegraphic research Laboratory 
at University College, London, for many years past for this 
purpose are as follows :— 

The source of electromotive force may be an induction-coil 
or transformer. If a transformer, it must then be operated 
by a current from some supply circuit or from an alternator. 
If an induction-coil, it is preferably operated by large 
secondary cells, the primary current being interrupted by 
some good form of mercury coal-gas brake. We have used 
for this purpose with great advantage the Béclére mercury 
coal-gas brake, in which a jet of mercury is raised by a rotary 
pump and squirted against the copper plate in an atmosphere 
of coal-gas. The mercury brakes that are generally sold 
for use with paraffin oil as the insulating medium for the 
mercury, are very messy in use and give great trouble by 
necessitating constant purification of the mercury and are 
by no means constant in action. Any mercury turbine 
brake, however, can be converted into a coal-gas brake 
by making the vessel gas-tight and employing, instead of 
paraffin oil, an atmosphere of coal-gas supplied from a smal] 
rubber bag under slight pressure. We have also used with 
even greater advantage for some time a mercury turbine 
brake by Schall, thus converted into a cval-gas brake which 
will work for hours at a time for many months without the 
slightest attention. The next element in the oscillatory 
circuit is the spark-gap. To obtain perfectly constant 
results, it is necessary to cause a jet of air to impinge upon 
the spark-gap to destroy the arcing which otherwise would 
take place, and, as shown in another paper, the result of this 
air-blast is to remove the causes of the irregularity in the 
discharge current (see the following puper on “ The Effect of 
an Air-Blast upon the Spark-Discharge of a Condenser charged 
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by an Induction-Coil or Transformer,” by J. A. Fleming and 
H. W. Richardson). . 
It iş also desirable to enclose the spark-balls in a cast-iron 
chamber for silencing purposes. . 
The form of spark-gap therefore used by the authors consists 
of a cast-iron chamber S (see fig. 1) closed by a lid with a glazed 
peephole in it, the distance of the spark-balls being adjustable 
by ascrew, and a glass jet J being arranged so as to cause a 
steady Jet of air from a small Lennox blower under a pressure 
f 16 to 20 inches of water, to impinge upon the spark-gap. 
p aperture is left in the cast-iron chamber, through which 
“8 air escapes. By using a small spark-gap not more than 
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denser consisting of metal plates placed in anhydrous paraffin 
oil. The high-frequency capacity of this condenser can then 
be measured accurately, and also the inductance of the 
radiative circuit and the frequency of the sparks can be 
ascertained by a spark-counter, as described previously by 
one of us. The mean-square value of the current in the 
oscillatory circuit can be determined by a hot-wire or thernio- 
electric ammeter inserted in it, or in a circuit M inductively 
coupled to it, and it will be found that if the above arrange- 
ments are adopted, the mean square value of the discharge 
current in the oscillatory circuit can be kept extremely constant 
for hours together. Signals can also be automatically sent 
by interrupting the primary circuit of the transformer or 
induction-coil by a key operated by a punched tape. In 
this manner, a succession of Morse signals may be sent, or 
long and short signals of any kind for the purpose of testing 
the transmission of any particular words or letters. If the 
spark-chamber is made of thick cast-iron the apparatus will be 
nearly noiseless, and may therefore be set up in a Laboratory 
without disturbing other workers, which is not the case when 


Fig. 2.— Receiving Circuits, 
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movable semicircular plates fixed on a shaft, which can be 
rotated, so as to bring the second set of plates more or less in 
between the first set, the vessel being filled with a highly 
insulating oil. Two of such closed oscillatory circuits can be 
set up ata distance, say of 50, 100, or 200 feet within a large 
building, and even the interposition of brick walls makes no 
difference, provided they do not contain metal girders. 

To test, then, a radiotelegraphic detector of any kind, it is 
necessary to be certain that the detector per se, when un- 
connected to the oscillatory receiving-circuit, is not directly 
affected by the spark at the distance at which the sending and 
receiving circuits are set up; but this can easily be done, and 
then any particular type of oscillation-detector, D (see fig. 2), 
whether of the current actuated type or the potential actuated 
type, can be tested as to sensibility by inserting it, either in 
series with the condenser of the receiving-circuit, or in parallel 
with the condenser of the receiving circuit. The detector D 
is associated with a telephone T and a battery B shunted by 
resistance R as usual. The use of the closed circuits has this 
great advantage, that being directive radiators and absorbers, 
it is possible, by a displacement of the planes of the magnetic 
oscillators with reference to one another, to obtain a quantita- 
tive measure of the sensibility of any given oscillation-detector. 
Thus, for instance, it is generally possible, but not always, to 
find a position for the closed circuit of the receiver, such that at 
a certain distance no effect can be detected in that receiving 
circuit by any oscillation-detector, however sensitive. We 
may then call this the zero position. If the receiving 
circuit is moved out of the zero position by turning it 
through a certain angle round any axis, it will begin to be 
affected by the distant transmitting circuit, and a quantitative 
measure of any oscillation-detector can be obtained by noting 
the angle through which the receiving circuit must be 
turned, so that good audible signals may just be obtained. 
Whether the action of the sending on the receiving circuit is 
due to true electromagnetic radiation or to ordinary electro- 
magnetic induction seems immaterial. The result in either 
case is that the receiving circuit is the seat of feeble electrical 
oscillations and the oscillation detector has to detect these 
fit can. 
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Another method is to maintain the receiving-circuit in its 
position of miximum effect, but to upset the tuning of the re- 
ceiving-circuit by varying the capacity of the condenser or the 
inductance of the circuit. This varies the mean-square value 
of the received current and from the resonance-curve enables 
us to get the measure of the current or potential-difference 
which the particular oscillation-detector under test will just not 
detect. The authors have been employing arrangements of this 
kind very successfully for a long time past in investigations 
connected with improvements in the Fleming oscil‘ation-valve. 

It has been found convenient to denote the relative telegra- 
phic value of detectors by stating the angle in degrees through 
which the receiving-coil has to be rotated from the zero position 
that good audible signals can be obtained on the telephone. If 
a note is made of the value in amperes or milliamperes of the 
current in the closed transmitting-circuit, this can always be 
recovered, and if the spark-lengith and spark-frequency are the 
same, we can always be sure that the sending circuit is in a 
constant and similar condition when comparative tests are 
made. 

The closed receiving-coil is conveniently made by winding 
silk-covered copper wire, No. 16 S.W.G., on a square 


Fig. 3.—Radiotelegraphic Detector Tester. 


mahogany frame, which can be revolved on pivots carried 

on a baseboard which can itself be set at any required angle 

(see fig. 3). A divided circle and pointer attached to the 
3B2 
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frame serve to show the angle through which the frame is 
rotated. In general appearance it resembles an instrument 
used in Physical Laboratories under the name of an earth- 
inductor, for obtaining small induced currents by means of the 
rotation of a coil in the terrestrial magnetic field. 

If a closed transmitting-circuit is set up at a distance, 
then it is generally possible to find a position for the 
receiving-coil, such that it will not detect any signals when 
coupled with a condenser and tuned and associated with a 
highly sensitive receiver. On turning the coil through a 
certain angle the signals will be heard. Ifa very sensitive 
oscillation-detector is employed, then there may be no position 
of absolutely null reception, but there will be a position of 
minimum reception. Thus, for instance, in a certain case, 
with a coil used at the Pender Electrical Laboratory, some 
Fleming oscillation-valves of a new type were found to be so 
sensitive to oscillations, that no position in which the receiving- 
circuit could be placed was so completely a position of zero 
mutual induction that these valves, when used with a tele- 
phone, gave no signals from a tuned transmitter. Such 
valves were called zero valves. Others, on the contrary, 
could not detect signals until the coil had been turned through 
5°, 10°, or 20° from the zero or minimum position. A 
magnetic detector inserted in series with the coil could not 
detect the signals from the transmitter until the coil was 
turned through 15°. An electrolytic detector of a particular 
make required a rotation of 40°, and a carborundum detector 
required 45° rotation of the coil to give audible signals on 
the telephone. These measurements are not given as 
absolute and final measurements of the relative sensibility 
of all magnetic, electrolytic, or crystal detectors, but merely 
as examples of the ease with which the sensibility of these 
special samples of receivers could be tested for order of 
sensibility. The instrument has proved of great use in a 
research being conducted now in connexion with improve. 
ments in ionized gas radiotelegraphic detectors. 
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XLVII. The Effect of an Air-Blast upon the Spark Discharge 
of a Condenser charged by an Induction Coil or Trans- 
former. By J. A. FLEMING, A.A., D.Sc., F.R.S., Professor 
of Electrical Engineering in University College, London, 
and H. W. RicHarpson, B.Sc.* 


WHEN the oscillatory discharge of a condenser is caused 

to take place across a spark-gap in the usual manner by 

charging the condenser by means of an induction-coil or 

transformer, the intermittent spark which takes place be- 

tween the spark-balls is a complex effect. It consists partly 

of the true oscillatory discharge of the condenser and partly 

of an electric arc, unidirectional or alternating, which is 

superimposed on the true condenser oscillatory spark. If a 

hot-wire ammeter or other means of measuring the effective 

or mean-square value of the discharge current is inserted in 

the condeaser circuit, this current will generally be found 

to be irregular, and if a radiative circuit is coupled to the 

condenser circuit as in radiotelezraphy, the radiation from it 

will be found to consist of trains of waves whose initial 

amplitude is also variable. This irregularity is a source of 

difficulty in making radiotelegraphic or laboratory measure- 

ments of current, decrement, wave-length, &., when origi- 

nated by condenser discharges. The reason is that the 

moment the condenser begins to discharge, and the first 
so-called pilot spark takes place between the balls, the 
resistance of the spark-gap falls, and an arc discharge from 
the induction-coil or transformer commences across the gap. 
Until this arc is extinguished the condenser cannot again 
become charged to any high voltage, and the voltage to which 
it is charged will depend upon the state in which the ball 
surfaces are left as regards temperature and smoothness, 
since these are factors in determining the spark potential, 
and also on the condition of the air-space as regards conduc- 
tivity. Accordingly, to produce a uniform oscillatory dis- 
ckarge this true arc-discharge must be either prevented or 
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arrested at once, and the spark between the balls should arise 
wholly from energy which comes out of the condenser, and 
not from energy coming directly from the transformer or 
coil. When moderate power is being employed this arc- 
discharge can be best annulled by a blast of air thrown on 
the spark-gap. This has the effect of blowing away the arc, 
but does not stop the condenser oscillatory discharge. For 
a long time past the utility of this air-blast in connexion 
with practical radioteleeraphy has been noted by one of 
us (J. A. Fleming), but its use in purely scientific mea- 
surements is an advantage, as shown in the following 
paper. 

If a large induetion-coil has its secondary terminals con- 
nected to a pair of spark-balls, or to the outside pair of a 
series of balls, so arranged that each gap is not more than a 
millimetre in width, and if a condenser having a capacity say 
of 0:005 mfd. is connected across the outer balls, then when 
the coil is in action intermittent sparks pass at the gap. If 
these sparks are examined in a revolving mirror or photo- 
graphed ona moving plate, they present themselves as bright 
images set at fairly equal distances. If a jet of air under a 
pressure of 16 or 18 inches of water is thrown on the gap by 
a glass nozzle, the images are then seen to have a raveed 
tail or aureole which is blown away from the spark, and this 
tail is generally reddish in colour and easily distinguished 
from the bright condenser spark. The tial is the image of 
the are-discharge superimposed on the oscillatory spark. To 
determine the effect of this air-blast the following experiment 
was tried. A 10-inch induction-coil had its secondary circuit 
connected to brass spark-balls 3 cms. in diameter set with a 
gap of 1 mm., and the balls were also connected to a reetan- 
gular circuit of round copper wire, the diameter of the wire 
being 0°162 em. and the sides of the rectangle respectively 
142:1 ems.and 84:17 ems. The ordinary or steady resistance 
of this rectangle is 0-046 ohm and its high frequeney 
resistance to currents of a frequency of the order of 
1:25 x 10° is O31 ohm. The inductance of this circuit 
(calculated) is 5012 ems. In series with this circuit was 
placed a condenser consisting of metal plates immersed 
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in paraffin oil, the capacity of which was 0°002645 of a 
microtarad. 

In contiguity to the long side of the above rectangle was 
placed the bar of a Fleming Cymometer, two such instru- 
ments being used in the experiments, called respectively 
No. 2 and No. 3. The cymometer circuit can have two short 
fine wires of constantan each about 5 cms. long, inserted in 
it at pleasure, against one of which a bismuth-iron thermo- 
junction is attached. By passing measured small continuous 
currents through this fine wire and connecting the ends of 
the thermo-junction to a low resistance single-pivot Paul 
galvanometer, the arrangement can be calibrated as a hot- 
wire ammeter to indicate directly the mean-square value of 
the oscillations, which when passed through the fine wire 
cause a certain deflexion of the galvanometer attached to the 
ends of the thermo-junction, The other fine wire can be 
inserted as an added resistance in the circuit of the cymo- 
meter. The cymometer consists of a circuit including a spiral 
wire having inductance L and a condenser of capacity C. 
which can be continuously varied in the same proportion, so 
that the oscillation constant (V CL) of the circuit can be given 
any value between certain limits. The cymometer was em- 
ployed to take a resonance curve of the spark circuit by the 
usual Bjerknes-Drude method, (i.) when the spark-balls were 
not subjected to the air-blast, and (ii.) when the jet of air was 
thrown between them. 

An extremely steady jet of air for this purpose can be 
obtained by the use of a small Lennox blower, which is a fan 
driven by an electric motor taking a current of about l ampere 
from any electric-lamp supply circuit. The resonance curve 
is obtained by plotting the values of the root mean-square 
current (a) expressed as a fraction of the maximum current 
(A) induced in the eymometer circuit by the damped oscil- 
lations in the spark-ball circuit corresponding to various 
values of the natural frequency n or oscillation constant for 
any setting of the variable inductance and capacity of the 
cymometer circuit. Then, if A is the maximum value of this 
secondary current in the eymometer corresponding to a 
certain natural frequency N or oscillation constant when 
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resonance between the circuits exists, and if ô, and 6, are the 
logarithmic decrements per semiperiod of the oscillations in 
the spark and cymomster circuits respectively, we have by 
Bjerknes’ formula 


ô +ò, =D=7(1 ETV Aa 


provided that such values of n are selected that n does not 
differ from N by more than say 5 per cent. If ther a 
known resistance R is added to the cymometer circuit, tnus 
increasing its decrement by a known amount 6,’, and a fresh 
set of observations taken, another resonance curve can be 
plotted which should lie wholly outside of the first when 
their maximum ordinates of both curves ure taken as unity. 
From the formala given by Bjerknes we know then that 


A? (ô, + 6) ô= Ay? (8, + 83 + 8’) (8) + 8), 


where A and A, are the mean-square values of the maximum 
or resonance currents in the two cases. 

The actual observed quantity which gives us a is the 
deflexion of the needle of the galvanometer in connexion 
with the thermocouple pressed against the resistance wire 
inserted in the cymometer circuit. If there is no air-blast 
on the balls this deflexion hardly ever remains steady, the 
needle wanders to and fro over the scale, aud the observer 
an at best but take a mean reading. The result is that the 
points plotted for the resonance curve do not lie well on a 
smooth curve, and it is particularly difficult to plot the 
important part of the curve near the maximum value. This 
difficulty has been experienced by other observers. Thus, 
Mr. R. A. Houstoun has recently made a series of measure- 
ments of spark resistance and decrement with spark-balls of 
various metals (see Proc. Roy. Soc. Edin. 1908, vol. xxviii. 
p. 369, or § The Electrician,’ vol. 62, p. 636) ; and he remarks 
thateven with great care taken, measurements of logarithmic 
decrement of oscillation made with the same spark-g gap and 
circuit do not agree well together, the resistance of the spark- 
gap appears to vary irregularly. Again, Messrs. J. E. Taylor 
and W. Duddell in some radiotelegraphic measurements made 
in 1905 (see Journ. Inst. Elect. Eng. vol. 35, p. 821, 1905) 
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also complained of the difficulty of obtaining good measure- 
ments with a spark-transmitter. These difficulties have their 
origin in the actions taking place in the spark-gap. If, 
however, a steady blast of air at a suitable pressure is thrown 
between the spark-balls, this irregularity is greatly reduced 
provided the spark-gap is not long. The deflexion of the 
galvanometer becomes greater and much more steady, and 
accurate observation of the values of the current a corre- 
spon ling to known values of n becomes much facilitated. 

With the above described arrangements a resonance curve 
can be easily taken as follows:—The jet of air from the Lennox 
blower conveyed by a rubber pipe ending on a glass nozzle 
is allowed to play between the spark-balls, and these are 
connected together by a condenser of known capacity in 
series with an inductance which has either been measured or 
predetermined. This inductance is preferably formed of 
round copper wire and may be rectangular in form, and its 
high frequency resistance and inductance can then be calcu- 
lated by known formule, 

The cymometer is then placed alongside this rectangle so 
as to have induced oscillations created in it, and by means of 
the hot-wire ammeter inserted in its circuit the mean-square 
value a of the cymometer current is taken for various 
settings of the cymometer circuit, which give it various 
assigned natural frequencies n. If A and N are the maximum 
values obtained we then calculate the value of the sum of the 
decrements of the spark and cymometer circuits from the 
Bjerknes-Drude formula given above *. Since the resonance 
curve is not symmetrical with respect to its maximum 
ordinate, the best mode of procedure is as follows :——Having 
taken a series of values of the cymometer current a without 
the extra damping resistance, and those of the current a, 
when the resistance is inserted in the cymometer circuit, 
and observed the maximum values A aud A, of the quantities, 
for various values of n we plot tao curves, each to abscissce 
n/N, but one having ordinates a,/A and the other ordinates 
a,/A,. The latter curve should lie outside the former, but 


* See ‘The Principles of Electric Wave Telegraphy, by J. A. Fleming. 
Longmans & Co., pp. 221-223. 
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should have the same value for its maximum ordinate, viz., 
unity. We then draw a number of horizontal lines across 
the hump of the resonance curves, as shown in fig. 1, with 
such ordinates that the greatest length intercepted by the 
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Fig. 1.— Resonance Curves taken with air-blast on spark-gap. 


curves is not more than 0°06 on the same scale that N is taken 
as unity. Let the half length of any such horizontal inter- 
cept be callel « and the corresponding ordinate a/A be 
denoted by y, we then calculate the value of 


D=-re oer ae 


and this gives us the value of the sum of the decrements of 
the spark and cymometer circuits. It is well to calulate D 
from several, say four or five, measurements of æ and y for 
intercepts of different lengths, and then take the mean value 
for D. In the same way from the outer resonance curve we 
ean calculate the value of D,. The difference between D and 
D, is the increment in the decrement due to the added 
resistance wire, and if R is its high frequency resistance and 
if the frequency of resonance is N and the correspouding 
inductance of the cymometer is L, we should have 


D,—D=, 


asa cheek on the observations. 
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The following details of one set of experiments will show 
the advantage gained by the use of the blower. The experi- 
ments were made with cymometer No. 2. The primary 
circuit had an inductance of 5012 cms. and a capacity of 
0-002645 mfd., and was charged by a 10 in. induction-coil 
worked with a coal-gas mercury turbine break. The spark- 
balls were brass balls 3 cms. in diameter set with spark-gaps 
of length of 1, 2, and 3 mm. respectively in various experi- 
ments. The resistance added in the cymometer circuit was 
a very fine constantan wire of which the resistance was 
7-1 ohms, and a similar wire against which a thermojunction 
pressed has a resistance of 5 0 ohms. 

When the cymometer circuit was adjusted to bə in 
resonance with the primary circuit the resonance frequency 
N was found to be 1:25 x 10° and the corresponding induc- 
tance of the cymometer was 5500 cms. Hence for the added 
resistance, we have R=7:1 x 10? c.a.s., L=53500 ems, and 

n= 1'25 x 106. Therefore 
Tae e l Og 
4nL 4x1:25x 10° x 5500 


and for the thermojunction 
R 5x10 | 
4nL 4x 1:25 x 10° x 5500 
The thermojunction ammeter having been calibrated with 
direct currents so that froin the deflexions of the Paul single 
pivot galvanometer the R.M.S. value of the oscillations 
passing through the wire which gave any observed deflexion 
could be obtained, a series of observations was taken by 
varying tho setting of the cymometer slowly and continuously 
when it was placed in loose inductive coupling with the 
primary circuit so as to alter its oscillation constant O= “CL 
or the product of its inductance Land capacity C, from which 
the natural frequency n of the circuit is at once obtained b 
the formula n=1/27 VCL. At the same time the R.M.S 
value of the current a in the cymometer was read off by the 
thermo-ammeter and the maximum value A also taken and 
the resonance frequency N. These observations then give the 
means of calculating D or the sum of the decrements of the pri- 
mary circuit 6; and that of the cymometer ô», this last including 


= 00181. 
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that due to the resistance of the hot-wire ammeter. A reson- 
ance curve was then drawn and a series of horizontal] intercepts 
measured off near the peak of the curve, and the ordinates of 
these intercepts also read off on the curve (see fig. 1), The 
half of the length of the intercept is taken as the mean-value 


n 
of l- xr) 
L 


fraction of the maximum ordinate of the curve is taken as 


: f a , 
/ ‘ ° c tnab 
aA, and from this last the function a] is caleu 


lated and the product of these two quantities, viz., 
n iğ 
(-S)eV; 
N A: 
1 
‘ves us D = 8, +8, or the sum of the decrements of the 
rives U: the 
STILLAN and secondary circuits. 
f The resonance Curves are plotted to such a scale that 


dini i i ity the 
he maximum 0! dinate representing A is unity, and 
aa that ordinate representing N is also taken 


and the corresponding ordinate expressed as a 


a? 


T 


abscissa of 


as unity. t of observations for the 1 mm spark-gap 
“<4 bs te se 2 ? ° D 
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The maximum cymometer current = A = 0°1195 ampere 
without the added resistance in circuit, and the maximum 
current with the added resistance of 7°1 ohms = A, = 0°0635. 

From the above observations and curve-measurements we 
calculate the following Table II. :— 


Tape II.—1 mm. spark-gap with air-blast on gap. 


Cymometer f 
Ciara Value of Mean Value o Value of 
per cent. of ae oe ï 
max. current | x Va T l- Ņ' D=8,+6,. 
= 100 a/A. A*—a 
| 95 | 9:58 "0067 0643 
| 0) 6°47 098 0635 
) 85 5:09 0126 0642 
80 418 0152 0636 
75 3°58 0177 0635 
70 3°08 0205 0632 


Mean Value of D=-0637 


i RD eT a 


The values of D obtained from the various measurements 
of the resonance curves are seen to be in very fair agreement. 


We then calculate the value of ô, the cymometer decrement 
from the formula 


A2D8, = Ai(D + 0°0258)(5, + 0°0258), 
where A =:1195, A,='0635, D = 0637, and hence 


6,=°017 = decrement of cymometer including that due to 
the resistunce of thermojunction wire. 


Hence ô = D— 8, = 0637 —-017 = 0467. 
Accordingly the total high frequency resistance of the 
AN Lô, 


primary circuit = R = O’ where L, is the inductance 


=95012 ems. and N is the natural frequency = 1:25 x 108, 
Hence we have R=1-17 ohms, and since the high frequency 
copper resistance of the rectangular circuit =0°31 ohm, we 
find that the Spark-gap resistance for this 1 mm. s ark i 
0°86 ohm. . : S 
e tea es made with 2 mm. and 3 mm. spark-gaps with 
ie : k eah case gave results of which the final calcula- 
Sí measurements are embodied in Tables IIT. and LY, 


SS OE fians. 
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_ TABLE III.—2 mm. spark-gap with air-blast. 


SS 


?: ——— 


| 


O Quemer | valnot | Mean Valu of | 
: | per cent. of | . ia a 
j max. current | A/a N 
| ee Ata? | from Curve. D=? +, 
| ee es 
| 95 i 9°58 ‘0069 | 0662 
9O 6-47 ‘0010 | ‘0647 
85 509 0127 | gay 
80 | 4°18 0144 0609 
75 |} 358 01695 | 0605 
70 3-08 0192 | 0595 


| 
sensi iMRI (ae 
| 


| Mean Value = 0627 


Maximum Cymometer Current = A = "1UL ampere. 
Maximum Cymometer Current 
when resistance is added = A, = 0-046 ampere, 
Calculated Value of 5, = -0443. 
E ss è, = 0184, 
» Of spurk-gap resisistance = 0-80 ohm. 


99 


TABLE I V:—3 mm. spark-gap with air-blast, 


Value of 

mometer Mean Value 

C rent as of Calculated 
we f at l Value of 
r cent. O , —n;/N 

ae current de A*—a? from Curre. D=6, +, 


100 ajA. _ 
Oe S o o 
É 0604 


e 9:58 0063 

95 6:47 "0095 0615 

90 5°09 0117 0595 

85 4:18 0138 0579 

80 3:58 0161 "0577 

75 3°08 0187 0577 

70 Wee a a A E, 
eal — 7 Mean Value = ‘0591 


eter Current = A = 0:1195 ampere. 


m 
Cym? r Ourrent 
Maor f mote resistance = Å, = 00652 ampere. 
Maximum ith ad of 8, = 0397. 
Value l3” 0194. 


Calculated f spark-gap resistance = 0'68 ohm. 
o 
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The same experiments were then repeated with the same 
spark-gap lengths but without air-blast. It was found to 
be more difficult to obtain good points for resonance curves, 
but the final results are as shown in the figures in Table V. 
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Fig. 2.—Resonance Curves taken without air-blast on spark-gap. 
To economise printing we shall write X for the quantity 


100 a/A, and Y for 7 
of L—n/N. 

Then since the values of X and Y are the same in all cases 
they apply to each spark-length, and need not be repeated if 
it be understood that the six rows of figures correspond 
respectively to X= 95, 90, 85, 80, 75, and 70 per cent. We 
accordingly compress the final results for the 1, 2, and 3 mm. 
spark-gap unblown on in one Table V. 


Taste V.—-1, 2, and 3 mm. spark-gaps without air-blast. 


a 
Tp and Z for the mean value 
— iad 


00975 01 

0017 0124 
0141 0146 
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The values of the maximum cymometer current in amperes 
without the resistance in its circuit (=A) and with added 
resistance (= A,),and the calculated values of the decrements 
and spark-gap resistances are given in Table VI, 


TABLE VI. 

1, 2, and 3 mm. spark-gaps without air-blast. 
Spark- Max. Cymo- |With resis- Primary Secondary | Spark re 
length | mete. Current. tance added; decrement decrement | sistance 
In mt. in amperes =A). ôi. 5 in ohus. 

=A. 
| Weer "0952 052 0423 "019 Wd 
ooo. "1202 ‘067 "0447 "0198 ‘81 ! 
is ‘119 ‘066 0383 "0216 ‘65 


f£ we collect together the same quantities for the spark- 
vane n blown on we have results as in Table VIL 


gaps whe 
Taste VII. 
1. 2, and 3 mm. spark-gaps with air-blast, 
? 
O ge oe wo 
- | 
S x. Cymo- {With A Primary ' Secondary Spark-re- | 
Spark- Me Current jtance added decrement | decrement | sistance 
length | mete? 4 =A | ay ð, | in ohms 
in min pee oo 
jue n ; 
es 4195 0635 0167 017 86 
Bpan Jol 046 043 | -18 80 
eae 0652 0397 0194 68 
gaal O 


p, therefore, that when the air-blast is “a 

It will be S£ ? Values of D=6, +68, calculated sean 
applied the varlo e more irregular and deviate more fro! 

nance curves | o the result of the difficulty of obtaining 

ae this belts readings to delineate a good resonance 
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spark-resistance for very short sparks. The good effect of 
the air-blast is seen best when applied to short sparks, which 
tends to show that it is of assistance in destroying the arcing 
then occurring. This are, however, is unable to persist with 
longer gaps; that is to say, it blows itself out, and accord- 
ingly for spark-lengths of 3 mm. or upwards and when 
using an ordinary 10 in. induction-coil with mercury break as 
interruptor, the blast is of no special advantage. 

Another set of experiments was conducted, the object of 
which was to ascertain the effect of the air-blast upon multiple 
and upon very short spark-gaps. At one time some radio- 
telegraphists were of opinion that an advantage was gained 
by dividing up a spark-gap into smaller spark-gaps in series. 
To test this opinion more carefully, a series of six spark-balls 
were made, each consisting of a pair of brass balls 2 cm. in 
diameter adjustable as to distance by a screw of 0°5 mm. 
pitch, having a divided head. These spark-balls were arranged 
so that they could be put in series with one another, the 
series forming the spark-gap in an oscillatory circuit having 
an inductance of 125,000 cms. and a capacity of 0:0045 mfd. 
A number of glass jets were arranged so that an air-blast 
could be directed against each pair of spark-balls across the 
gap. In the oscillatory circuit a hot wire ammeter was 
placed, so arranged that a reading could be taken of the 
ammeter first with a single spark-gap of a definite length, 
and then with a series of 2, 3,4, 5, and 6 gaps, each adjusted 
to be equal in length, the sum of them all being equal to that 
of the single gap employed. Thus, for instance, the effect 
of a single gap 0°5 mm. could be compared with that of five 
gaps in series each 0'1 mm., both with the air-blast and 
without the air-blast against the gaps. As in the case of 
very short gaps, the phenomenon of multiple sparks exists ; 
that is to say, each interruption of the induction-coil in the 
primary circuit gives rise not merely to one discharge in the 
oscillatory circuit, but to a series of discharges, because a 
discharge takes place between the balls corresponding to the 
length of the spark-gap employed, and whilst the electro- 
motive force in the secondary circuit of the coil increases 
and endures, during this time many sparks may take place. 

Whether this occurs or not can be determined by means 
VOL, XXL 3c 
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of a revolving mirror. If the image of an oscillatory dis- 
charge produced by an induction-coil is examined in a 
revolving mirror, then if there is only one spark correspond- 
ing to each interruption of the primary coil, a series of 
widely separated sharp images of the spark will be seen, but 
if the phenomenon of multiple discharge is taking place, 
then the images are each seen to consist of 4, 5, 6, or more 
small sparks rapidly succeeding each other. Also, if there 
is any sensible arcing at the spark-gap it is at once seen in 
the image in the revolving mirror in the form of a trail of 
light of a different colour to that of the true oscillatory 
discharge-spark. . On examining the spark-discharge with 
and without the air-blast for certain short spark distances, 
the effect of the air-blast is easily detected, because it is 
seen to blow away this trail which accompanies the image of 
the spark-discharge. 

In order to avoid misinterpreting the results, it was neces- 
sary to be sure that when using say one single spark of 
0-5 mm. in length and comparing it with the effect of 5 
spark-gaps of 0:1 mm. in series, any increase in the current 
at the discharge circuit was not due to an alteration in the 
number of discharges. 

As far as could be observed this was nae the case when 
sufficiently short spark-gaps were employed. 

The following Table VIII. (p. 679) embodies the results of 
the measurements. Employing single spark-gaps ranging in 
length from 0-1 mm. to 3 mm., obarva lioi were taken of 
the mean-square value of the current in the discharge circuit, 
both with and without the air-blast, and these values are 
recorded in the first two columns. It will be seen that up 
to a certain length of gap (about 2 mm. in the case of these 
experiments) the air-blast had a very decided effect in in- 
creasing the mean-square value of the discharge current, but 
beyond that point it seems to have the effect of diminishing 
it. On the other hand, if a single gap, say of 0:2 mm., is 
broken up into two gaps in series each of 0:1 mm. and so on 
for the other spark-lengths, it is found that dividing the 
spark-gap into two parts also increases the discharge current 
up to about 0°8 mm., and after that the current diminishes. 
If the double air-gap is blown upon, the current is increased 
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Taste VIII. 
Comparisons of the Effect of breaking up a single Spark-gap into several Spark-gaps in series. 
| In 1 Gap. : Separated | _ Separated _ Separated _ Separated Separated 
into 2 Gaps. | into 3 Gaps. into 4 Gaps. into 5 Gaps. into 6 Gaps. 
Total | No Air | With Air | No Air | With Air | No Air | With Air | No Air | With Air | No Air | With Air | No Air | With Air 
Gap. | Blast. | Blast. Blast. | Blast. | Blast. | Blast. | Blast. | Blast. | Blast. | Blast. | Blast. | Blast. 


3C2 
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as compared with the same two gaps not blown upon, but 
is not increased as compared witha single gap blown upon. 
The same is true when the spark-gap is broken up respectively 
into 3, 4, 5, and 6 gaps. The effect of dividing the gap up 
to a certain point is to increase the discharge current, but 
the effect of the air-blast on the multiple gaps becomes less 
and less marked in proportion as the number of gaps increases, 
so that the effect of dividing up a gap, say 0°6 mm., into 
five gaps of 0:12 mm. each, is to increase the discharge 
current almost as much as by subjecting the single gap of 
0:6 mm. to the air-blast. This increase appears to be due to 
the suppression of the arc-discharge, as shown by the ap- 
pearance of the images of the spark in the revolving mirror, 
and hence the arcing is suppressed by the separation of the 
gap into multiple gaps, almost as effectively as by blowing 
upon the single gap. On the other hand, separating the 
spark-gap into more than five separate gaps seems to result in 
diminishing the total discharge current beyond a certain very 
short length of spark. The figures in the table, however, do 
nut show what is observed in practice, namely, the greater 
steadiness of the discharge current under the operation of 
the air-blast; and the conclusion, therefore, is that in any 
experiments in which great constancy is required in the 
discharge current in the condenser circuit, a great ad- 
vantage is obtained by using a short spark-gap, and by 
subjecting the discharge spark to an air-blast, as this 
both increases the charging voltage of the condenser and 
steadies the discharge current by abolishing the arc, which 
would otherwise take place even with an ordinary induction- 
coil. 

A similar set of experiments was tried with a larger alter- 
nating current plant and a high tension transformer, consti- 
tuting one of the wireless telegraph sets of the Radiotelegraphic 
Laboratory, University College. The alternating current 
was supplied from a 5-k.w. alternator and raised in pressure 
by a transformer discharging across a spark-gap between 
two iron balls, the spark-gap being shunted by a condenser 
in series with the primary circuit of an oscillation transformer, 
the secondary circuit of which was inserted between an 
antenna and an earth connexion, the antenna circuit being 
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tuned to the condenser circuit. As no suitable hot-wire 
ammeter was available for measuring the large current in 
the condenser circuit, readings were taken by connecting 
the terminals of a hot-wire voltmeter to points on the earth- 
wire connexion of the antenna, consisting of a copper strip. 
These points being selected a few inches apart so as to give 
a convenient reading on the low reading hot-wire voltmeter. 
These readings, however, are approximately proportional to 
the currents flowing in the condenser circuit. Spark-gaps 
were then adjusted from 0°5 mm. to3 mm. in length, and 
the reading of the voltmeter taken, both when the spark-gap 
was blown upon and when it was not blown upon a by a jet 
of air. 
The following table shows the readings :— 


TaBLE [X. 
Voltmeter Reading. 
Spark Lengths, No Air Blast. With Air Blast. 

3°0 mm. 2°4 27 
25 ys 2:4 27 
2 9” 1:85 2:2 
rO -z 1:7 1:7 
10 ,, 1:65 2:0 

i ae “75 1:0 
10 ,, 2.0 2°25 
lo 4, 2:1 2-4 
20 ,, 2°05 2°35 
30 ,, 2:3 2°45 


The Table shows in every case an increase in the current 
circulating in the condenser circuit when the spark-gap is 
subjected to the air-blast, but does not indicate the much 
greater steadiness of the voltmeter-needle which is seen with 
the air-blast. Without the air-blast the voltage was by no 
means constant, and the readings given in the first column 
are therefore a mean reading from which the extreme readings 


may differ by 10 per cent. 
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The final result of the experiments is to show that when 
using spark-gaps, 1, 2, or 3 mm. in width, in a conden-er 
circuit, for the purpose of exciting oscillations, much greater 
uniformity in the discharge current can be obtained if the 
spark-gap is subjected to an air-blast as described. 


Discussion. 

Mr W. DUDDELL congratulated the Authors and remarked that the 
papers contained a great deal of useful material. The use of the earth 
inductor for testing receivers was a feature of the first paper. He asked 
Dr. Fleming to what extent the effects obtained in the receiving circuit 
were due to true radiation, and why they had used coal-gas instead of 
alcohol in their interrupter. Referring to the Authors’ method of 
determining the current in the transmitter, he asked if there was any 
objection to putting an ammeter in the circuit and reading the current 
directly. He should also like some more information about the cases in 
which it was found impossible to obtain a position of the earth inductor 
giving silence in the telephone. Was it because the distance apart was 
not sufficiently great or was some physical impossibility involved. 
With regard to the second paper he had always found it possible to get 
a uniform discharge by using an alternating current of suitable frequency 
in the primary. Ile asked the Authors if it was the are or the spark 
which was blown out by the air and whether the part blown out had a 
spectrum different from the rest. 

Dr. W. H. Eccirs asked how much of the energy absorbed by the 
receiver was due to radiation and how much to electromagnetic in- 
duction, He had obtained results, depending on electromagnetic 
induction, similar to those described by the Authors by using very 
much smaller apparatus, but he had discontinued his experiments 
because in practice the whole of the energy received was due to true 
radiation. He pointed out that a receiver adjusted and tested in a 
laboratory was never in proper adjustment for actual work. He 
supgested that the reason it was sometimes impossible to get a position 
of silence arose from stray radiation falling upon the receiver. 

Dr. Erskine-MURRAY pointed out that detectors varied greatly in 
resistance and that therefore a telephone of suitable resistance should be 
selected in each test. 

Dr. A. Russevy thought that Prof. Fleming and Mr. Dyke’s method 
of testing radio-telegraphic receivers would be a great help in judging 
their relative values. He much appreciated the clear distinction drawn 
between the function of the spark and the arc as this cleared up some of 
his difficulties, Although the air-blast of the Lennox blower was 
doubtless beneticial by preventing arcing, he thought that the fact that 
the dielectric coetlicient of the glass nozzle used was greater than unity 
might have accelerated the sparking. He mentioned some of the diffi- 
culties encountered in computing sparking voltages when there were 
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two gaps in the circuit. In this case it had to be remembered that the 
sparking voltages at the moment of the discharge are not equal and 
opposite. When the potentials of the electrodes are known, however, 
and they are spherical in shape, the sparking voltages with two gaps in 
reries can be calculated with fair accuracy. 

Dr. R. S. WiLLows pointed out that by blowing out the spark the 
resistance of the path was increased and the rate of charge of energy 
thereby altered. The fact that greater recularity and greater energy 
could be obtained could be easily demonstrated by using an electrodeless 
discharge-bulb. Referring to the fact that it was necessary to know the 
self-induction of one of the circuits, he asked the Authors what form of 
circuit had been chosen and how its self-induction had been calculated. 
In one of the experiments a resistance r had been added, and he remarked 
that attention should be directed to its effective resistance under rapidly 
alternating currents, as this might depend upon whether the added 
resistance was a pure metal or an alloy. 

Mr. L. H. WALTER agreed with Dr. Erskine Murray that it was 
necessary to choose a suitable telephone when making a test. Although 
the electrolytic detector was supposed to be more sensitive than the 
magnetic form, it was possible to choose a telephone of such a resistance 
as to make the magnetic detector appear the more sensitive. 

Dr. FLEMING in reply said that it was impossible to state precisely 
what proportion of the current produced in the receiving circuit was 
due to true radiation from the closed transmitting circuit, and how much 
was due to electromagnetic radiation, but from his point of view it did 
not matter. All that was necessary was that a feeble oscillatory current 
should be produced in the receiving circuit which should be capable of 
being varied by turning the receiving circuit through a certain angle, 
and whether this was due to actual detachment of energy from the 
transmitting circuit, or to the mere movement of lines of magnetic force 
backwards and forwards through space, seemed immaterial. The oscil- 
lat.on detector in any case is a mere detector of oscillations. 

In reply to Mr. Duddell, he said that there was no objection to putting 
an ammeter in the transmitting circuit provided it was a low resistance 
instrument and did not produce any sensible damping of the oscillations. 

As regards the existence of an exact zero point, this seemed to be a 
question of distance from the transmitter. It had been usual at 
University College to work with two coils about CO feet apart, and at 
that distance some very sensitive oscillation valves detected sounds 
which might be due to the action directly upon the valve or upon the 
connecting wires, but by going to larger distance, it was possible to get 
complete silence at the telephone. | 

With respect to the use of coal-gas or alcohol, in the interrupter, 
coal-gas had proved itself to be incontestably superior to alcohol. 

As regards the action of the air-blast, it appears tolerably certain that 
the part of the discharge which is blown away is that due to energy 
coming directly out of the induction-cuil or transformer. 
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In reply to the remarks of Dr. Eccles, he said that they had found it 
necessary to work ata certain distance from the transmitter, but that 
when this was done the order of sensitiveuess in which oscillation- 
detectors were arranged by the apparatus shown was also the order in 
which they were found to be sensitive when employed in actual radio- 
telecraphic work. It is necessary not to work the transmitter and receiver 
too near to one another, otherwise there are direct effects on wire con- 
nections, rheostats, ete., which obscure the real effects. 

In reply to Dr. Willows, Dr. Fleming said that the reason for choosing 
the rectangular form of circuit was because the inductance could be 
readily calculated from formule given in well-known text-books. 

With respect to the remarks of Mr. Walter and Dr. Erskine Murray, 
Dr. Fleming agreed that it was necessary to choose a telephone of suit- 
able resistance, and that the results taken with different telephones 
would not be the same. 


XLVIII. On the Action between Metals and Acids and the Con- 
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§ 1. Ivrropvcrory.—Under ordinary conditions metals like 
mercury, silver and copper are unable to displace hydrogen 
from solutions of acids (dilute or concentrated) with appre- 
ciable and easily demonstrable evolution of the gas. 

An attempt is here made to show how, in the case of 


* Read March 26, 1909. 
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mercury, the fluidity of the metal at the ordinary temperatures 
may be utilized to exhibit the cause of the inability and to 
supply a method by which it may be overcome. 

The effects with hydrochloric and sulphuric acids only 
have been examined, but there is no apparent reason why 
solutions of other acids should fail to yield results of the 
same kind. 

§ 2. Electrolytic Solution Pressure—-A method of regard- 
ing the question whether a metal will dissolve in an acid 
solution has been suggested by Nernst and developed by 
himself, Ostwald and others. The general idea of this 
method has become familiar, and provides a means of forming 
amore suggestive picture of what actually happens than is 
obtained from purely thermochemical considerations (Cf. e. y. 
Thomsen, ‘Thermochemistry,’ pp. 349 to 356, &c.), un- 
satisfactory in other ways as well. 

In order to present a consecutive account of the pre- 
sent experiments, this view is restated below in a form 
as far as possible free from hypotheses not absolutely 
necessary *, 

§ 3. A conception of the Interaction of Metals and Acids.— 
Imagine that a metal M comes suddenly into contact with an 
air-free solution of an acid HX. It is known that in general 
equilibrium will be impossible; a certain quantity of H will 
be precipitated upon the surface of M and an equivalent 
quantity of M will dissolve. 

It may be that this interchange will take place only to an 
indefinitely small amount, but we can safely say that no salt 
MX is absolutely insoluble and that every metal has at least 
some tendency to go into solution. It is the relative mag- 
nitude of this tendency which is to be regarded as the 
characteristic variable distinguishing Hg, for example, from 
metals like Fe and Zn. 

On account of the electrostatic resisting forces which 
would arise, ions of H cannot escape spontaneously from a 
solution of HX, nor can ions of M escape from the metal M ; 
but with M and HX in contact the conditions alter. The 
assumed tendencies of M and H to spread beyond their 
original boundaries can now become eftective without 

* Cf. Nernst, ‘Thecretical Ckemistry,’ 2nd Engl. edit. p. 724. 
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development of electrostatic resisting forces; because 
equivalents of H and M can pass across the common surface 
of acid and metal without change in the electric charge on 
either side. Neutral molecules of H can escape from solution 
while ions of M enter. 

It is a necessary conclusion from a consideration of this 
kind (abstract thermodynamics furnishes many otherexamples) 
that solution of the metal and precipitation of hydrogen 
must begin at the interface (assuming no other change pos- 
sible), whether accompanied by loss or gain of heat from the 
rest of the system. The familiar parallel is the fact that a 
gas will always expand spontaneously from higher pressure 
to lower if the external constraints permit—the work which 
it does being performed at the expense, if necessary, of its 
own internal energy. 

It would appear, therefore, that every metal must be able 
to displace to some extent the hydrogen of an acid solution. 
If in any case the action is imperceptible, it must be because 
the tendency of the metal to enter solution is very small. 
The entry of an insignificant amount is then snfficient to 
balance the tenleney. After this, further solution of the 
metal with escape of hydrogen will be a process like the 
compressing of one quantity of gas by the expansion of 
another—the constraints of the two quantities of gas being 
such that mutual expansion and contraction is the only 
change possible. 

In such a case equilibrium is reached when the work which 
could be done by any further expansion of the second gas 
would be less than the work required to increase the com- 
pression of the first. Similarly, the replacement of hydrogen 
by a metal will cease at a point defined by the condition 
that furti er escape of hydrogen would produce less available 
work than would be required to cause the equivalent quantity 
of metal to enter solution. 

§ 4. Symbolic expression of the argument of § 3.— 
Assuming as a rouzh approximation that the process is 
reversible and takes place isothermally, the conception may 
be expressed symbolically as follows. 

The work done (diminution of available energy) when one 
equivalent weight of hydrogen escapes from solution may ba 
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written in the form p; — p, , in which MA is a function of 
the strength of the solution (increasing with the concentra- 
tion), and u; depends upon the pressure at which the 
hydrogen escapes (increasing with the pressure), 

Similarly the work done (gain of available energy) when 
an equivalent of the metal enters solution may be expressed 
as u, — p", in which pis a function of the amoant of 
metal already dissolved per cem. near the interface, and 
p` isa physical constant of M (at the temperature of the 
interaction and for a given curvature of surface if the metal 
is fluid), which may be large or small according to the nature 


of the metal. 
The relation necessary for equilibrium is 


8 n e 
H — "h = ha Pn e e ee (LY) 
The amount of M whieh enters solution (and of H which 


escapes) before equilibrium is attained will be determined 
by the value of 


o =f (ua) =S (Ha — H + Ha) 


where c is the concentration of the salt MX near the surface 

ry e e 8 e 

which is necessary in order that a may acquire the value 
m 

required to satisfy (i.). If no such value of ¢ can arise equi- 

librium is impossible (unless owing to secondary ellects other 

conditions supervene), and interaction will continue until 

the supply of acid or of metal is exhausted. 

§ 5. Possible effect of Surface Tension.—The above state- 
ment of the conditions of equilibrium neglects possible 
variation of the surface energy during the interaction. In 
many cases there may be relatively little variation; but in 
one at least, where the metal is mercury and the interface 
consequently separates two liquids, changes of surface tension 


* In the strictly reversible system M : MX: HIX : Ep, the corre- 
sponding equation of equilibrium (no electromotive furce) is approximately 
of the form 


aT loge, -Ea = bT log cux — Em, 
where F, and Ep are ‘electromotive constants’ of hydrogen (at given 
pressure) and the metal, at the temperature of equilibrium T. 
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are easy to detect. In this case the surface energy can be 
seen to diminish with increase in the concentration of the 
mercury salt in solution. 

Consequently there is now a greater diminution of avail- 
able energy than is represented by the left-hand member 
of (i.), when an equivalent of H is replaced in solution by 


an equivalent of M. Hence p must attain a greater value 


in the solution before equilibrium is reached than would be 
required to satisfy (i.). 

Thus if —y is the decrease of surface tension which would 
accompany the exchange of equivalents of H and M across 
unit surface when equilibrium is attained, we should have 


H — ha FYSA S Pa > > (i) 
and the equilibrium concentration of the salt of M in solution 
would now be 


c = f(u, — h + Hn tY). 


§ 6. The Problem for Experiment.—If the equation (i. a) 
represents the condition of equilibrium between mercury and 
an acid (assuming that the only reaction possible is of the 
type 

Hg + HX = HgX + H) 
it is clear that when the substances come into contact a 
certain amount of hydrogen must be displaced. Otherwise 
the right-hand member of the equation can never become 
equal to the left. 

If (as is likely in the case of Hg) the quantity u” is very 
small, the quantity u’ — w’ , (being at constant temperature 


of the form klog c/c, where rg is very small), may acquire 
a considerable value, even when c is small, i. e. when only a 
small quantity of hydrogen has been displaced. 

Thus equilibrium may be reached and displacement of 
hydrogen cease (neglecting diffusion effects) before the 
amount separated per unit surface has become perceptible. 

If, however, some means could be found of removing the 
mercury salt as fast as it was formed the reaction would 
continue, and thus the displacement of hydrogen might be 
rendered evident. 
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§ 7. Detrimental eject of Oxygen in the Surface-layer.— 
The simplest way of obtaining an experimental answer to the 
question whether the direct displacement of hydrogen by 
mercury ever occurs is not immediately obvious. The purest 
mercury in contact with the air will become coated with a 
film of condensed oxygen—possibly a minute layer of oxide. 
Hence, even if the acid with which it may be brought into 
contact is free from dissolved oxygen, the interaction con- 
templated in the equations above may be prevented. 

When an equivalent of hydrogen forsakes the acid solution 
in the presence of oxygen, the loss of available energy can 
be greater than before because, instead of separating as gas, 
the hydrogen can now become part of a molecule of water. 
Hence the amount of metal which must dissolve before equi- 
librium is reached will much exceed that required to give 


pw. the value sufficient to satisfy (i. a) above. The equilibrium 
value of w, in the present case may be written 
=n hR tytw. . 2. (ii) 
In which the quantity m” is much less than the corre- 
sponding term p% of equation (i. a). 
It is known from electrical measurements that the earlier 
stages of this reaction proceed with great rapidity. In the 


presence of a sufficient quantity of oxygen, u’, may thus 


almost at once reach a greater value than that required to 
prevent the evolution of hydrogen *. 

It is therefore essential to experiment with a mercury 
surface as far as possible oxygen-free, or to devise a means 
of removing from near any mercury surface as much as is 
desired of the mercury salt in solution. 

§ 8. Possible methods of eliminating this efect.—Imagine 
two masses of mercury A and B immersed in the same acid. 
Let the surface of A be one not originally oxygen-free and 
surrounded in consequence by solution containing dissolved 
mercury salt. Suppose that the state of the solution around 
A has become practically steady without appreciable diffusion 
of the mercury salt into the region round B. Let the surface 


The effect of the presence of oxvgen can also be presented in a 
thermochemical form, omitted here for the sake of space. 
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of B be one originally free from oxygen, and suppose that 
no interaction has yet taken place between it and the acid. 
Left to itself this mercury might interact with the acid, some 
of it displacing some of the hydrogen; but suppose that, 
instead, it is brouzht into contact with the mass A at one 
point or more without considerable change in the extent of 
either surface in contact with the acid. 

Well-known electrochemical phenomena leave no doubt as 
to what will happen. Mercury will immediately begin to 
deposit on A and to enter the solution round B. Mercury- 
sult will in fact disappear and appear in equal quantities 
round A and B respeetively until the concentration of the 
sult in solution round both is the same. This change will be 
effected by a displacement of anionic ‘chains’ in the solution 
from A towards B and by some analogous process (shirt of 
electrons) in the mercury from B to A. The time taken by 
the process to complete itself will depend upon the length of 
the ionic chains. If these are short this time will be very 
small compared with the time taken by A to reach the steady 
state acquired before the contact. 

From the point of view already described this process 
occurs in a way analogous to the expansion of a gas when 
the external constraints permit. Here the constraints vir- 
tually permit the expansion of the mercury salt from the 
space round A into the space round B until the concentra- 
tion is the same in both. The electrical phenomena are 
incidents, not causes, of the flow of matter which takes 
place. 

From whatever point of view the result may be regarded 
there is no doubt that metallic contact between A and B 
would reduce the amount of mercury salt in solution round 
the former. I£ B were very large compared with A, the 
amount of mercury left in solution round A would be very 
small. Similarly if A were connected with a succession of 
masses initially like B but small (each being removed before 
another took its place), the amount of salt in solution round A 
could be continuously lowered. 

Although it appears possible to obtain oxygen-free surfaces 
of mercury (like B), they are usually in rapid motion and 
very difficult to observe. It is easy, however, to study a 
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surface (like A) subjected to metallic contact with a suc- 
cession of surfaces much more nearly oxygen-free than 
itself. 

§ 9. Experimental realization —Mercury poured into a 
vertical glass tube drawn to a fine capillary at the lower end 
escapes in a narrow stream. Since the surface of the mercury 
per unit mass is much greater in this than in the tube, a 
considerable quantity of the mercury below the surface in 
the tube must enter the surface in the jet. Thus a surface 
film, upon the mercury originally, must become much thinner 
in the jet. 

Suppose the stream to enter an acid solution as at J in the 
figure. It will possess much less oxygen per unit surface 


Fig. 1. 


than mercury at rest. The concentration of oxygen may 
al e e s 
fall below the amount sufficient to raise p to the valus 


required to satisfy (i. a), and therefore a small quantity cf 
hydrogen may form. 

The chance of formation of hydrogen will be greatest at 
the end of the jet where it breaks into drops and suddenly 
presents a new surface to the solution. If the jet is com- 
pletely immersed this chance will be only a little greater 
than at the sides; but it will be much enhanced if the end of 
the jet just touches the surface of the solution (level of liquid 
at b in fig. 1). 
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Thus suppose the length of the completely immersed jet 
to be l and the velocity of efflux v. The “ electrochemical ” 
forces already described will tend to equalize the distribution 
of mercury salt in solution round the jet, although the various 
elements of the surface have been in contact with the solution 
for times varying between zero and l/v. The end of the jet 
after rupture is a surface bounded by that portion of tbe 
rest of the jet which has been longest in contact with the 
solution, and the concentration of mercury salt round the end 
will therefore be raised practically instantaneously to a 
considerable value. 

If the jet breaks in the surface of the solution, however, 
the electrochemical short-circuit is reduced to a minimum 
because the sides of the jet are now practically out of cou- 
tact with the solution. 

Very little hydrogen can be produced on any element of 
the surface even when the jet has its greatest efficiency, 
and the difficulty of formation of extremely small bubbles 
(owing to surface tension effects) may prevent evolution of 
gas otherwise possible in accordance with (i.a). Suppose, 
however, that the jet is connected to a small mercury surface 
at rest in contact with the solution as at S (fig. 1). I£ there 
is less mercury in solution round J than round §, the metal 
will precipitate at S and enter solution at J. This action 
will continue as long as the concentration of Hg in solution 
round § exceeds the practically steady value which would 
exist round J if S were absent. 

Consequently the concentration of the mercury salt round 
S must tend to diminish continuously until it is as small as 
that round J. But if, before this can happen, the amount of 
Hg in solution at S becomes smaller than that required to 
satisfy (i.a), a new reaction will begin. Direct action 
b:tween the mercury of S and the acid will occur with 
evolution of hydrogen and formation of a new supply of 
mercury salt in solution. 

This action will be continuous, for, in virtue of the con- 
tinuous effect of J, Hg will be continuously removed at S. 
A steady state (neglecting secondary actions such as described 
below, § 12) will be reached when the rate of evolution of 
hydrogen at S is exactly equivalent to the rate of removal of 
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mercury from solution at S by J. For every equivalent of 
acid that disappears at S, an equivalent of the mercury salt 
will appear in solution at J. 

§ 10. Results.—In the above way it is possible to conceive 
that mercury will decompose sulphuric or hydrochloric acid 
with evolution of hydrogen. Experiment justifies the con- 
ception, for, if either acid (of sufficient strength) is used in 
the vessel of fig. 1, a stream of hydrogen is evolved at S. 

If the point of the capillary (at J) is below the surface of 
the acid the effect occurs most rapidly when the head of 
mercury just suffices to produce a short, approximately 
cylindrical, jet at J. (The ratio l/v for the jet has then a 
minimum value because, with increase of head, the jet length 
increases more rapidly than the velocity.) 

The effect occurred with the strongest sulphuric acid avail- 
able (‘pure redistilled’ s. &. about 1°84). If the acid is 
diluted the same evolution of gas can be obtained, but, when 
the density of the acid falls below about 1°25 the rate of 
evolution is very slow and occurs only when the jet breaks in 
the surface of the solution. Finally, when the density of 
the acid is below about 1°19, there is no perceptible evolution 
of gas in any position of the jet*. 

The experience with hydrochloric acid is similar. With 
the most concentrated acid used (s. &. about 1°16) there was 
a fairly rapid evolution of gas when the jet broke in the 
surface. Gas ceased to come off when the density of the acid 
fell below about 1:09. The molecular concentrations of these 
limiting solutions are about the same—roughly 6 equivalent 
gram mols. per litre—although that of the HCl solution is 
slightly the smaller f. (Cf. §13 below.) 

§ 11. Proof of Evolution of Hydrogen.—The gas was not 
proved to be hydrogen by a direct test in every case; but 
only in the case most liable to suspicion, viz. when concen- 
trated sulphuric acid was employed ; and in one other, viz. 
when equal volumes of this acid and water were mixed. It 


* In practice it is easier to adjust J and S if separate columns of 
mercury connected by a wire are used instead of the apparatus of fig. 1. 

+ Mr. J. S. G. Thomas has since made a more exact determination 
of the limiting concentrations. He finds them to be 6:25 gram equi- 
valents per litre for H,SO, and 5°75 gram equivalents per litre for HCl. 

VOL. XXI. 3D 
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was proved to he hydrogen in the following way :—Collected 
in a small tube over the concentrated acid, it did not dissolve 
appreciably in the latter, nor, subsequently, in recently boiled 
distilled water by which the acid was displaced. It was 
therefore neither H,S nor SQg. 

It was difficult to test the gas positively since with the 
arrangement used it took a considerable time to collect a few 
cubic millimetres. It was possible, however, to show that it 
underwent contraction on explosion with oxygen in the 
following way. A bubble of the gas, 4 mms. long, was 
collected at the top of a tube which ended in a capillary 
through which a fine platinum wire had been sealed. About 
0°8 mm. of oxygen (prepared electrolytically) was added and 
a second fine wire was pushed into the collecting tube from 
below until it reached almost to the first. A spark was then 
passed, and the remaining gas was found to occupy about 
2°5 mm. of the tube*. Thus the gas evolved behaved like 
hydrogen, the only constituent common to the two acids 
employed. 

§ 12. Secondary effects with Sulphuric Acid.—Although, in 
the absence of oxygen, the simplest direct interaction between 
mercury and sulphuric acid is 


Hg, + H,SO, = Hzg,S0O, + Hy, E ee (I.) 


there are other possible interactions of which the nextf in 
simplicity would be 


4Hg, + 5H,8O, = 4H¢g,S0, + H,S +4H,0.. (TI) 


‘Here every fifth molecule of the acid may be supposed to 
be reduced by the hydrogen resulting from the direct action 
between four molecules of the acid and mercury. 

According to the view adopted in this paper the reaction I. 


* Mr. W. F. Higgins kindly attempted to make a spectroscopic test 
of the gas, but various difficulties were encountered which it did not 
seem profitable to attempt to overcome since the gas had already been 
proved to be neither H,S nor SO, nor oxygen. 

+ In the reaction representing the secondary reducing effect of 
hydrogen, viz., 


He, + (1 +a)H,SO, = Hg,S0, + (H, + aH,S0,) 


the minimum value of a is 1/4. 


» 
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can go on only so long as the concentration of mercury salt 
in solution does not exceed the value given by (i.a); but 
according to the same view the reaction I[. can occur before 
and after this limit to reaction I. is passed. It probably does 
not occur to the exclusion of I. because it involves a greater 
rearrangement of the constituents of the reacting molecules 
than is involved in the displacement of hydrogen (ef. Thom- 
sen, l. c. p. 354 et passim). 

To take the case of concentrated sulphuric acid, which was 
carefully examined. The H,S of reaction IT. will interact 
witha further quantity of the acid precipitating sulphur. It 
will also in part precipitate the very nearly insoluble 
sulphide of mercury by interaction with the sulphate in 
solution, The former reaction may be represented by the 
equation 


3Hg, + 4H,S0, = 3Hg,80, + S + 4H,0.. (I.a) 


In this case, neglecting for simplicity the energy variation 

due to the decomposition of the SO, ion, the equilibrium - 
e ° ° 

value of u „ may be represented qualitatively by 


m=z He tytn, e o o Gi) 
which shows that more mercury must now enter solution 
before equilibrium is attained than when hydrogen ceases 
to be evolved in accordance with (i.a). The reaction 
with precipitation of mercury sulphide leads to a similar 
result. 

Thus we are led to infer that the production of sulphur 
and of sulphide of mercury may continue after the evolution 
of hydrogen has ceased. 

This inference is fully confirmed by experiment :— 

(a) When the diameter of S is small—less or not much 
greater than that of J—the mercury in solution round X is 
removed almost at once by the action of J and hydrogen 
simultaneously appears. Very soon, however, a yellowisn- 
white cloud begins to form (particularly round the portions 
of S where the curvature is least and where the evolution of 
hydrogen is most noticeable). This cloud probably arises 
mainly from the decomposition of H,S. In fact when the 
effectiveness of J was decreased by reducing the head some 


3D2 
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of the last bubbles to escape seemed (when observed through 
a inicroscope) to be surrounded by a film exactly like that 
which is produced when bubbles of H,S are passed into 
concentrated H,SO,. The formation of sulphide of mercury 
can also be detected after the jet has been in action for 
some time. 

These reactions rapidly reduce the rate of evolution of 
hydrogen at S. ‘The production of sulphur is a process which 
the action of J cannot reverse and the amount increases 
continuously, raising the electric resistance of the solution in 
the capillary and hence diminishing the effectiveness of J. 
The insoluble sulphide precipitated on the surface of the 
mercury further increases the circuit resistance. In addition 
this sulphide seems to prevent the evolution of hydrogen 
directly although the amount of mercury salt in solution may 
be very small. For instead of escaping, the hydrogen must 
now apparently interact with the sulphide in the surface 
layer producing H,S and eventually sulphur. Thus after a 
time the only effect of J at S is to produce sulphur. If, 
however, the capillary at S is rinsed out by expelling a little 
of the mercury, the evolution of hydrogen begins again at 
the fresh surface of acid and mercury. 

(b) When the diameter of S is large—for example, twenty 
times that of J—sulphur and sulphide only are formed, how- 
ever efficient the jet may be. In this case the jet only slowly 
reduces the amount of mercury salt in solution round S, and 
the reactions depending on the formation of sulphuretted 
hydrogen begin before the evolution of hydrogen is possible 
and continue in such a way that it can never occur. In a 
qualitative sense it may be said that in this case the slower 
reaction (requiring greater molecular rearrangements) has 
time to prevent the first. 

It is only when the acid is concentrated that these effects 
occur, for diluted sulphuric acid is not reduced to or by 
sulphuretted hydrogen. Thus even in the case (b) just men- 
tioned, hydrogen is evolved freely when sulphuric acid 
solution of s.G. 1°5 is substituted for the concentrated. 

§ 13. Effects of Dilution of the Acids.—The loss of available 
energy when an equivalent of hydrogen leaves the acid 
solution and is evolved as gas at atmospheric pressure falls 
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continuously * as the solution is diluted. Consequently the 
amount of mercury which can be in solution round the 
electrode without preventing the evolution of hydrogen 
becomes continuously less. 

Before the hydrogen can escape it must reach a certain 
concentration (in the neutral state) in the mercury and in the 
solution at the surface layer. Disregarding the difficulty of 
formation of very minute bubbles, evolution just fails to occur 
when, electrode and solution being saturated, there would be 
no loss of available energy if an infinitesimally small quantity 
of hydrogen lett the solution and the infinitesimal equivalent 
of mercury entered. 

Thus if there is a limit below which J (however effective) 
cannot reduce the concentration of the mercury salt round S 
(§ 9), there is also a limit to the concentration of the acid 
which can be decomposed at S with evolution of gas. The 
experiments of § 10 show that this limit is reached at a con- 
centration of about 6 equivalents per litre in the case of 
each acid, 

Further, assuming that equally concentrated solutions of 
the acids and of their corresponding mercury salts are 
approximately equally dissociated, one would expect in virtue 
of equation (i.) that the limiting concentrations of the two 
acids would be approximately equal. This also agrees with 
experiment. 

It happens, however, that the quantity y in (i.a) is greater 
for HCI than for H,SO,. It might therefore be anticipated 
that if the corresponding dissociations were exactly equal, 
the limiting concentration for HCI would be rather less than 
for H,SO,; but although the results suggest the fulfilment 
of this anticipation, the data are not sufficiently accurate to 


* In the case of concentrated sulphuric acid, dilution seems first to 
increase the rate of evolution of hydrogen. This result might be 
anticipated for two reasons. The first effect of dilution ie to increase 
the conductivity and, probably, the ionic concentration of the acid 


Thus the effectiveness of the jet and the value of p; will simultaneously 


rise. Again, some of the hydrogen which would otherwise escape 
will react with the concentrated acid while in the nascent state (§ 12) 


There should thus be a particular strength uf sulphuric acid tor Which 
the rate of evolution of yas is a maximum, 
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make it worth while to attempt a quantitative proof — 
especially as there are other possible explanations. 

§ 14. Possible effects at the Jet—The explanation which 
has been given of the behaviour of the still mercury surface 
S supposes that the concentration of mercury salt round the 
jet J is small. In fact the behaviour of S is (by hypothesis) 
controlled by the rate of independent formation of mercury 
salt at J. Consequently when hydrogen is evolved at S the 
amount of mercury in solution round J should be insufficient 
to prevent the evolution of hydrogen at J. 

If any such evolution takes place it is very difficult to 
detect. Mercury was allowed to run for a long time from a 
capillary tube fused into the top of a glass bulb which was 
filled with concentrated sulphuric acid and terminated below 
in a tube dipping into mercury. No trace of gas could be 
seen. The level of the acid was lowered until the jet broke 
in the surface, the space above being filled with air. In this 
case, the first impression is that there is a copious evolution 
of gas (cf. Paschen, Wied. Ann. vol. xli. p. 56, 1890). But 
this is an illusion. The greater part, if not all, of the 
gas which appears to form at the surface of the mercury 
drops is air dragged in from above. This effect is very pro- 
nounced in liquids of great viscosity. It is less conspicuous 
in sulphuric acid than it is in glycerine. 

In consequence of this phenomenon it is impossible to tell 
by inspection whether any gas is evolved as the result of 
chemical action between the acid and the mercury. In a 
further experiment benzene (which had previously been 
shaken up with another sample of concentrated H,SO, and 
then decanted) was substituted for the air above the acid. 
There was now a continuous circulation of drops of benzene 
within the acid like that of the air bubbles before. A con- 
siderable quantity of gas accumulated at the top of the 
apparatus; but it may have resulted from some chemical 
reaction in which the benzene took part. The evolution was 
even more noticeable when the benzene was replaced by 
pentane. 

It has already been pointed out that the escape of hydrogen 
at the jet may be impossible although it takes place at S (§ 9). 
At the latter the effect is cumulative and all the hydrogen 
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is evolved at the same surface. Here minute bubbles can 
coalesce into larger ones in which the pressure is not greatly 
above that of the air. At the jet, however, the hydrogen 
which mercury replaces must first reach a certain concen- 
tration in every fresh element of the jet and of the solution 
surrounding it. Then it must overcome the resistance to the 
formation of a minute bubble before it can escape as gas. 

That direct action between the jet and the acid might 
result in visible production of hydrogen, but for the counter- 
actions just described, can be seen by allowing the jet to 
break in the surface of a concentrated solution of sulphate of 
copper. The surface of the mercury which collects on the 
bottom of the vessel containing the sulphate presents a 
tarnished appearance like that produced by the addition of 
copper. This result, it will be seen, is in close accord with 
the present point of view and suggests the need for qualifi- 
cation of the familiar statement : “The more electropositive 
metals, Cu......, precipitate the less electropositive metal 
Hg.” Itis probable that other metals, such as Pb and even 
Cd, could be precipitated by mercury, from solutions of their 
salts, in a similar way. 

§ 15. A kinetic representation of §3.—The action between 
an acid and a metal is formulated in § 3 in a way which 
avoids the necessity of dealing with the kinetics of the 
process by which equilibrium is attained. The following is 
perhaps the simplest picture of what actually happens. The 
metal is assumed to be monovalent, but it is easy to see what 
change must be made when the valency is n. 

Into the space (the “ border layer’) which separates acid 
and metal, Faraday tubes can stretch from the acid and from 
the metal respectively. Of these, a possible pair forming 
side by side will be (1) a tube stretching from the acid 
nearly across the border layer, with its negative end (an 
anion of the acid) in the solution and its positive end (an ion 
of hydrogen) near the metal, (2) a tube stretching from the 
metal, with its negative end on the metal and its positive 
end (a metal ion) almost reaching the solution. 

These tubes forming simultaneously and close together 
will interact, yielding a molecule of the salt MX in solution 
and a neutral equivalent of H deposited on M. 


700 DR. S. W. J. SMITH ON THE 


The number of interactions of this kind taking place 
per sq. cm. of surface in the unit of time will depend upon 
the frequency with which such tubes form side by side, ŝi. e., 
upon the number of molecules of HX in solution per cc. on 
the one hand and upon some specific property of the metal 
(determining the rate at which tubes of the second kind form) 
on the other. For the “ velocity ” of the reaction 


M + HX —— H + MX, 
we may therefore write 
r= keo Cus 


where k is a constant at given temperature, ¢, is the concen- 
tration of the hydrogen ions in solution, and C,, is a specific 
constant of the metal M. 

As the result of this action, hydrogen will accumulate upon 
the metal and MX will be formed in solution. A reverse 
action, similar in kind to the first, now becomes conceivable. 
This reaction, which may be represented by 


H + MX —> M + HX, 
will proceed with a velocity 
ve he Ga 


where c,, represents the ionic concentration of the metal in 
solution and C, is a specific constant of hydrogen deposited 
at given pressure upon M. 

If a steady state is reached, after a certain quantity of 
hydrogen has been displaced and the equivalent quantity 
of M has dissolved, it will be defined by the condition v=v' or 


ke,/C, = k'en /C.,- 


We can thus deduce kinetically a result identical with that 
obtainable by application of the logarithmic formula of 
Nernst and contained as a particular case in the general 
equation of § 4. 

Since there is no effective transfer of electricity across the 
border layer, a possible contact difference of potential 
between metal and solution would not affect the available 
work equation of § 4. Similarly it would not affect the final 
equation of equilibrium deduced kinetically. For if a 
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potential-difference existed it would have the same relative 
effect upon v’ as upon v. 

§ 16. Summary of Conclusions.—Pure mercury reacts with 
acid solutions with displacement of hydrogen in the same 
way as metals like zine. 

The reaction stops before a perceptible quantity of hy deepen 
is evolved because a very small quantity of mercury salt in 
solution is sufficient to cause it to cease. 

The surface film of mercury which has been in contact 
with the air probably contains more than enough oxygen to 
oxidise to water all the hydrogen that would be displaced 
before the direct action ceased. 

The amount of oxygen per sq. cm. of the surface film can 
be reduced to a very small quantity by allowing the 
mercury to escape from a containing tube in the form of a 
narrow jet. 

But for certain counteracting influences due to the fact 
that the substance displaced is a gas, this jet might be 
used to obtain hydrogen from acid solutions of sufficient 
strength. 

By the aid of the jet the direct action between mercury 
and the acid, with displacement of hydrogen, can be made 
continuous. The jet, when in direct communication with a 
mercury surface at rest in the same solution, prevents the 
concentration of the mercury salt, formed by the displace- 
ment of hydrogen, remaining or becoming large enough at 
the still surface to stop the evolution of gas. In consequence, 
hydrogen escapes freely and can be collected and analysed. 

Owing to direct action at its own surface, the jet cannot 
reduce the concentration of mercury salt round the still 
surface below a certain limit. Further, the amount of 
mercury salt which is sufficient to stop the direct action at 
the still surfacə diminishes with the concentration of the 
acid solution used. 

In consequence it will bə impossible to decompose the acid 
by means of the jet when the strength of the solution falls 
below a certain limit. Tais limit might be expected to be 
about the same for different acids. It was found to be about 
the same for hydrochloric and sulphuric acids (roughly 
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6 gram equivalents per litre), although rather lower for the 
former than for the latter. 

The various reactions which occur when metals are placed 
in contact with concentrated sulphuric acid are elucidated 
by the experiments described (§ 12). 


I am very much indebted to Mr. J. S. G. Thomas, B.Sc, 
for frequent and valued help while performing the experi- 
ments I have described. 


DISCUSSION. 


Dr. W. Watson congratulated the Author and remarked that in 
physical chemistry hypotheses were often used which were not based on 
experimental evidence. Dr. Smith had shown that his hypothesis corre- 
sponded with actual physical facts, and his theory could be looked upon 
with eatisfaction. 

In reply to a question by Mr. F. E. Samira, the Author explained that 
the process by which the concentration of the mercury salt in solution 
waa reduced below the amount necessary to prevent evolution of 
hydrogen was endotherinic. 


XLIX. Theory of the Alternate Current Generator. By 
THomas R. Lyte, M.A., Sc.D., Professor of Natural 


Philosophy in the University of Melbourne *. 


Iv has been usual hitherto to ascribe the distortion of the 
wave-form of the current given by an alternate current- 
generator to:— 

1, “ Lack of uniformity and pulsation of the magnetic 
field, causing a distortion of the induced E.M.F, at 
open circuit as well as under load.” 

2. “ Pulsation of the reactance causing higher harmonics 
under load.” 

3. “ Pulsation of the resistance causing higher harmonics 
under load also ” t. 

And, as far as I have been able to find out, another cause has 
been overlooked, namely, the mutual reactions between 
armature and field, which when the generator is loaded is 
at least as important as any of the foregoing. 


* Read April 23, 1909. 
t Steinmetz, ‘ Alternatiug Current Phenomena,’ 
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If such is the case it can only be explained by the fact that 
the theory of the simple alternator has not been completely 
worked out. 

In the following paper this is done for an alternator with 
a uniform field by means of a new application of the vector 
method in which all the harmonics of a periodic function are 
dealt with simultaneously. 

In the same is shown how to take account of hysteresis 
and eddy currents, and the theory ot the action of dampers 
in reducing the heating in the field is also given. 

The theory of the alternate current synchronous motor is 
also dealt with. 

1. Let two coils be arranged as indicated in fig. 1, one of 
them, F, called the field coil, being fixed and having a battery 
of constant E.M.F. = 7 in its circuit, the other, A, called the 


Fig. 1. 


armature coil, fitted in the usual way with slip rings for 
connexion to an external circuit and being rotated by power 
at a constant angular velocity œ round a fixed axis which is 
perpendicular to its own axis of figure and to the direction 
of the lines of force of F, and which passes through its own 
centre. It is required to determine completely the currents 
that flow in both A and F. 

Let x and E be the currents at any instant in A and F 
respectively, and let the mutual inductance of A and F when 
their axes are coincident be m, and hence mcos@t at the 
time t. Also let r and l be the total resistance and self- 
inductance of the A circuit, and p, à similar quantities for 
the F circuit. 


Then, when the armature is being driven at constant 
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angular velocity w, and z and E are flowin g, the total number 
of lines linked on A is 
lz +m cog wt, 


and the number linked on F iş 


AE + mr cos wt, 
Hence 


d 
a er {le + mE cos wt} = () 


pE+ Š PAE + me cosa} = 7 


where 7 is the applied steady z.M.F. in the F circuit. 
2. If we assume as the solution of these equations 


To 


+ 2, sin Cree sin (2@¢ + cy) + x; sin (3at +e) + de, 
2 o 


v= 


£= Eo +E, sin (wt +y) + Esin (2wt + Ya) + £5 sin (But +y) + de, 
J 


we Can see at once on substitution p&,=2n, and 
ty=0, and it will be shown eo sru = ia 
i lea ate = o pap aid ee ones 
to=0 only odd harmonics appear 1n 4%, y 

in £ Let us therefore take 


z = q sin (wt +c) + essin (Zot +05) + 2s SP (Sat +e) +&e.) 
= t] 


( 
+ &e. 
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where a, a3, Èc., a, ao, a,, &c., are vectors whose orders are 
indicated by the subscribed numbers. Of these, one only, 
namely æo, is known, as it is drawn to the point whose polar 


co-ordinates are &, =. where & ze . The others have to 
oe 2 p 
be determined. 

Note a.—In the sequel it will sometimes happen that a 
vector, say a,, originally assumed of order g, will be used to 
represent an harmonic of a different order, say qg + 1. In such 
a case it will be written (a,),11 5 thus 

a, = t) sin (gut + Ca)s 
but 
(Qy)o41 = Ty sın (q+ 1)wt t cg}. 


Note b.—The length of a vector æ will be written as a 
(i.e. with the bar); thus a; = .r3, unless in cases where no 
ambiguity can arise, when æ simply will be written for the 
length of the vector a. 7 

3. If we agree to indicate by 4? the operation of rotating 
any vector to which it is prefixed through an angle 0 in the 
positive direction, then 


Ta = —a or = —], 


and 
kig kg 


Wa = (cos Ô+ Ë sinĝ)ja or 6° = cosO+e2 sin 8. 


Also, if t = Def, ta is the vector obtained by increasing a 
in length D times and then rotating the increased vector 
through an angle f in the positive direction. 

Plane vector operators such as ¢ are well known to be 
subject to the same rules as ordinary algebraical symbols. 

Again, the sum of two operators ae", a2, can be ex- 
pressed as a single operator AY, say, that is 


Aita = ahia Haara, 
where a is any vector. 
Using the expression for (f given above, 


r 


A (cos Y +? sin Y)a 


kig Rr 
= a,(cos 0, +: sin 0,)a+a,(cos 0, + 4? sin 03)a, 
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so that 
A cos ẹ = a, cox 6; + aṣ cos 0; ; 


A sin Y = a, sin 6, + az sin 6}. 
Hence 


and a, sin 6;+a, sin 6, 


tan = eS Toe "ye 
Y a, Cos 6, + ag cos 0, 
Again, if | 


ap = P sin (pat +yp), 
then d m 
dt (a,,) a pot 
secing that 
ae wE sin ( pwt + = 
T a Chana ae) 
Hence for æ and £ as expressed in § 2 


de - dE = 
“dt = wo" È gay, dt = WU? È pap. 


4. By means of the formula 
2 sin a cos b = sin (a+b) + sin (a—b) 
it is easy to show that 2.7 cos wt, where « is the a series of odd 
order vectors in § 2, is represented by the series of even order 
_ vectors of which the one of the pth order is the vector sum 
of a,_1 and a4), or that 
2x cos wt = (a) + (8; +85)2+ (83 + a5), + (as +87), + &e., 
(a;)o being the resolved part of a, along the y axis, that is 
along the direction of vectors of zero order (see Note a, § 2). 
Similarly 
2Ẹ cos wt = (a +a»), + (az +a) + (a, +a6)5+&e. 
Again, by means of the formula 
2 sin asin b = cos (a—b)—cos (a + b), 


it is easy to show that 


2Esinwt =t 2(a)—a), +4 4(a,—a,)3 +t 2 (æ —as)s + ke. 


T 
E 


= -à 
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where g is odd with a similar result for the product 
2x sin wt. 

5. If we now substitute the vector expressions from 
§§ 2, 3, 4, in equations I. and equate separately to zero each 
set of vector terms of the same order we obtain the two series 
of vector equations 


Ta, + qoid lay + 5 (ag 1+ a41) } = 0, (IV.) 


— ni 
pa, + poi! { ray + [Gag a1) } =0, (V) 


together with £) = 2n/p, where q is any odd number and p 
any even number. 

From IV. we deduce a series of equations of the type 

kal 
5 gol —re = 
qwın l ag +294) =0, 
or 
A —] +t agt ag4]l == 0, 


where t, is the operator Dyt~“4, in which 


l ; 2r 
D, cos f = 2 =, Dg sin f = — 


qom’ 


that is 
4 r? r 
i a (hy a ae a 
a= m? ( tat » tan fy gol 
Similarly from V. we deduce the series 
ap—1 tTp% + ap} = 0 


where 7, is the operator A,¢~?e, in which 


A : 2p 
or 


4 p? p 
2 pame 2 es 4 —_ . 
Ap =-> (a + a) tan Py = por ° 


Note that the vector equations in this paragraph are 
equations connecting the different vectors, considered purely 
as vectors, without any reference to the order of the harmonic 
they originally represented. 
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6. We have thus obtained the following infinite series of 
equations connecting the vectors used to represent «and & :— 


tia + a = — ay \ 
&, + Toa, + 83 = () | 
a + tag + a, =) ! (VI) 
a3 ETa + a; = 0 
atta tas = 0. | 
&e., &e. | 


And as it is well known that algebraic methods are applicable 
to plane vector operators of the type here made use of, we 
obtain the following infinite determinant vector solution 
for a, namely, 

t 1OOOO....'! 

lr 1 O00 0....) 

0 1%; 1 00....| 

0 0 17,1 Ota. a, = 


! 
. TZ1LlOODOO.... 
O00LKL 

| 


! 
11000... 
‘O1ln100.... 
~,001410.... 
O001lsA1.... 
&c., &e. 


Xo 


0000 17,.... 
&e., &e. 
or 
Pia, = — Iza 
where P, is the infinite determinant operator whose leading 
term is ¢,, and IT, that whose leading term is T3. 
7. Py, Oy, Ps, I, &e., being the determinants whose 

leading terms are ti, Ta, ts, T, &c. respectively, we find at 
once by expanding that 


P, = ty II,—P3; 
Il, = 7,P,—Mh, &c., 
hence 
` Pi = Ps =f l 
Il, 1 Ti, » “He Ps 
= ti— 1 1 
Me ae 
T, — &e. 
= S, (cay), 
so that 1 
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where S, is the infinite continued fraction operator whose 
leading term is ¢}. 


Again, if 
Benz il ] 
“i hke 
a. , 
i 5 Ta — &e 
> ™ i — &e., 


and so on, we find in a similar way, or by making use of 
equations VI., that 


1 
% = — $4 
4 
Qs = — a 9 &e., &e. 
3 


Hence for the complete solution we have 
ago = —$§\a, = Si 25% = — 58, 228,83 = &c., 

which gives @, as, 8s, &c., az ap a, &c., in terms of the 
known vector a) provided the continued fraction operators 
S,, Ds, Ss, &e., are determinate. 

It is easily seen that they are determinate for when g 
becomes a large number 

fo = 2 


=t 
mat? 


A . 
To+1 = 2— = Ty 43 (see § 5) ; 


that is, Si, 22, Ss, 24, &e. are recurring continued fraction 
operators, and the recurring elements when reached are 
simple numbers. 

8.. The form of solution obtained is one very easy of 
practical application. In computing the continued fraction 
operators just so many of their known ¢, 7 elements (see § 5) 
need be taken account of as are necessary to give the required 
degree of approximation. 

Moreover, in the case of a practical alternator, as the re- 
field-magnet coils is negligible relative to 


sistance of the 
3E 


VOL. XXI. 
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their reactance, all the r elements are practically simple 
numbers independent of the field resistance, while for the ¢ 
elements g is never a large number when t,49 differs little 
from t. So that we could obtain S, with considerable accu- 
racy by assuming the recurring stage to be reached, and 
therefore 
1 
are 
q+1 Sy 


which gives the quadratic in 8, 


S264 a 
a T lg + =e 0, 
from which 8S, can be obtained by ordinary algebra. 

[In solving this quadratic the two operators that come 
under the square-root symbol will have to be reduced by the 
addition theorem in § 3 to a single operator, av” say, and the 
square root of this is “a?.] 

If Sq obtained in either of these ways be = s,¢ °#, then as 

= _l es _ 1 be 
Zg-1 Tq-1 S; Tq—1 7 b's 
= ,—1 can be obtained by the addition theorem, and so on 
for S,_9, %~—3, C., up to Sı. Let the results be written 


bı 


S = su ™, Ly=oe, Sa = se ™, &e., 


and in general : 
Sq = su Pa, 23 = o Bp. 
9. As æ is the vector of length 2n/p lying along the axis 
of y (phase=7/2), and as 
1 1 
we n 5, o) os z (e) 
= Ain (a+ +b) = in l=. +b,) 
= sp 2° 1/7 sip (« 2 ye 
Again, as 
| l 5 
= a = (8; dS = — yn: 
a3 z. 1)2 oa (81 )o, 


ay = 21 sin (204 7 +b,+ fe) 5 


S10>p 
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similarly 
a; = =". sin (3e¢— a +b, +8,+bs) . 
a, = T sin (tot + s +b, +8,+b; +B.) ; 
ai PT an (5ue— F +b,+ Apt bs + Baths} s 
&e., &e. 


And substituting these values in 
£ = B + as + as + AC., =F tatatéhe, 


we obtain the armature and field currents in the usual 
trigonometrical form of expression. 

It is worth while drawing attention to the fact that the 
period of the alternating current induced in the field circuit 
is half that of the armature current, and that it contains all 
harmonics, both odd and even, relative to its own funda- 
mental, and so its wave-form will in general be unsymmetrical 
with respect to the time-axis. 


10. The total z.v.F. E generated in the armature circuit 
being equal to — ¢ (mě cos wt), 
md 


E = — 3g Ca- bgt Dy (see § 4) 
won » 
= 7 Ts “Xg(ag-1t 44 )¢- 
Also as agy tiag tAg41 = 0 
T 


And in either of these formulæ the trigonometrical ex- 
pressions in § 9 for the vectors can be substituted. 

In the first, however, it must be noted that both æ,—ı and 
@ 4 1 are to be taken of order q (odd). Thus tho funda- 
mental harmonic of E is 


_ emn {si TEN 
amwe — n eae 
r wt + a (wt +0 +28,) } 


352 
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from the first expression, or 
wmn D, . 
= = = sin (wt +b, — fi) 
1 


from the second, as t; = Dw“. 
Similarly the total alternating E.M.F. (H say) generated 
in the field circuit is given by either 


H = — oe? Sp(@p_1+8p41)p 


RT 
or H = > t? Sprp%p, 


so that the fundamental harmonic of H is equal to either 


sl sain (Qutb) + : sin (2t +b, +4, +b +7) | 
p Sı S102383 


2wmn Ay 
P5103 
11. The mean value of the product 
sin (awt + 0) sin (bot +) 
being zero when a and b are unequal and 4 cos(@—q@) when 


a and 6 are equal, we find that the mean value of z? where 
x = Lag is 


sin (2wt + bj + 82— h+ T). 


-2 
= 22a, ; ; 
and the mean value of £, where Ẹ = 3 + Zap, is 


a? 
= ŽL + 133,. 


Again, for the same reason, if a and 6 be any two vectors 
representing harmonics of the same order and if S28 be the 
product of the lengths of a and £ into the sine of the angle 
from a to B miasured in the positive direction, then the mean 
value of the product 


t2a into B 
is = 4SaB = —4SBa. 


Applying these principles to the determination of the 
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mean value Ex of the product of E and z, that is of the 
electrical power developed in the armature circuit, we find 
from the first expression for E in § 10 that 


Er = — SX qS(aq—1 + Oo 4.1) 8 
=—— oe {S208 — Saja, + 38 2983 — 3 Saa; + 582,85 — 5Sa;a, + &e.}, 


and from the second expression for E that 


Er = = HyS (toag +A -) = = EqDyS(e ta, ag.) 
= =2 a; 41D; sin f, = tla, 


as D g sin fy = ea (see § 5) 


qom 


= the heat developed in the armature circuit. 
Similarly the total electrical power (H+n)E developed in 
the field circuit is given by 
Hr = 5° — “2 pS(ap_1 tap yidap 


wm. 


T2 
= pr — Sa T (2Sara,— 2Sagas + 45a — 4Sa,a; + &c. } 
or by 
NX 
(H+) => + =pS(Tp tp + ap ) 

which reduces to 

RACE -3 see 

(H+ me = pa + 4 (aa + as? +a + &e ) 

= total heat developed in the field circuit 


and is made up of two parts, the first =p -4 žo. due to the direct 


exciting current and the second = B (ag bay? + ai? + &e.) 


due to the induced alternating aea 
Adding the first a for Ex and (H+ )& and 


cancelling né against p” T we find that 


B.r ar + HE = — Sp {Saga + Saray + Saya + Nay + Re}, 


off from OY in the 304=8 oe 
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12. The torque exerted at any instant in driving the 
alternator is 


d = sin wt 
= “E Toot) {m cos at } = mi€ s 
ae 
= 5 Ža X6 23 (a —1~ 4% 41)9 (see $4) 


= S 5 2a, X6 23(a —1~%941)¢. 
ing the mean value of this Product we find that the mean 
roma. torque T is given by 
f — 7 {Saga + Saja, + Saga, + Sa;a,+dc.}, 


ult, combined with the last one obtained in § 11, 
1 8 9 j 

eo ac equation — 

gives oT = Ess fie 


ical] 
as : ais obtained can be represented geometrically 
13. 


: ay as follows :-— l 
in an interesting OX, OY, fig. 2, at right angles. Measure 
Take two lin 


Fig. 2. 


=b; 
i les YOI 
ae irection the ang | bn 
eg ae where by, Bs: bs; As 

“9 


203=bs; din § 8. 


102=8£2, te 
are the angles "e 


THE ALTE 


In OY take Oq = 


10 through O to a 
Oa, = Oa,/o;, Produ 


Oa, = One and so on 
53 


quantities determined in 
Then the vectors to a, 
amplitude and phase the ; 
current, the subscribed nu 
armonics ; and those to a 
in the same way the dift 
alternating field current. 
Again (see $ 10), if we 
middle point of æa; back, 


obtain the vector OF, tha 
harmonic of the total ray 


ue same way, by rotating 
vector to the middle point of a, 


I, 
that Tepresents 2om ‘to the fy 


RMF, H induced in the fi ld ¢ 
other harmonics of H, ki 


in, 18 = twice th 
Sideg are a and and jg a : 
Order in ¢ Sram, the m al 
generator driy (see $ 19 
ie thea the triangles Q; 
Tang] the of 
aa any o 
4, 
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In OY take Oa=2n/p=2x exciting current. Produce 


10 through O to a, so that Om =®%. Tn 02 take 


$) 
Oa;=Oa,/o,, Produce 30 through O to a3 so that 


a and so on where 5s), Oza S3 C, &¢., are the 
quantities determined in § 8. 

Then the vectors to a, &3, &, &c., represent completely in 
amplitude and phase the different harmonics of the armature 
current, the subscribed numbers indicating the orders of the 
harmonics ; and those to a, a4, ag, &c., represent completely 
in the same way the different harmonics of the induced 
alternating field current. 

Again (see § 10), if we rotate the vector drawn to the 
middle point of aya, backwards through a right angle, we 


Oa; = 


I 
obtain the vector OE, that represents ~~ into the first 


harmonic of the total £.m.F. E generated in the armature ; 
and if we rotate backwards through m/2 the vector to the 
middle point of aga, we obtain the vector OK, that re- 


1. s i 
presents Zam into the third harmonic of E; and similarly 


for the other harmonics of E. 
In the same way, by rotating backwards through 7/2 the 
vector to the middle point of a,a;, we obtain the vector OH, 


l1 . i 
that represents pA into the fundamental harmonic of the 


E.M.F. H induced in the field circuit; and so on for the 
other harmonics of H. 

Again, as Saf is = twice the area of the triangle whose 
sides are a and £ and is positive if 8 follows æ in rotation 
order in the diagram, the mean torque exerted on the 
generator by the driver (see § 12) is equal to 4m into the 
sum of the areas of the triangles a Oa, &4 0a, 20a, a30a 4, &ie., 
these triangles, in the case of any generator, being all taken 
as positive. 

14. When, for any generator, the ¢, 7 operators have been 
calculated for a particular load (see § 5), a geometrical 
solution can easily be obtained to a high degree of accuracy 
by aid of a ruler, scale, slide-rule, and protractor. 
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Thus if we neglect the harmonics Gg, &, ar, Xc., then, 
drawing any vector from the origin to represent a, we can 
construct for a as ag= — ta, (see § 6). From aş We can con- 
struct for Tsx and as as + Tean + ap = 0 the triangle of rue 

ives US ås- Proceeding in this way, we obtain in succession 
ore @1, 2%, Which represent the harmonics of z and È 
= sig as regards relative phase and relative amplitude. 
ia i mu be equal to twice the exciting current we 
i n a. for our diagram, and hence obtain a complete 
av é 
P t that for a practical alternator ther operators may 
ee rae vure numbers (see §§ 8, 22), renders this method 
be pals ee easy and expeditious. . 
pr ao uon ource of constant E.m.F. be included in the 
15. If i nit as well as in the field circuit of the simple 
a aad in fig. 1, equations I. § 1 become 
alternato 


ræ + © (le-+ mE cos wt) =e 


pÉ + © (nE-+mz cos wt) = 1, 


ature and field currents will now apie 
and both p R odd and even. In this case w 


harmonics of a 
assume that p= 2 tart a+ a t &e. 


2 paita: ta; + &.,, 
E=9 


; } coordinates 

i the point whose igs eae 

a, is the vecto ia, as before, the vector to ne 

y and æ 1 rs ap 82, By, &c., a1, A % 

are we a The other vect? o it will 
iz. ; , : jons it W 

2n/p, T; be determined. and Ein the above ee ene 

have to pstituting for 7 der vectors in v and ay § 6) as 

On subst! d orae same equations i ‘onl 

ined by the £4 nt of the eve 

in é are determin’ empletely indep -o g, these latter 
= TEN. and ae the odd order a . 

eder actors in z an d vanishing wit n by the solution 

order ý 


where 


p ive ii 
nea &e., are g -cen DY 
; nly 0 a, ÈC., o1] De given b) 
depending a 0, ay 4p D say By ÈC will be g 
This bein and 2n 42 


ined, 
already obta 


THE 


similar solution 
written down frc 
Thus the coms 


ao = — 

a = —, 
where a Is the 
and & Js the y 


Note-—In the for 
of odd and the r on 
operators of either cl. 

The translation fror 
ordinary sine form folle 

16. In the preceding 
been assumed to be in 7 
turns, and so irop loss ¢ 
has been neglected, T 
interpretation of the well- 
steady magnetizing force , 
modified. 


The induction Produced , 
to be of the form 


B= 
mH) sin CETA 


and attending only to the fun 

’ Tepresented as explained jy 

the vector 4, then the above t 
en 


7 lepend on the character of 
of the lamine, on e amplituda 
mental harmonic ot the inductio 
a Extent on e Waye for 
t 
e S of the fol] 
ia L of Magnetic H ysteroej 
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similar solution the equations expressing which may be 
written down from symmetry. 
Thus the complete solution is given by 


agp = —S,a, = S$; = —S8,2,S,a; = &c., 

a = —2D a, = ÈS = —2,8,2,0, = Åe., 
where a, is the vector to 2/p, m/2, as before, 
and & is the vector to 2e/r, 7/2. 


Note.—In the former case (e=0) the ¢ operators were all 
of odd and the r ones of even orders. In this case the 
operators of either class are of both orders. 

The translation from the above vector solution to the 
ordinary sine form follows as in § 10. 

16. In the preceding solutions the magnetic fluxes have 
been assumed to be in phase with the magnetizing current- 
turns, and so iron loss due to hysteresis and eddy currents 
has been neglected. To take account of the latter the 
interpretation of the well-known relation B=pH connecting 
steady magnetizing force and induction produced has to be 
modified. 

The induction produced by H=H, sin (wt+¢,) is known 
to be of the form 


B = m,H, sin (wt + ¢,—8,) + higher harmonics, 


and attending only to the fundamental harmonic in B, if H 
he represented as explained in § 2 by the vector h,, and B by 
the vector b,, then the above trigonometrical relation may be 
written 

by = phy 


where p is the operator my~4, 

In a former paper* by me was shown how these per- 
meability operators, as they may be called, can be determined. 
They depend on the character of the iron and the thickness 
of the lamin, on the amplitude and period of the funda- 
mental harmonic of the induction oscillation they refer to, 
and to some extent on the wave form of the latter. 

For the purposes of the following discussion we will 


F 
* “Variation of Magnetic Hysteresis with Frequency,” Phil. Mag. 
Jan, 1905. 
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assume that when the magnetizing force 
H = hith +h; +&ce. 
produces the induction 
B = },4+-6,+6,4+ &c., 


then b=pyhy, b3=pzh3, bs= mha &e., where the p’s are 
operators of the type given by 


i —6 
Hg = Mgt q. 


[This assumption as regards all tbe harmonics of B but 
the fundamental is not strictly in accordance with what is 
known concerning the behaviour of laminated iron under 
periodic magnetizing forces, for bz, bs, &c., depend, at any 
rate for high values of b,, more on b, than on hz, hs, &c. At 
the same time it is hoped that the following discussion may 
be of some value. | 

In general if H= Zh, produce B=2h,, as the total iron 
loss per c.c. per cycle due to both hysteresis and eddy 
currents is 


1 _ 1 ( tT, dB 
in HdB = in\, H a ets 
where T is the period, the total iron loss per c.c. per second 
is 


Average value of product HS. 


A 
dar 
1 7 

īp Av. product Eh; into «22qub 

= 5 {Sbil + 380shs + 5Sbsls +&c.} 

l (Sce § 11) 
@ 7. . 

= Br Ilaha sın ôg 

Again, it is well known that if the steady magnetizing 


current-turns nz act on a magnetic circuit composed of 
different materials, the flux F produced is given by 
mne 
L 
Ye 
Ap 


where the L, A’s are the lengths and sectional areas of the 


F = 
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different portions of the circuit, and the y’s are the perme- 
abilities of these portions for the particular flux densities in 


them. 
If now the magnetizing current be an alternating one, 


that is if z= x sin (wt +¢;) =a, (a vector) the same equation 
will give the corresponding harmonic of the flux produced, 
but the ws are now the permeability operators, for the 
different portions of the circuit. 


Sa can, by the addition theorem in § 3, be reduced to a 
angle operator so that if the flux fı (vector) be produced in 


any magnetic circuit by the current-turns na, we have 
always a relation of the form 


fi = Gma; 
where G, is an operator of the form qe? which can be 


determined. 
Hence, following the assumption already made, if the 


magnetizing current-turns 
ne = n(& +8; +% + Kc.) 
produce in a magnetic circuit the flux 
F =fitftfst ke. 

then fi = Na, fy = NG, &e. 
where the G’s are operators of the type given by G, =g age 

In the above the back E.M.F., e Say, in the magnetizing 
coils due to variation of flux is 


dF id 
=n = nor? Rafy 


and the power absorbed, that is the total iron loss per sec. 
in the magnetic circuit, is the mean value of ex, that is of the 


product 
Za, into not? 5q f 
which (see § 11) = $nwoX(q5/, .a, -) 
= fi g 
= ox( 97s ê). 


17. As an example let us determine the G operator for a 
magnetic circuit of uniform cross section = 100 cm.?, ma dé 


-e =- — 


' 
\ 
1 


720 PROF. T. R. LYLE ON THE THEORY OF 


up of 40 cm. length of laminated iron and two air-gaps each 
1 mm. when B maximum = 5000 and the frequency 30. 

In the paper already quoted we find for a sample of 
No. 26 iron well insulated between the laminze when B,,, 
= 5000 and frequency = 30 q.p. that. 


p = 2500 Ta (nearly). 


Now G= z 
So 
Ap 
L = 1 40 KOO a} 
and È An = 100 2500" + á 


_ 1 50° 


_ 2106 3°18 


104 
Hence G = 5968.7 3°18 , 


18. Returning to the alternator, if n be the number of 
armature turns, y the number of field turns, and 


£= ate taste, E = Ptasta,+ de, 


the armature and field currents respectively, the magnetizing 
current-turns M, producing flux across the air-gap and 
through the armature in a direction axial to its windings 
are given by 
M, = ne + vě cos wt, 
and the current-turns M, producing flux across the air-gap 
and through the armature in a direction parallel to the 
planes of the windings, and behind that of M, by 90°, are 
given by , 
M, = vẸ sin wt, 


or in vector notation (see § 4) 
v 
M: = z| nay + 5 (4q-1 +ag41)a | 


r 
v= 5 
| M,=5¢ 2 D(a 1 2g 41 qs 


— owe es 2 
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which produce the armature fluxes A, and A, given by 


A, = ZG Ee + 5 (ay —1 + aak 


T 
p —? 
y = 54 EG ag-1—%g41)p 


where G, = À and g any odd number. 


[Note that the directions of A, and A, are fixed in the 
armature. | 

Now if magnetic leakage be otherwise taken account of, 
the flux in the stutor must be continuous with that in the 
rotor so that the flux F looped on the field-windings at any 
instant is given by 


F = A, cos œt +A, sin ot, 


which by means of the relations in § 4 can be reduced to 


n 
F = I| 1G yep + 9 (G —1%p—1 + Gp 41541) | 


where p is even and 2G, = Gp_1+Gp41- 

19. If l’ be the self-inductance in the armature circuit 
either external to the armature or due to magnetic leakage 
in it, and if X’ be a similar quantity for the field circuit, the 
equations for the two circuits are 


‚dx di _ 
re+l de tae? = 9 
dé oda 


where r, p, 7, x, E, have the same significations as in § 1. 
Substituting in these equations from § 18, and then 

equating separately to zero each set of vector terms of the 

same order, we obtain the two series of vector equations, 


T kug 
15 3 y 
ra, + qol ea, + ngo? G { nay + 5 (4-144) } = 0 


, = g n 
pa, + pwr ia, + vpwe2 f Gat 3 (Gp -13-1 + Gp 41%)41) } =0 


with a) = a where q is odd and p even. 
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These reduce at once to the two series, 
ag—1 + tyGoagtaq41 = 0 
Gp—18p—1+Tpap + Gp4 1841 = 9 
or, after putting a’, for Ga, to 
ti tte g tagy =0 
a p1 tTpapta p+] = 0 
equations of exactly the same form as those for the simple 
case but in which the ¢ and 7 operators are now given by 


2 woe 
ee Ee ae ee 
t = TAK G+! o } 


9 ; r 
= 2 Irs 2 
BE f» ptr po" }. 


These operators having been calculated from known data, 
the solution for a'i, 8'3, a's, &c., a, a, &., proceeds exactly 
as in the simple case, and as a’; = Gya,, a’; = Gas, &e., 
a, 83, a5 &e., can then be obtained. 

20. In § 16 it was shown that the iron loss (i.e. energy 
dissipated per sec. in the iron) in a magnetic circuit is 


fi 


wag— sind, ; 
$ 1 o g 


hence the loss due to the flux A, § 18 is 


; y 
fogg sin ô na, + 3 (a,_1+4)44) 
and that due to the flux Ay is 


2 


2 
$oR guy sin 8g% (214g 41) 


Adding these we find that the total iron loss in the generator 
18 

eee eee 2 

[San es 

Expanding and remembering that 

ves = za A 

a+ = 2+8 +24 cos ap, 
and that 

ap 1+agpi=— tyga (see § 19) 
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we find that the total iron loss is equal to 


2 
= Bez sin 6, {5 (aza +27.) -nā } — ç sin? 6, + gal’ sin 6, cos 5 } a? 
where çq is odd. 

21. An approximate determination of the effect of iron 
Joss on the performance of an alternator can be obtained by 
taking all the G operators for its magnetic circuit as equal 
to G,, that is, equal to the one for the fundamental harmonic 
of the armature flux. 

Making this simplification in the equations of § 19, we 
find that a,, az. a5, &c., a, a3, &c., are connected by the.two 
series of equations 

agl ttg tagy =0 


Ap—1t ppt apq1 = 0 


with a = 2n/o, in which 


ked ' r 3 
pa {wae Z abel tay let a } 


2 Ae ee A’ 3 +Ò 
Tp =- {ra+x- P lofa se £2 j 
nvG po J w g pog 


as G = gò. 

Putting l for gr?, A for gv’, m for gnv, and—remembering 
that 6 is a small angle (see § 17)—unity for cos ô, we find 
that 

tg = Dyula, Tp = Ap ®r, 
where 


? 


; 4 i r? lr , 
D; E {OHIPA a t2 sinah 


: 2r 2 
D, sin fg = gwm — pa sın Ò 
Ap => A+) aa pg 
; _ 2p W. 
Ap sin $, = ion zn Sin ô. 


The ¢ and 7 operators having been calculated from these 
formulæ, the rest of the solution for this case follows in 
every particular the course for the simple case fully ex- 
plained in $$ 8, 9. 


724 PROF. T. R. LYLE ON THE THEORY OF 


22. In order to illustrate the practical application of the 
foregoing theory, I will determine the performance of a small 
two-pole alternator when carrying a rather heavy non- 
inductive load. 

The details of the alternator are as follows :— 
diameter 12 cm. 
length 8cm. 
turns n=100. 
resistance ‘25 ohm. 

Air-gap =1 mm. 


Armature 


turns v= 400. 
Field f resistanco p=3 ohms. 
exciter, three storage-cells ; r= 6-6 volts. 
Frequency 100/z, i. e. w= 200. 
Magnetic leakage =5 per cent. 
Flux operator G= 5000 ®. 
Let the external resistance in the armature circuit in the 
case in hand be 4°75 ohms so that r=5 ohms. 
Hence (see § 21) | 
l=5.10, U = 051 = 25.10 
~A=8.10%5, A =O5A=—4. 10’ 
m = 2.10%, r= 5.10, p=3.10 
œw = 200, 6 = 3° and 
a, = 2n/p = ‘44 (absolute). 
Using these values for the constants and the formule in 
§ 21 we obtain the ¢ and + operators which are given in the 
following table :— 


| 
fq=De -fq rp=Apt P 
q. De. fe P. Ap. p- 
1 "592 24° 51’ 2 &-4 0° 22' 
3 "p35 8 48 4 8:4 g 
A “30 5 18 | 6 8-4 1' 
T> "528 3 45 8 84 —]' 
9 "627 2 54 10 84 —?' 
11 526 221 | 12 8-4 —3' 
13 ‘526 1 57 ` 14 8:4 — 4’ 
15 "H26 1 40 | 16 8:4 —5' 
17 "526 1 28 18 8'4 — §' 
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[Note that the r operators are all practically equal and 
simple numerical multipliers (see § 8). | 

And from these, by the method explained in § 8 we obtain 
the S, £, continued fraction operators which are given in the 
following table :— 


Sg=sqe— Ya | Ep=p Bp 
| ; Pas es 
q sg. | by p. | op Bp. 
1 | -457 | S6° 32° 2 5 82 7° 46' 
3 ‘366 | 15 32 4 5:63 5 8 
5 "353 9 50 | 6 5°57 3 40 
| / E ae ae 8 5:55 a 
9 “348 5 34 | 10 5:53 2 36. | 
ll ‘346 430 | 12 5-51 l1 5l 
13 -346 342 | 14 550 1 2] 


And from these as explained in § 9 we obtain the different 
harmonics of both the armature current and the induced 
field current. These also are given in tabular form :— 


AAA 


> m | i ; 
x= Ersin (qwt— 5 +¢q). E= 224 2ěp sin ( pws +5 +yp). 
a Se, ee ae ee ne ee 
1 | 963 36° 32' 2 166 44° 18 
3 453 59 50) 4 080 64 58 
5 223 | 74 48 6 O41 78 98 
7 ‘117 85 37 8 21 88 31 
9 “O61 9 5 | 10 Ol 96 23 
11 ‘O52 100 53 12 006 102 44 
13 017 |106 26 | 14 003 | 107 47 
| 


——— 


The virtual armature current in amperes being equal to 
10 W432? is 7:75 amps., and the terminal virtual voltage 
fra Al a > 
being 4°75 times this is 36°8 volts. The no-load voltage’ for 
the same exciting current is 62°2. 
The virtual value of the alternating current induced in 
the field circuit in amperes being equal to 10 7 22° is 1:34. 


The copper losses are :— 


Ta tho armata ieia 15 watts. 

In the field due to exciting current... 12 ,, 

In the field due to induced current... 5'4 
VOL. XXI. OF 


Digitized by Google 
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The total iron loss calculated by means of the formula in 
§ 20 is 20 watts. 

The total losses are therefore 52:4 watts, and as the output 
is 285 watts the efficiency is 84 per cent. 

In fig. 3 are plotted the wave forms of both the armature 


Fig. 8.—Theoretical armature current (x), and induced field-current (&), 
in a fully loaded alternator. 


and induced field-currents determined above, correctly as 
regards both their relative amplitudes and phases. 

23. In designing the field of an alternator attention should 
be given to the fact that the conductor has to carry not only 
the exciting current, but also the induced field-current, 
which, as we have seen, may at full load attain a relatively 
large value. In addition it should not be forgotten that in 
the field-magnet cores there is the associated alternating flux 
which causes some additional hent. 

It is well known that in a case of excessive heating in the 
field, reduction of the heating is effected by the employment 
of heavy closed copper conductors, called dampers, embracing 
the field-magnet poles. 

To explain this action, let us consider a two-pole machine 
on each field pole of which is a damper. 
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Neglecting magnetic leakage and iron loss, if € be the 
current in each damper, the magnetic flux through the 
armature windings is 


ginge + (vE + 28) cos wt}, 
and that through the field windings and the dampers is 
9{vE+ 26+ ne cos wt}, 


so that the equations connecting zx, E, and ¢ are 


rat-gn© {ne+ (vE-+26) cos wl} =0, \ 
pE+gv © {v+ 264n2 cos wt} =n, ' . (VIL) 


2C+g © {vE + 26+ nx008 wt} =0, 


where z is the resistance of each damper and the other 
symbols have the same significations as in the previous 
sections of this paper. 

Obviously there is no constant term in &, and considering 
only the variable terms (harmonics) in £, we see at once that 
vil= p£, 

from which it follows that 
vet+20=vE(1+«)=v&’ say, 


where 
=, 
and that 
2207 = rpk’. 


The first two of equations VII. may now be written 


ret gn A {ne +vE' cos wt} =0, 


P g d ! — 97 
Ik? +g E +nz cos wt} = T4n? 


n being divided by 1+ « as the constant term in £' is equal 
to the constant term in £ ({ having no constant term). 
Now zx and £’ determined from these equations will be 
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very approximately the same as z and & determined from 
the equations in § 1 for the alternator without dampers ; 
for a) the given vector is the same for both, as are also all 
the ¢ operators. 

The 7r operators differ in that for p, p/(1+.«) is substituted, 
but in § 8 and in note § 22 it is shown that the 7 operators 
for generators as ordinarily constructed are practically inde- 
pendent of the value of p the field resistance. 

Hence we see that &’ is the alternating field current if the 
dampers are absent, £ its value when the dampers are attached 
and these currents are connected by the relation 


E = (1+«)€. 
In addition as 22% = np&, 


2 1 F 
pë = 7 = +P : 


Hence if H’ be the copper loss in the field coils due to 
induced alternating current when the generator is without 
dampers, H the same when dampers are attached, and A the 
loss in the dampers when attached, 
H’ KH’ H’ 
Bae Oe ay? Hth= 7: 

If we assume that the mean length of a field turn is equal 
to the length of a damper turn, it is easy to show that « is 
_ the ratio of the voluine of copper in the dampers to the 
volume of copper in the field windings when there is no 
resistance external to the windings in the field circuit. 
If there is resistance external to the windings in the field 
circuit, « is greater than the above volume ratio. 

The magnetic flux in the field coils being equal to 


gir&' +nz cos wt} 


is practically unaffected by the presence of dampers, so that 
the iron loss in the field-magnets remains the same. 
24. If a source of alternating E.M.F. = E where 


E = E, sin (wt +h,) + EB; sin (3wt + h) + &c., 
=e, +e,+e,+d&c. (vectors) 


be included in the armature circuit, and if the armature 
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rotate in synchronism with this E.M.F., we have the case 
of the synchronous A.C. motor. 

In this case the armature and field currents 2 and & are 
connected by the equations (see § 1) 


re + $ (lz + m£ cos wt) =} Eg sin (qot + hq) 


pe + A (AE + mz cos wt) = 7. 


Assuming as in § 2 that 
= & 4 a; + 8s +&C., 
È = 3 +agt+a,+&e., 


and proceeding exactly as in § 5, we obtain the infinite 
series of equations 


tai + 23 = —a)—K] 
&, + T23 + 83 = 0 
Og + t383 + my = — K3 
Bg + Tidy + Bs = 0 
a+ tas + a = — Ks 
&c., &c., 
in which 


ao=the vector to the point 2n/p, 7/2, as before 
2 
and Kg = gmo teg, 


where Seg is the applied E.M.F., and thet and 7 operators have 
the same values as in § 5. 
Solving for a, we find that 


Pia, = — Ia + a1) — Was): — Mels) dc., 


where P,, Iq, Il, &c., are the infinite determinant operators 
whose leading terms are ti, Ta, Ta, Te, &c., respectively as 
in § 6. 

Reducing to the continued fraction operators of § 7 we 
obtain 


1 l 1 
Hag Got me 535, Ogan a 
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and using the equations 

a3 = —t8,—a9—K, 5 ay = —7,4,—28,; dc, 
the successive harmonics of the armature and field currents 
can be obtained. . . 

25. If in the last example the £.M.F. inserted e 
armature circuit be sinusoidal and equal to E sin (wt + 
(a vector), the solution will (see equations in last paragrap) 
obviously be identical with that for the simple ay 
given in §§ 5 et seg., when in the latter a)+« is substitu 


for a) where 


ition which 
and in this case it is important to know the sapen : g 
determines whether the machine will run as a 


] hanical power. 
E § 12 the driving torque T was shown to be given by 
Tia 7 { Sepa, + Sajas + Sah; + Saya, + Ae} 
and T must be negative for a motor. 


Now, as 7 
1 SEA ihe see § 8) 
a= — g (ote = s, (æo tx): ( 


r 
+- — DA. 
Saya) = Ta { Sa ° ia, m 0 


2 _, , 
l fa E b+) } 
=- { a sin by + — age sin (bı 


Again, as i B 
Sa pas <= 8 = = — &),; 
a= 3 O9 
e B. 3 
sin 2- 2 — — CIE P? (agtw) ; 
Saja, = Oe 1 S103 
similarly 


. 2 
sin b, ——— &e.. &e. ; 
+x ) 


T. 
but o 
(2, 
and if . 
sin 
B= Pe 
we find that 


Which must he negati 
Now, s, Oos, 83, 04, Å 
tially positive and ther 
essentially positive, S, 
Work as a Motor, A, the 
must have such a ralue 
for T negative, 

The power supplied hy ¢ 
of the Product of » and 2 
and — i Pi (a9 +x) Is 
— I ~~ e 
= ~ 2, esin (h ~ by) 


— 


Z 4 


is {asi (t~b,) 


23 @ and the eXcitin, 
ah if th F. Esin (ot 4 
ined, and the exciting fel] 
Popa op 
| win 
This follows 


immediate! J from thy, 


Te Zerg, P is &e,, with a,- 
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but ; 
P E = = Ta Z/N 
(ag-4-) = a +x? + 2a COS ax 
ath Se a 
= a+ —, 38+ —- agecosh ; 
wm wm 
and if 
_sinB, sinb; sin By & 
Pe Sas aes Pe Sao a FAC., 
si Oa si Og S3 sı Oo 3S3 O4 
we find that 
AT {sinb 9 Csin(b, +/ 4 
— 1 -9 & sin ( pth) Sr Be 
a=) EB + — 4° S24 2Becosh hag + PO's 
nt s1 w F om Sı : win? 


which must be negative if the machine runs as a motor. 

Now, 5), Ca, 83, 71, &c., sin b,, sin 8z, sin bz, are all essen- 
tially positive and therefore B is so. Also & and e are 
essentially positive. So, in order that the machine may 
work as a motor, h, the phase angle of the applied E.M.F. 
must have such a value as to make the above expression 
for T negative. 

The power supplied by the source e being the mean value 
of the product of e and a, that is of e and a, that is of e 


and — = bi (ap +) is 
l 


i eae | eee 
oe age sin (h — b,) + Os, ex sin b, (see § 11) 


e f- 2 
z Os 1 a sin (kh —b,) — ae sin b} 


It is interesting to note that the armature and alternating- 
field currents which flow when an E.M.F. = E sin (wt +h) js 
acting in the armature circuit, the angular velocity of the 
armature is œ, and the exciting current C, would be un- 
changed if the E.M.F. Esin (wt+h) be removed, the speed 
maintained, and the exciting field-current changed from 


l 


wm? 


F?. 


C to a/ C+ 2 CEcosh + 
wmn 


This follows immediately from the vector equations in § 31 
connecting &, az @3, &c., with a,+« when K3, K5, Kys &e., 
are zero. 
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26. The case of the synchronous motor with sinusoidal 
applied E.M.F., discussed in the last paragraph, can easily 
be represented geometrically. 

In fig. 4, let Oxo, taken in the axis of Y be equal (as in § 13) 
to twice the steady exciting current of the machine. Draw 


Fig. 4. 


the vector OE! to represent in amplitude and phase 2/am 
times the applied E.M.F. ; that is, if the latter 


=e'sin(wt+h), OE! = 2e’/am, 


and the angle from OX to OK’ measured in the positive 
direction is = h. 

Rotating OK’ forward through 90° gives us « of § 25, 
and completing the parallelogram a Ox, its diagonal is ay +æ 
in the line OY’. 

Knowing the motor circuits, we can determine s,, bi, 
72, Ba, 53, b3, &c., and then construct for ay, ag, ag, a4, &c., 
exactly as in § 13, except that in this construction the vector 
ay 4-« takes the place of æ in § 13 (see § 24). 

Now the mechanical torque developed by the machine is 
(see § 12) 


m 

= 4 {Sapa + Saja + Sasa + &e.} 

= z into the sum of the areas, attending to signs, 
of the triangles a,Oa,, a, Oaz, a,Qa;, &c. 
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But the triangles a,Oe,, «083, a,Oa,, &e., are all essen. 
. e o > = 9 -~ 

tially negative [their sum is = — ¿Bao + of § 25], so that 
if the machine is to develop mechanical power and run as a 
motor, the phase of OK’ must be such that the area of the 
triangle aga, is positive (as it is in fig. 4) and numerically 
greater than the sum of a,O2%, a.O0a,, ke. 

The power supplied by the source is 

l wom ~— 


—_— 5) e 2 OF’ e a, COs a OE’, 


wm. 
= -> Masin a Ox, 


4 


om . 
=-> Xarea of triangle a Ox, 
| wm 
and the power developed by the motor = wT = -3 X sum 
oad 
of areas of the triangles «,Oa,, a,Oa,, «,Oa;, &c., attending 
to signs. 


Hence the efficiency is equal to 


a, Oa, +a,0a, + agOa; + &e. 
a,Oxn : 


By rotating the vector from O to the middle point of 
ae, backwards through 90° and doubling we obtain OE,, 
which represents in amplitude and phase 2/mm times the 
first harmonic of the total E.Mm.r. of the motor (see § 13). 

This vector can now be compared with OE’ which repre- 
sents 2/mw times the applied E.M.F. 

Fig. 4 easily explains how, by increasing the exciting 
current of an A.C. motor, the phase of the armature current 
isiadvanced relative to that of the applied E.M.F. 


Discussion. 
Mr. W. DUDDELL expressed his interest in 
remarked that the results which he had obtain 
experiments made by himself and Dr. Marchant 
Dr. RussELL congratulated the Author on 
instructive solutions of the differential equation 
value of the armature and field currents in a simple generator. The 
subject of armature reaction has been carefully studicd by electrical 
VOL. XXI. 3G 


Prof. Lyle’s paper, and 
ed were in accord with 
some years ago. 

having obtained such 
s which determine the 
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engineers, and the literature of the subject is quite extensive. He 
referred in particular to the study made by Professor Blondel in 1900 of 
the ripples in the exciting current of a two-phase and a three-phase 
alternator. It was well known that in a single-phase machine the 
frequency of the ripple superposed on the exciting current by the 
alternate magnetising and demagnetising effect of the armature current 
was double the frequeucy of the armature current. This ripple dis- 
appears at no load, but in practice the ripples at no load are often 
very marked owing to pulsations of the reluctance due to slots in the 
armature. The latter ripples are much less pronounced at full load 
as the load circuit acts like a damping-coll ; but new ripples due to the 
armature reaction appear, causing a distortion of the wave-form. 
As a rule, electrical engineers assumed the existence of a sine wave 
of armature current and then investigated the ampere-turns to be 
added or subtracted from the field coils so as to neutralise the mag- 
netising or demagnetising etlect produced. In this connexion Blor.del’s 
two-reaction method was extensively used as it enabled approximate 
values to be rapidly obtained. The effect of the reaction on the wave- 
form of the machine, however, had been practically neglected, and 
Professor Lyle deserves great credit for his solution. Inu connexiou 
with the parallel running of turbo-alternators it was important, and the 
theory deserved careful study by engineers. The speaker thought that 
“dampers” were mainly used to prevent phase-swinging. He agreed 
with Professor B. Hopkinson that a similar effect might often be more 
economically produced by putting more copper on the field windings. 
The difficulties that arose in connexion with perfecting the theory 
of synchronous mctors arose mainly from the difficulty of taking 
hysteresis into account in the mathematical equations. He thought 
that Professor Lyle’s work in this direction was most valuable. 
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L. On a Want of Symmetry shown by Secondary X-Rays. 
By W. H. BRAGG, M.A., F.R.S., Elder Professor of 
Mathematics and Physics in the University of Adelaide, 
and J. L. Guasson *. 


[From “ Transactions of the Royal Society of South Australia,” 
vol. xxxii., 1908. ] 


Ox the assumption that the Röntgen rays consist of æther 
pulses it has been shown by J. J. Thomson ( Conduct. 
of Electr. through Gases,” p. 323) that it is possible to 
account for the existence of secondary Röntgen rays by 
assuming that the primary pulses set in motion electrons 
over which they pass, and cause them to become new centres 
of radiation. If the electron easily follows the guiding force 
of the primary pulse, then the secondary radiation resembles 
the primary in quality. But if the electron is hampered by 
attachments to other portions of the atom to which it belongs, 
then the new pulse has not the same quality as the old ; the 
time of motion of the electron is dragged out, and the pulse 
produced is softer. 

Now, if an electron becomes in this way a centre of 
radiation the intensity of the secondary effect must be 
symmetrical about the line of motion of the electron. In 
particular, the intensity of the secondary radiation must be 
symmetrical about a plane passing through the electron 
perpendicular to the primary ray, since this ray contains 
the line of motion referred to. ‘This deduction forms an 
integral part of Thomson’s theory of secondary Röntgen 
radiation, and its truth has been assumed in calculations 
intended to show that experimental results are in agreement 
with theory. Barkla proves the same deduction in a paper 
published in the Philosophical Magazine of February 1908. 

Now it has recently been shown (Bragg and Madsen, 
Trans. Roy. Soc. S.A., May 1908) that the cathode radi- 
ations excited by y rays show a very marked want of 
symmetry about the plane normal to the exciting ray ; and 
again (Madsen, Trans. Roy. Soc. S.A., July 1908) that 

* Read April 23, 1909. 
VOL. XXI. 3H 
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there is a similar want of symmetrv in respect to the 
secondary y rays. The y rays and X-rays resemble one 
another so closely in all their known properties, that it is 
fairly safe to assume any effect found to be true of the one 
kind to be true also of the other kind, though perhaps to a 
different degree. In this case, indeed, Cooksey (‘ Nature,’ 
April 2, 1908) has already shown that the secondary cathode 
radiations excited by X-rays are not at all symmetrical about 
the normal plane, the emergence rays being greater than 
the incidence, as in the case of the y rays. 

It reinained, therefore, to examine the secondary X-rays 
excited by primary X-rays ; and the experiments described 
in this paper were made with that object. We find that in 
general want of symmetry does exist, that it is sometimes very 
pronounced, and that is in keeping with expectation based on 
Madsen’s study of the secondary y rays. Hard y rays show 
u very large difference between the quantities of emergence 
and incidence radiation ; for soft y rays the difference is 
smaller. Since X-rays are to be looked on as a very soft 
form of y rays, the difference should be smaller still ; and 
this is what we have found to be the case. 

The general form of the apparatus which we have used 
is shown in fig. 1. Variations of the upper portion of it are 
shown in figs. 2 and 3. A small pencil of X-rays passed 
upwards through apertures in lead plates at A and B, and 
then along the axis of the ionization-chamber and out into 
the open. In our first experiments the upper part of the 
apparatus was arranged as in fig. 3. The primary rays did 
not pass through the effective part of the ionization-chamber, 
being separated therefrom by the cylindrical screen SS, 
which could ba made of various thicknesses and various 
materials. But if a thin sheet of any substance was laid 
over the hole at B, secondary X-rays spread out therefrom, 
and some passed through the screen SS, and caused a 
deflexion in the electrometer. The differenco between the 
deflexions (a) without and (b) with the sheet at B was taken 
as a measure of the emergence secondary X-ray radiation. 
When the sheet was removed from B, and the same ora 
similar sheet placed in the plane of the top of the screen so 
as to be struck from below by the primary rays, then the 
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measure of the incidence secondary radiation was obtained 
as the difference between the deflexions (a) without and (c) 
with the sheet so placed. 

In this way it was easy to show that the expected want 
of syminetry actually existed, particularly with aluminium, 


MVR AT 


To 
Elestvanthe 200 Volts 


A b 
& 
i 
hin 


a a 
kilpas? eenma 


celluloid, or pa 


per as the radiators, 
atomic weight. But the e 


extent to the objection th 
b-c, and that possibly the 


substances of small 
xperiments were open to some 


at a was too large compared with 
excess of emergence over incidence 


3H2 


Digitized by Google 


738 
ys G AN 
D MR. GLASSON 
A ON A 
A WANT 
OF 


erent cir effect d 
several cumstan ue to 
e causes. T ces. Th actual vari 
ven when ‘ here e cur rariatio 
due to pri the X-r was a s rent a was ae of a under 
primar ays we mall n y In fact 
the chambe y X-rays re not aet atural ioni » due to 
of an inch k though Paa had ing; there oe leak 
diffusi hick. B ey WE penetr as an effect 
usion of sof ut th re mad atod th 
came th vee E ae ee ee of 
rough tl about th test zinc one- i 
the s rh the hol epii part of -eighth 
creen SS; i e at B primary b a was du 
screen A a it could at such eam, mut Jide 
° al b a ? auch ‘ 
the a part e largel n angle of which 
open alr abo of a wa y cut out as to penetra! 
radiati ve the i s due to by thick . : 
th ee might be ionizatio radiation ickening the 
e radiating sheet appreciabl n-chambe returned from 
were, howe tat B y int r. So 
he , ho ever, able to oratthe erfered wi me of these 
i ents that the want of satisfy o top of the = by placing 
oats O fact no of symmetry was q by : amber. We 
i andone se first bah serene parr yok experi- 
xpected, w Jd show rangement could be ie that as 
and whicl j the w for a made. But * 
f ich prov ed bett want of second we 
rst met! P er tha symm which, as we 
in . = we exactly th n the first i etry mor | 
n examining the secondar e same as E every j clearly, 
; ormous di erence siete y rays ; b at used b oe 
o be repeat? in th 1 these ; but It w y Madsen 
the case rays as cle: 
Our new of the X showed ar that the 
, arrangement wa -rays ed was not g0 
in fig. +: Tw li s, as sh : o going 
cylinders of bras own in fi 
„meters ~ 4 in. and 2 oo each n L, or, inverte i 
connecti g ‘ce DD oe in. long, pu of 
8 
he latter ayes ia 
four spoke led a 
as screens CU jn the iat and » 
the ould be attacne to it, fillin of flat 
gpaces tween the pokes. = up all 
-Jinder is S jown Aer HEE fig. 1 
. ajaence ee 
ndary 
rt 


plan in fig 
>’ ° 
wheel with 


for the measu 
snag et : radiating 
a shee i i 
A hole was Cl celluloid ly fanon the t 
} the cen tre of the aia of the eylinde! 
¡mary b id sh l 
y beam to pa through e big eno" 1 
screen was used T ae 
ce 5 e 


SYMMETRY SHOWN BY SECONDARY X-RAYS. 739 


that this was the case. The radiating sheets were of thin 
metal, about 14 in. square. In fig. 2 the cylinder is shown 
as arranged for the measurement of emergence secondary 
radiations : it hardly requires further explanation. 

We expected that this arrangement would show up the 
want of symmetry better than the former, because the 
portions of the emergence and incidence beams under com - 
parison would be more nearly normal to the plate. Looking 
upon the radiations as material, we should naturally expect 
the intensity of the secondary radiation to decrease gradually 
as its direction increased in inclination to the forward 
direction of the primary ray. The emergence rays lie, 
in inclination, between 0° and 90°; the incidence between 
90° and 180°. In our first arrangement we compared the 
emergence rays between about 40° and 90°, with the incidence 
rays between about 90° and 140°. There should be a larger 
ratio of emergence to incidence with the newer arrangement, 
since the emergence rays between about 30° and 50° would | 
be compared with the incidence between about 130° and 150°. 
This proved to be the case ; the improvement was consider- 
able. Again, with the new arrangement, the current with 
no radiator in position became relatively far smaller. For 
example, when the radiator was Al, ‘4 mm. thick, and the 
absorbing screen DD of tinfoil (two thin sheets), the 
currents with and without the radiator at B in fig. 1 caused - 
deflexions of 86 and 26 mm. in ten seconds respectively ; 
the currents with and without the radiator at B in fig. 2. 
were 220 and 35 respectively. There could be very little 
error, therefore, in taking the incidence and emergence 
radiations as 60 and 185 respectively; and the want of 
symmetry is beyond doubt. 

It should be observed that the emergence radiation can 
never he shown to an unfair advantage in these experiments, 
and is often at a disadvantage, for the radiator, when placed 
as in fig. 2, cuts down the very primary rays to which the 
secondary radiation is due. It is not difficult to show that 
if the thickness of the radiator is so adjusted as to give the 
maximum emergence current (it can of course be too thick 
or too thin), then the ratio of this maximum to the maximum 
incidence current (which can be obtained simply by making 
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the radiator thick enough) is only 2/e of the true ratio of 
emergence to incidence; provided that the secondary rays 
are as penetrating as the primary, and that we are con- 
sidering homogeneous radiations. But if, other conditions 
being the same, the secondary rays are less penetrating 
than the primary, then the ratio, as found, is more nearly 
correct, and is very nearly so when the secondary rays are 
much less penetrating than the primary, as, for example, 
when we are considering secondary cathode rays due to X- 
or y rays. 

We have made a large number of measurements by the 
method described above, using the following metal sheets as 
radiators :—Pt, weight per square em., °0150 gr. : Sn, ‘0096 
gr.; Cu, 0083 gr. ; Fe, :0077 gr.; Al, -105 gr. ; celluloid, 
‘20 gr. As screens we have used various thicknesses of Sn, 
Cu, and Al. 

The proportion of emergence to incidence radiation differs 
considerably for the different radiators, but is much the same 
for different screens or different thicknesses of screen, except 
that the proportion tends to increase slightly as the screen 
is made thicker; and the tendency is most pronounced in 
the case of those metals which give out a quantity of soft 
secondary radiation. For example, Fe and Cu show little 
difference between incidence and emergence radiations until 
the screen is so thick that only a small fraction of either of 
the radiations can pass through. The results vary somewhat 
with the state of the bulb; and since these variations are 
comparable with those which are met with on changing the 
nature of the screens, we are not now in a position to discuss 
smaller variations in detail. We must content ourselves 
with quoting a few results in order to show the want of 
symmetry, which is a persistent effect. When, for example, 
two tinfoils were used as screen (weight per square cm. 
of each, :0056), we obtained the following figures, which 
represent movements of the scale in mm. during 10 secs. :— 


Radiator ........ceee Sn. Cu. Fe. Al. 
Emergence Current ...... 176 140 39 185 
Incidence Current ......... 122 119 15 60 
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With four tinfoils the figures were :— 


Radiator ........005+ .. Sn. Cu. Fe. Al. 
Emergence Current......... 143 24 23 116 
Incidence Current ......... 87 1 0 34 
Again, using a copper screen ‘002 cm. thick, we found :— 

Cellu- 

Radiator. .......0. rt. Sn. Cu. Fe. Al. loid. 
Emergence Current... 86 140 361 118 80 1338 
Incidence Current ... 65 104 364 118 32 93 


Putting together a number of results for Cu screens of 
different thicknesses we obtain the logarithmic curves of 
absorption shown in the accompanying figures (figs. 5 and 6). 
It should be observed that some of the results thus shown 
were obtained at different times, so that too much must not 
be built upon a comparison between them ; only the relative 
positions of the emergence and incidence curves of each 
substance are sufficiently correct, and the form of each curve 
as showing the homogeneity or otherwise of the various 
radiations. One figure shows the emergence (E) and 
incidence (I) curves for Pt, Cu, and Fe; the other the 
corresponding curves for Sn, Al, and celluloid. 

The experiments described in this paper show that a very 
marked want of symmetry occurs in the case of secondary 
X-rays, the emergence rays being generally greater than the 
incidence. ‘This is another instance of the close parallelism 
between X- and y rays. On a material theory of X- and 
y rays the effect is easily explained, and is to be classed with 
the scattering to which 8, and also, as lately shown clearly 
by Geiger, « rays are subject. But if the X- and y rays 
consist of energy bundles of very small volume, as suggested 
by J „J . Thomson, then these bundles must be capable of 
deflexions in going through atoms—that is to say, swung 
out of their paths by the electrical forces to be found within 
the atoms, just as neutral pairs would be in virtue of their 
electrical fields. It scems hard to understand the distinction 
between such bundles and entities generally classed as 
material. 


In the course of this investigation we have made a number 
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of experiments on the quantities and qualities of the secondary 
radiations. This subject has been fully treated by Barkla, 
some of whose recent papers have not yet reached us, and 


Fig. 6. 


Logarithm of Current 


Thickness of Copper Absorbing Screen 1n mm. 


any discussion we gave might be merely a duplication of 
part of his inquiry. There is, however, one point to which 
we should like to refer. 


Digitized by Google 


744 PROF. BRAGG AND MR. GLASSON ON A WANT OF 


Very hard y rays follow a density law of absorption, 
treating all atoms alike, except in respect to weight. Soft 
y rays are not independent of atomic groupings of matter, 
and are far more strongly absorbed by heavy atoms than by 
light, after allowance has been made for weight. The same 
is generally true of X-rays; but in the case of very soft 
X-rays there is a tendency to revert to the density law again. 
For instance, X-rays that have passed through the glass of 
the bulb are soft to copper, silver, tin, and so on, but hard 
to aluminium, carbon, aud low atomic weight generally. 
No doubt those rays which are soft to such light atoms have 
already been absorbed by the glass. But secondary X-rays 
from most substances are softer than anything emerging 
from the bulb and contained in the primary ray. The 
difference is not very great when the absorption is measured 
with the aid of screens made of substances of the higher 
atomic weights, because to these the primary rays are soft 
already. But if the screens are made of aluminium, still 
more of filter-paper, the difference now seems to be very 
great, for the secondary rays are soft even to low atomic 
weights. For example, in one experiment, a sheet of copper 
weighing ‘018 gr. per square cm. caused a drop of *401 in 
the logarithm (to base 10) of the primary rays, and only of 
‘447 in the case of the emergence secondary rays from 
copper, of ‘645 in the case of platinum rays, and °805 
of iron rays. But when four filter-papers weighing ‘02 gr. 
per square cm. were used as screen, the drop in the case of 
the primary rays was ‘010—only one-fortieth of the drop 
caused by a copper screen of nearly equal weight. In the 
case of the secondary rays, however, the same screen caused 
a drop in the case of copper rays of 100, platinum rays °053, 
and iron rays of *188—that is to say, for these soft rays the 
filter-papers are much more nearly on an equality with 
copper, weight for weight, than they were for hard rays. 
It is interesting to bear this in mind when considering the 
very large quantities of secondary ionization which some 
substances seem to give. The ionization is always measured 
in air, which of course consists of atoms not very different 
in weight from those contained in filter-papers. Con- 
sequently primary rays, and secondary rays which differ 
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very little from the primary, are very penetrating to air, 
and cause relatively small ionizations therein. But secondary 
rays from Cu and Fe are softened so much as to bring them 
within reach, so to speak, of air, which rapidly converts 
them into cathode rays, so that there is a very large 
ionization. For the cathode rays produced from these 
secondary rays have probably but little less energy than 
those produced from the primary ; the speed of the cathode 
ray does not differ very greatly with the penetration of the 
primary X-ray, so far as experiments have shown. The 
very large secondary radiations, which some substances 
appear to give, therefore, owe their magnitude largely to the 
fact that the air in which they are measured is sometimes 
ten to twenty times as favourable to them as to the primary 
rays which produced them. In this way we may account 
to some extent for the startling results obtained by Crowther 
in the case of arsenic and bromine (Phil. Mag. Nov. 1907). 


DiscuSSION. 


Prof. C. H. Lers said that Prof. Bragg had given a lucid account of 
his theories of y and X rays. His researches would make physicists 
more careful in accepting the sether-pulse theory, He asked if it was 
likely that better means would be devised to discriminate between 
various forms of y and X rays than dividing them into “hard ” and 
“ soft ” radiations. He thought many discrepancies could be attributed 
to this want of discrimination. 

Mr. C. A. SADLER pointed out that whatever lack of symmetry might 
exist in the emergence and incidence secondary X radiations from a 
plate of a substance which was a source of scattered primary radiation, 
Professor Brayg’s own results conclusively proved that such lack of sym- 
metry did not exist when the plate was a source of homogeneous radiation. 
If then it was a necessary condition of Professor Bragg’s theory that such 
Jack of symmetry should exist with secondary X radiations, we must 
either conclude that the theory here breaks down or that these homo- 
geneous radiations are not X radiations as usually understood. It was 
to be noted also that the measured lack of symmetry (ignoring the lack 
of symmetry in the case of homogeneous beams, which can be shown 
to be only apparent) in the mo-t pronounced cases was small compared 
with those obtained with y rays. 

Prof. Braga, referring to the remarks of Prof. Lees, said that for 
precision the actual speed of all electrons ought to be measured. Instead 
of measuring the speed the penetrating power might be determined. 
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LI. Transformations of X-Rays. By CHARLES A. SADLER, 
M.Sc., Oliver Lodge Fellow, University of Liverpool *. 


Wary a primary beam of Röntgen radiation falls upon any 
substance, secondary Röntgen rays are emitted, the character 
of which depends both upon the nature of the substance and 
upon the particular kind of primary beam used. With 
reference to the latter it has been found that variations in 
the intensity of the primary beam produce no perceptible 
change in the character of the resulting secondary, the sole 
controlling factor appearing to be the degree of “ hardness ” 
of the primary f. 

It has been shown ¢ that if the radiating substance be an 
element of low atomic weight—as hydrogen, oxygen, or 
carbon—it emits a radiation similar in penetrating power 
to the primary producing it; its penetrating power varying 
with that of the producing primary. This type of radiation, 
which will be referred to as a “ scattered ” radiation, may be 
considered as produced by an acceleration of one or more 
electrons in the atom of the radiating substance, due to the 
action of forces in the primary pulse. 

From an element of greater atomic weight than that of 
calcium (40)—and possibly from other elements of lower 
atomic weight under very penetrating primary beams—the 
emitted radiation has been shown to consist of scattered 
radiation, and superposed upon this, a type of radiation 
which is characteristic of the radiating element. The pene- 
trating power of this radiation is a constant quantity peculiar 
to the substance and is independent of the penetrating power 
of the primary producing it. Moreover, this radiation appears 
to be entirely homogeneous in character, and experiments 
point to the conclusion that the radiating electrons producing 
this type of radiation are no longer appreciably under the 
influence of the forces in the primary pulse. 

This homogeneous radiation is only produced when the 


° Read April 23, 1909. 
t Barkla, Phil. Mag. June 1906, pp. 812-828 
ł Barkla & Sadler, Phil, Mag. Oct. 1908 pp. 550-584. 
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penetrating power of the primary is greater than that 
of the homogeneous radiation characteristic of the radiator. 

From the group of elements Cr-Ag the ionization pro- 
duced by the homogeneous portion of the secondary radiation, 
emitted when any of its members is subjected to a sufficiently 
penetrating primary, is many times greater than that produced 
by the scattered portion—in the case of copper as radiator 
this ratio is as high as 150: 1. 

The homogeneous radiation from chromium is very “ soft” 
much softer indeed than any ordinary primary beam, and 
from chromium down to silver and probably beyond, the 
penetrating power of the characteristic radiation increases 
with increase of atomic weight; the radiation from silver 
being many times more penetrating than that from 
chromium. 

One of the chief difficulties experienced in the investigation 
of X-ray phenomena has been the heterogeneity of the 
primary beams hitherto available. Even where devices are 
adopted to ensure that the current through the X-ray bulb 
used as a source of primary rays is uni-directional and of 
nearly constant strength, the primary so obtained consists of 
a mixture of constituents of different penetrating power ; so 
there remains the difficulty of ascertaining which particular 
constituents of the composite beam are principally concerned 
in producing the phenomena under investigation. 

It was thought that useful information concerning the 
nature of X-rays might be obtained if the homogeneous rays 
previously mentioned were used to excite tertiary radiation 
in different substances. 

Sagnac has shown that the tertiary X-rays from metals 
exited by secondary X-rays are more easily absorbed than 
the exciting rays. 

Previous experiments * had shown that if two substances 
A and B be taken, each of which is found to emit a homo- 
geneous radiation when a suitable primary beam falls upon 
it, the homogeneous radiation from A being more pene- 
trating than that from B, then if a homogeneous beam from 
A be passed through a thin plate of B, tertiary radiation is 


* Barkla & Sadler, Phil. Mag. Oct. 1908, pp. 550-584. 
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excited in B by the radiation from A, while if the process is 
reversed it is found that the radiation from B excites no 
tertiary radiation in A. 

These phenomena were examined in greater detail in the 
experiments described below. 

It was found that no trace of a homogeneous tertiary 
radiation could be detected from aluminium when subjected 
to any of the homogeneous radiations from the group of 
metals Cr-Ag, and the amount of scattered radiation pro- 
duced was extremely small when compared with the secondary 
incident beam. 

Advantage was taken of these facts, and the primary and 
secondary beams were passed through tubes of thick 
aluminium of rectangular cross-section. This enabled the 
apparatus to be arranged compactly with comparatively short 
distances between the anticathode of the X-ray bulb and the 
secondary radiator, and between the secondary and tertiary 
radiators respectively, a condition essential to secure that 
the ionization produced by the tertiary rays in a suitable 
ionization chamber should be sufficiently intense to ensure 
accurate readings in a reasonably short time, and that the 
direct tertiary radiation should produce an ionization large 
compared with that produced by stray secondary and tertiary 
rays from the surrounding air and neighbouring screens. 

The general arrangement of the apparatus is indicated in 
Plan by fig. 1. 

A rectangular brass tube B lined with aluminium *2 cm. 
thick was fitted into an aperture in the lead screen SS sur- 
rounding the X-ray bulb emitting the primary rays, and the 
bulb was so placed relatively to this tube that the axis of 
the tube passed through the centre of the anticathode A 
normally. 

The rays from A passing through this tube impinged on the 
radiator R, consisting of a rectangular plate of the metal, the 
secondary rays from which were to be studied. A portion of 
the secondary rays so produced passed down the rectangular 
brass tube D lined as before with ‘2 cm. aluminium, and a 
plate of any substance placed in this secondary beam provided 
a source of tertiary rays. 

The intensity of the primary beam was measured by 
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allowing a narrow pencil of rays proceeding from A through 
a small aperture O in the lead screen SS to enter an electro- 
scope E, of the ordinary Wilson type through an opening 


Fig. 1. 


covered with tissue-paper and aluminium-foil in the wall of 
the electroscope. 

The deflexions of the gold-leaf were observed by means of 
a microscope fitted with a scale in the eyepiece. 

The intensity of the secondary beam was measured by means 
of a similar electroscope E, placed in the path of the secondary 
beam passing down the tube D (R, remove!) as indicated in 
the Plan ; the size of the aperture in the wall of this electro- 
scope being 3 x 2 cms. 

It was found that by carefully shielding the electroscopes 
E, and E, from draughts and sudden changes of temperature 
very reliable readings could be obtained, the motion of the 
gold-leaf being absolutely dead-beat. 
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Preliminary experiments also showed that with a given 

_ radiator R, in position (R, being removed) the ratio of the 
deflexions in E, and E, when the bulb had reached a steady 
state a ely varied by more than 1 per cent. during a series 

of readings. 

The ordinary Wilson type of electroscope was found to be 
nite unsuitable as a means of measuring the tertiary radis- 
the type of electroscope described by R. T. Beatty in 
on “ Secondary Röntgen Radiation in Air” * wa 
finally adopted. Briefly described, this consisted of a brass 
case having two sliding quadrants insulated from the case and 
charg od to potentials of +240 and —240 volts respectively ; 
a insulated goll-leaf hung vertically between them and w85 
connecte‘ to the WILO es which projected into and Was 
S catated rom the ionization-chamber I, which itself ¥4 
slated and charged to +240 volts. An adjustable o 
uaa -chamber insulated and charged to —240 yolts 
peek tod be normal ionization in the chamber I. The 
o g of the electroscope was adjustable by means 0 
sel drants. | 
. 7° ua ‘ 

the sliding rder of sensitiveness required in all the exper 
Wit sped, the motion of the gold-leaf was dead-best 
ments descr oadings of the ratio of deflexions in elect 


tion ; 
his paper 


and a serios © : showed that with deflexions up to 20 scale 
scopes Pi this could be obtained with an accuracy : 
divisions 4 “+h certainty- jè 
2 per cen olectroscopes E, and E, showed that *, 


: o eh : 
A calibra ae acale-division was the same w31 
ae ut the range of scale employed. J 
was adjusted. and then maintain’ 
e series of readings, and iP # 
a given gs, ; 
nt throughout he jon of E, was used, thus elimina ting 
: on: nge in value of a scale-divisiO®™ 
readings 2 © ight = , 
> + of the slig ; different parts of the scale. 
which was fo eee i howed that the secondary rąad18- 
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tion from air ioe. ie readings obtained when metallic 
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small comp# -ed. 
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The portion of the radiator R, exposed to the primary 
beam was limited to that opposite to the tube D by means of 
a suitable stop placed in the tube B as indicated in the 
diagram. 

Nature of the Tertiary Rays. 

It was perhaps reasonable to expect that the tertiary 
radiation emitted by any member of the group Cr-Ag when 
subjected to a more penetrating homogeneous beam from the 
same group would be identical in character with that emitted 
as secondary radiation by the same substance when excited 
by a suitable primary. 

Direct experiments were carried out to test how far this 
was true, and for this purpose pure iron was chosen as the 
tertiary radiator. 

The radiator consisted of a small rectangle 3 cms. high by 
2 cms. broad, formed of pure iron wire interlaced so as to 
expose as large a surface as possible to the exciting beam. 
This was placed in the position indicated by R,, the centre of 
the radiator was at the intersection of the axis of the tube D 
with the normal from the centre of the aperture to the ioni- 
zation-chamber I, the plane of the radiator making equal 
angles with these directions. 

As a secondary radiator in the position R, a plate of pure 
copper was used. 

The aperture YY of the ionization-chamber I in these 
experiments was 3 cms. high by 2 cms. broad, and the 
distance from the centre of the aperture to the centre of 
R,, 4 cms. 

Owing to the obliquity of some of the tertiary rays, it was 
evident that the absorption coefficients, obtained by studying ~ 
the absorption by thin plates of different substances placed 
parallel to the aperture YY in the path of the beam, would 
be greater than would have been the case had it been possible 
to utilize a pencil of tertiary rays. 

A control experiment conducted with a fairly soft primary 
beam falling upon the same iron radiator similarly situated 
before an aperture of the same size as that in the screen YY 
in an electroscope of the Wilson type placed in the secondary 
beam from the iron, gave an increase in the value of the 
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absorption coefficient by an aluminium plate :00297 cm. 
thick of 6 per cent. over the value found when a narrow 
pencil of secondary radiation was used. 

The absorption coefficients of the tertiary beam from iron 
were then determined by thin sheets of aluminium, iron, 
copper, and zinc. The values so obtained are compared with 
those obtained when the same absorbers were used with the 
secondary rays in the control experiment in the following 
table. 


TABLE I. 
À À 
Value of — for Value of - for 
Absorber. p p 
Secondary Rays. Tertiary Rays. 
Al (00297 cm.) ... 93 8 94:2 
Fe (00315 cm.) ... 69-1 69:1 
Cu (00298 cm.) ... 101-0 102:5 
Zn (00132 em.) .. 119-2 120:0 


It will thus be seen that within the limits of experimental 
errors the penetrating power of the tertiary beam is identical 
with that of a similar secondary beam from the same 
substance. 


The Homogeneity of the characteristic Tertiary 
Radiation. 


The tertiary beam from iron excited by the secondary 
homogeneous beam from copper was now cut down by thin 
aluminium sheets to test its homogeneity. 

Tt was to be expected, even were the beam perfectly homo- 
geneous, that after cutting down by a few plates the beam 
would appear slightly more penetrating, for the more 
obligue rays would suffer extinction to a greater extent 
than those passing through the absorber in a perpendicular 
direction. 

It was not found possible to test for homogeneity to an 
exhaustive limit owing to the smallness of the readings in the 
later stages, but the results obtained show that for all 
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practical purposes the beam may be regarded as lonio- 
gen eous. 
The results are tabulated below :— 


TABLE II, 


Iron as Tertiary Radiator ; Copper as Secondary Radiator. 


Subsequent absorption 


Amount previously PPO: 
absorbed by Aluminium. by a 2 L 09297} 


None. 556 per cent. 
55:6 per cent. 5T » 
803 p 555 ,» 
940 ,, 550 =, 


Previous experiments have shown that associated with the 
homogeneous secondary radiation from a metal of the group 
Cr—Ag is a small proportion of scattered radiation, the 
relative ionizations produced by the homogencous and 
scattered portions being about 150 : 1. 

If the secondary beam from iron be absorbed by say 
0104 cm. aluminium, then while the homogeneous portion 
will be absorbed to the extent of about 90 per cent. the 
scattered portion will only be absorbed by about 30 per cent., 
giving an absorption of the whole beam of 89°6 per cent. 
(the absorption being measured by the relative diminution 
in ionization) ; so that the relative ionizations produced by 
the residual homogeneous and scattered portions respectively 
will now be as 21°4:1, and a sheet of 0104 aluminium would 
now only absorb about 87-4 per cent. of the whole beam, and 
this increase in penetrating power would become more and 
more pronounced as further absorptions took place. 

In a corresponding case of the tertiary beam from iron 
excited by copper radiation, the amount of scattered copper 
radiation in the beam if present at all will not be present to 
so great an extent since the copper radiation will not pene- 
trate to anything like the same depth in the iron as an 
ordinary primary radiation, though on the other hand the 
ionization produced by beams of scattered primary radiation 

312 
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and of scattered copper radiation conveying equal amounts 
of energy per second through unit volume of air, will not be 
equal; the scattered copper radiation being more easily 
absorbed will produce the greater ionization. 

No direct evidence has yet been obtained that when the 
normal tertiary radiation from iron is excited by homogeneous 
radiation from copper, any of the copper radiation itself is 
scattered by the iron; its presence in the beam would be 
difficult to detect for a small percentage of copper radiation 
in the beam would produce a very minute change in its 
absorption coefficients. The figures given in Table II. there- 
fore do not preclude the possibility of a small percentage of 
the ionization being due to scattered copper radiation. 


Independence of the Penetrating Power of the 
Exciting Radiation. 

Experiments were made to test whether the penetrating 
power of the tertiary radiation emitted by a substance 
depended in any way upon the penetrating power of the 
exciting secondary beams. [n the first test, iron was chosen 
as the tertiary radiator, copper and arsenic as the secondary 
radiators. The radiation from arsenic being about twice as 
penetrating as that from copper. 

In the second test chromium was taken as the tertiary 
radiator, and iron, copper, and arsenic as secondary radiators ; 
the radiations from each of these substances being more pene- 
trating than that from chromium, the radiation from arsenic 
being about four times as penetrating as that from iron. 

The results are tabulated below :— 


TABLE III. 


Tron as Tertiary Radiator. 


| 
| Absorption coefficient |Percentage Absorption | 


ee lof the Secondary Radia-| of the Tertiary Kadin- 
PORNO: tion by Aluminiun, jen by (00297 cm.) Al. 
Copper wees cesses 123-9 556 


Arsenic .........00000. 60:7 554 
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TABLE LV. 
Chromium as Tertiary Radiator. 


| 


Absorpti ‘ient tac Kenta 
Secondary | orption coefficie Percentage absorption 


of the Secondary Radia-! of the Tertiary Radia- 


Radiator. | tion by Aluminium. jtion by (‘00297 cm.) Al. 
Eee ERSE RA o | 
Tron caeteras | 239 751 
Copper e.s. esses. 128:9 153 
Arsenic ..esseeses..o. 60:7 75l 


From these results it will be seen that the penetrating 
power of the tertiary radiations is uninfluenced, so far as can 
be measured, by variations in the penetrating power of the 
exciting secondary beams; they further show that if any 
secondary radiation is scattered by the tertiary radiator, the 
ionization it produces is small compared with that produced 
by the tertiary radiation. 

This result is analogous with that obtained with secondary 
beams *. 

It has thus been shown that the characteristic tertiary radia- 
tion from iron is identical with the characteristic secondary 
radiation from iron in its penetrating power, its homogeneity, 
and in its independence of variations in the penetrating power 
of the exciting radiation. 

Similar results were obtained with copper as a tertiary 
radiator. 


Connexion between the Secondary and Tertiary Radiators. 


A series of experiments was now undertaken in which the 
several members of the group of metals Cr-Ag were used 
as secondary radiators, the tertiary radiators being also chosen 
from among the earlier members of the same group. 

By referring to column 1, Table V. it will be seen that the 
absorption coefticients by aluminium of the radiations from 
the metals of this group indicate a wide range of penetrating 
powers, so that it was reasonable to expect that for each 
tertiary radiator there would be at least some secondary 


* Barkla & Sadler, Phil. Mag. Oct. 1908, pp. 090-584. 
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radiations sufficiently penetrating to cause it to emit its 
characteristic radiation. ; 

The method of experimenting was as follows :—The 
secondary radiators successively placed in the position R, 
(see fig. 1) were subjected to the primary rays proceeding 
from the anticathode A, R, being temporarily removed. 
The ratio of the deflexions of the gold-leaves in the electro- 
scopes E, and E, obtained from the microscope readings 
was determined in the case of each radiator ; let 7, be the 
value of this ratio and r’ be the value of the ratio with no 
metallic radiator in the position R,, the air in its neighbour- 
hood acting as a source of secondary radiation. 

Next, the particular tertiary radiator under examination 
was placed in the position R, (as previously defined), and 
the secondary radiators were again in turn subjected to 
the primary rays. Ionization was now produced in the 
chamber I and deflexions of the gold-leaf in electroscope E; 
were obtained. Let the value of the ratio of the deflexions 
of the gold-leaves in E, and E, be 7,, and when the tertiary 
radiator was removed and the air alone in its neighbourhood 
acted as a source of tertiary rays, let the corresponding value 
of the ratio be ry. 

The tertiary radiator R, was then replaced and the ratio r, 
again found, and then finally removing Rg, the readings for 
the ratio r; were repeated. 

Working with an X-ray bulb, having an auxiliary spark- 
gap, it was found that in the steady state the two sets of 
values for r, and likewise those for rz showed agreement to 
within 2 per cent. 

In no case was the air-effect 7,’ more than 1 per cent. of 
the value of 7,, in most cases less than } of 1 per cent.; and 
in no case was the air-eftect r,’ more than 2 per cent. of the 
value of r, when the characteristic homogeneous radiation 
was excited. 

In those cases where the penetrating power of the secondary 
beam did not exceed that of the characteristic radiation from 
the tertiary radiator employed, the air-effect r, became of 
considerable importance, being as high as } of r, in some 
cases. The author hopes to obtain more reliable data in 
these particular cases in the course of further experiments. 
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It will be seen later, however, that an accurate knowledge 
of these particular data is not essential in the present investi- 
gation. 

It was estimated that if in all other cases 4 of the air- 
effect was taken in addition to the normal leakage, and this 
subtracted in each case from the direct effect when the 
metallic radiator was in position, the resulting ratios finally 
obtained would be accurate to atleast 2 per cent. If a denote 
the ratio of the normal leakage in any given time in the 
electroscope E; to the deflexion in E, in the same time, with a 
primary beam as during the actual experiment, then since 
the normal leakage is compensated for in E3, the ratio of the 
ionizations in the electroscopes E and E, due to the homo- 
geneous radiations 


a To= ir — . 
ee Tu R (say). 

If the absorption coefficient of the homogeneous radiation 
from a given tertiary radiator by Al be denoted by A,, and 
that of the exciting secondary radiation by Ay, then as long 
as Ay = or is > A, the value of R is quite small and approxi- 
mately constant. As A, decreases through the value A, we 
get a rapid increase in the value of R, and for a comparatively 
small subsequent increase iu penetrating power of the secon- 
dary beam, values of R 30 to 40 times as big as the previous 
steady values are obtained ; this increase corresponding to 
the excitation of the characteristic tertiary radiation. 

Let us consider the tertiary radiation emitted normally 
from a given radiator of area S upon which a uniform 
parallel beam of secondary rays is incident normally. 

Let us define a quantity k, such that the fraction of the 
energy of the secondary beam passing normally through a 
thin layer Sc of the tertiary radiator which is transformed 
into tertiary radiation is ké. Thus, if I be a measure of the 
energy passing normally per second through unit area of the 
tertiary radiator at a depth z below the surface, the energy 
transformed per second in a layer 6c=Ik6éw. 

Now Barkla* has shown that when this homogeneous 


© * Barkla, Phil. Mag. Feb. 1908, pp. 288 296, 
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iation is excited, it is practically evenly distri- 
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approximately proportional to the absorption of that radiation 
by the air. It has been found * also that the ratio of the 
absorption coefficients of homogeneous beams of different 
penetrating powers by any two substances, e.g. carbon and 
aluminium, in which no radiation of the homogeneous type 
is excited by the beam under consideration, is a constant. 
Also it has been found that the absorption of a beam of 
Röntgen rays by any substance depends only upon the 
quantity of matter present and not upon its state of 
aggregation. 

It is assumed on the basis of these results, that the ioniza- 
tions produced in a given volume of air by homogeneous 
beams of different penetrating powers are proportional to the 
absorption coefficients of these beams by carbon or aluminium. 

Making this assumption, we have the ratio of the ioniza- 
tions produced in the electroscope by the tertiary and 
secondary beams 

w S k B $. 
Ziri Mtm a’ S, (say) . e œ (5) 


where a and £ are the absorption coefficients by aluminium 
of the secondary and tertiary beams respectively. From (5) 
we find that k 
_3 a A Aa 
T9 ° B e S ° Pa ° 

In the above calculations we have considered the special 
case of normal incidence and emergence, but, since we are 
dealing with radiators sufficiently thick to absorb the whole 
of the incident radiation, it is easy to show that the results 
(4), (5), (6) are quite general for oblique incidence and 
emergence, where the incident and emergent beams make 
equal angles with the normal to the radiating surface. 

In order to deduce values of k from the experimental data, 
it is necessary to know the values of a, 8, ^, and A, for each 
of the tertiary radiators employed. a and £ are readily 
obtained for the whole series and likewise A, and A; for Zn, 
Cu, Ni, and Fe. In the case of Crand Co, being unable to 
obtain thin plates of these substances, the values for A, and 


(A, + Aq). 


* Barkla & Sadler, Phil. Mag. May 1909, 
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A, could not be obtained directly but were deduced by the 
following method. 

If the values of ¥© (where à is the absorption coefficient 


by a substance of its own characteristic radiation and p its 
density) for the substances Fe, Ni, Cu, and Zn are plotted 


Fig. 2. 
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as ordinates, against the absorption coefficients for the radia- 
tions from these substances by Al as abscissm, it is found that 
the points obtained lie on a straight line, as shown in fig. 2. 

The values of ™2 for Co and Cr deduced from this graph 


p 
are Co (61°3), Cr (83-7). 
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Moreover, a regular relationship is found to exist between 
the ratios of A, for the radiations from consecutive members 
of the group Cr-Se for each of the absorbers Zn, Cu, Ni, 
and Fe, Taking the values of the absorption coefficients for 
any three of these absorbers for the radiations from the group 
Cr-Se, values for the coefficients for the fourth absorber 
could be deduced, starting with a value of A, as a basis and 
using these observed relationships. In no case was the 
discrepancy between the experimental and deduced values 
greater than 2 per cent. 

In a similar manner the remaining values of the absorption 
coefficients for Co and Cr were deduced, taking the values of 
às obtained above as a basis for calculation in each case. 


TABLE V. 


| 


| Values of X' used in calculation 


Values of A used in calculation of k. ais SAS 
— of the ratio U 


ABSORBERS. 


— epee ee 
Raprators. | Al. | Cr. | Fe. | Co. | Ni. | Cu. : Zn. | Cr. | Fe. | Co. | Ni. | Cu. | Zn 
| | 


oe e | re eo eee eee | eee oo eee | eee eee 


Chromium...|367 | 544 | 


Iron esse. 239 12500, 514 2150 
Cobalt ...... 193-2 ans 521| 545 | 102 

Nickel......... 159 alao 2440| 584 ii | ane 134-0; 

Copper ...... aa 1875, ao 2560 a 74 2 malme 2194| 150 

Zine oons. 106:3) 227 '1715|2172|2275! 497| 361 [1072 1485 | inl oe 
Arsenic ...... 60-7| 755 1040 | 1333 | 1492! 1575 1464 | 666 ine 1161 | 1232 1356 ' 1260 
Selenium ...' 51-0 652 908 1159] 121) 1340 1958 577 i a 113r 108 
Silver ......... | 6-75 241951 |189 u 


It will be seen iater that it is desirable to know what 
fraction of the absorption of the exiting radiation by the 
material of the radiator is directly concerned in the trans- 
formations of energy which are taking place during the 
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passage of the secondary beam through the substance of the 
tertiary radiator. 

It has been found®* that if the values of A, for the radiations 
from the group Cr to Ag for any absorber, such as silver, in 
which no homogeneous radiation is excited by the radiations 
from any member of the group, be plotted as ordinates against 
the corresponding values of A; for aluminium, in which also 
no homogeneous radiation is excited, as abscisse ; the points 
so obtained lie on straight lines, and these straight lines pass 
through a common point. 

Similarly, if we plot as ordinates the values of A, for any 
of the early members of the group Cr—Ag as absorber, in 
which the homogeneous type of radiation is excited by the 
radiation from those members of the group of higher atomic 
weight; it has been found, that up to the point corresponding 
to the atomic weight of the absorber, the relation is also 
linear, and if the straight line be produced, it passes through 
the common point previously mentioned. The values of A, 
for the radiation from the radiators of higher atomic weight 
are abnormally increased, the increase being attendant upon 
the excitation of tertiary radiation. 

This increase is discussed in the paper on “ The Absorption 
of X Rays” previously referred to. 

In the actual experiments to determine the values of R 
with the various combinations of secondary and tertiary 
radiators, it was found necessary to alter the position of the 
quadrants of the tertiary electroscope from time to time, 
owing toa slight shift of zero, due to small progressive varia- 
tions in the applied potentials. In this way small changes in 
the sensitiveness of the instrument were introduced. The 
sensitiveness could, however, be maintained constant during 
a period of three or four hours during any given day. 

In order to obtain true relative values for the ionizations, 
the secondary radiation from arsenic was made to fall upon 
each of the tertiary radiators placed successively in the position 
R,, the sensitiveness of the electroscope remaining constant 
during this series of observations. Values of R were obtained 
in this way for Zn, Cu, Ni, and Fe as tertiary radiators, the 


* Barkla & Sadler, Phil. Mag. May 1909. 
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surfaces in each case being brightly polished, of the same size, 
and thick enough to totally absorb the incident beam. These 
values of R plotted as ordinates against the atomic weight of 
the radiators as abscissæ, were found to lie on a smooth curve 
(see fig. 3), 

In the case of Cr and Co, being unable to obtain them 
pure in the form of flat plates, radiators were made in the 
following manner. A flat plate of aluminium, of the same 
size as the required radiator, was covered with a thin layer of 


Fig. 3. 
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adhesive (previously tested and found to emit no detectable 
radiation of the homogeneous type), and then the metals, finely 
powdered, were pressed into this layer, the surface being 
covered with powdered metal. A sample radiator prepared 
with pure iron filings in this way emitted a tertiary radiation 
indistinguishable (by absorption tests) from that produced 
from a plate of the metal. This, however, is quite to be 
expected since practically the whole of the tertiary radiation 
from iron is obtained from a layer ‘003 cm. thick. 

But the value of R for a prepared plate of iron filings is a 
little less than that for a flat polished plate of iron of equal 
size placed in an identical position, owing to the irregularities 
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these cases is due, partly to the scattering of the secondary 
radiation, partly to the production of tertiary radiation by 
the small percentage of scattered primary radiation in the 
secondary beam employed, and possibly in part to the pro- 
duction of a feeble type of very easily absorbed radiation 
much softer than the normal homogeneous radiation from 
zinc. 

All evidence obtained up to the present points to the 
persistence of these residual effects even when the exciting 
secondary beam is sufficiently penetrating to produce the 
characteristic zinc radiation, and since in the calculation of k 
we only require a measure of the homogeneous tertiary radia- 
tion excited by the homogeneous secondary beam, these residual 
effects have been estimated and subtracted in each case. 

The values of R finally obtained, which we may denote by 
R’, are given in Table VI. 

The next step was to calculate in some one particular case 
an actual value of k from the data obtained by using a 
suitable pair of secondary and tertiary radiators. A flat 
polished plate of pure copper (3°04 cm. x 3:03 cm.) was 
mounted on a fine aluminium stem and placed in the position 
Ry. The ionization-chamber connected to the tertiary elec- 
troscope E, was removed and replaced by the electroscope E}. 
The distance from the centre of the radiator to the centre of 
the tissue-paper-covered window of E, was 4'7 cm., the area 
of the window being the same as in previous experiments. 
The plane of the radiator being vertical with the normal 
to its surface bisecting the angle between the axis of the 
secondary beam and the normal to the aperture at its centre, 
of the electroscope Ez. 

From the relative positions of the tertiary radiator and the 
window of E, (carefully determined) a value of œw was 
calculated and found to be approximately °222. 

The ratio of the ionizations in the electroscopes E, and E; 
was then determined, allowance being made for the air-effect 
in the manner previously explained, and the mean of several 
readings, none of which differed by more than 2 per cent. 
from the mean, was found to be °115. 

The tertiary radiator was then removed and the electroscope 
E, was placed with its window perpendicular to the axis of 
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the secondary beam, the centre of the window being in the 
position previously occupied by the centre of the tertiary 
radiator. Since the area of the window of E, was almost 
exactly equal in shape and size to the area of the tertiary 
radiator projected in a plane perpendicular to the axis of the 
secondary beam, the ionization will correspond to the mean 
intensity over the area of the tertiary radiator in the previous 
part of the experiment. The mean value of the ratio of the 
deflexions in E, and E, was now equal to 11°48. 

Substituting the values of a, 8, A, and A, from Table V., 
we find 


115 607 60 4r 


k = 1048 * 1259 * JZ * 222 


x (1575 +488) = 361 


The value of A, was increased by 3 per cent. to allow for the 
obliquity ; the value of k was, however, affected by less than 
1 per cent. 

In the series of experiments previously mentioned, in the 
course of which a copper radiator was subjected to secondary 
beams from the group of metals Gr—Ag, we obtained values 
of R’ with arsenic as radiator, and in these cases 


/ 
=< 3 ; : = A 
where yu is the ratio of the sensibility of the electroscope E; 
to that of Ez; S' is the area of the tertiary radiator and œ’ 
the mean solid angle subtended by the radiator R, at the 
window of the ionization-chamber I; and a, 8, ^n and Ag as 
defined above and corrected for the obliquity of tne rays. 
This correction was determined experimentally. 

Equating these values of k, we find 


47rA 


cary = 093; 


and we may therefore write 

k = +093 x R'x 3 x (Xa + Àa). 
The value of k calculated from the data given in Tables V. 
and VI. are given below. 
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Taste VII. 


Values of k. Values of *,, 


TERTIARY RADIATORS. 


Sade Cr. | Fe. | Co. | Ni. | Cu. | Zn. |] Cr. | Fe. | Co. | Ni | Cu. Zn 
Iron ......... 378 176 

Cobalt ...... 275 | 315 -154 | 309 

eee seers 216 | 526 | 38-4 145 | -252 | +287 

| Copper ....... 162 | 403 | 670 | 432 127 |-225 1-305 |-288 

Zinc ov... 117:5; 307 | 528 | 657 | 43-0 109 1-207 ee 310-358 
Arsenic... .. 50:5 137 | 227 | 288 | 390 | 412 |] -0757]-150 [+195 , 233 Pn 327 
Selenium ...| 36-0) 96-0 1510! 197 | 267 | 300 |) 0624, -120 | -149 |-187 | -231 |-27 


Silver ...... 5°35 | 5°30 


| | a Bolg 


Notr.—In the case of each tertiary radiator, when the secondary beam is 
only just more penetrating than the radiation characteristic of the tertiary 
radiator, the value of & is small and cannot be determined nearly as accurately 
us the later values; nor can the value of à’ corresponding to the initial small 
value of & be determined with accuracy. Consequently the initial values of 
x are somewhat uncertain, and it is impossible to determine from them 
whether a for any given tertiary radiator rises to a maximum, and then 
decreases in value, or whether it continuously decreases from the initial 


value. 


If the values of k for each tertiary radiator are plotted as 
ordinates against the absorption coefticients by aluminium of 
the exciting secondary beams as abscissz, we obtain the 
graphs shown in fig. 4, p. 768. 

If X, be the value of the absorption coefficient by Al of 
the characteristic homogeneous radiation from any substance 
A and , that of the exciting radiation (also homogeneous), 
an examination of the graphs in fig. 4 leads ts the following 
conclusions:— 

VOL, XXI. 3K 
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(1) If A; is equal to or greater than Às the intensity of 
the homogeneous radiation emitted by A is inappreciable 


(2) If A, is slightly less than ə the intensity is measurable 
but still small. 


Fig. 4. 
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(3) For a further slight decrease in À; a very rapid increase 
in the intensity of the radiation from A takes place, and for 


a value of ), not greatly less than A, the intensity reaches a 
maximum value. 


Digitized by Google 
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(4) Beyond this point, over a considerable range, as A, 
decreases the intensity decreases as a linear function of Ai. 
For this range the relationship may be represented by 
k=a(A,—)), where a and b are constants. For the group of 
tertiary radiators employed, b has the same value for each 
member of the group, while a increases with the increase of 
the atomic weight of the tertiary radiator. 

But the absorption by Al of the radiation from the group 
of metals Cr—Ag is proportional to the absorption by air of 
these radiations, as previously mentioned; and it has been 
shown that the intensity of the homogeneous radiation excited 
in a thin sheet of copper by a primary beam is proportional 
to the ionization produced in air by the same beam *: we 
may, therefore, over this range, write k=a(ci—b), where t is 
a measure of the ionization produced in 1 c.c. of air by 
the exciting beam, and c the ratio of the absorption by 
l c.c. of air to the ionization produced in it in consequence of 
that absorption, a and 6 having the same values as before. 
(It will be seen from the Zn and Cu curves that there is 
a departure from this linear relationship for very penetrating 
beams.) 

When a secondary homogeneous Röntgen beam falls nor- 
mally upon a tertiary radiator, the amount of energy absorbed 
per sec. per unit area of its surface in a layer of thickness dz 
at a distance æ below the surface is I\,62, where I is the 
energy crossing unit area of the surface per second at the 
depth æ below the surface and ), is the absorption coefficient 
by the substance of the tertiary radiator of the secondary 
beam. If, however, we confine our attention to the absorp- 
tion which is directly involved in the process of emission of 
tertiary rays, we must substitute A’ for à where A’ is the 
increase in the value of the absorption coefficient, and the 
amount of energy so absorbed per second in this layer is 
Th'S2. [The values of A’ are given in Table V.] 

But the amount of energy emitted as tertiary radiation 
per second from this layer in consequence of such absorption 
is, as we have seen, Ikòx. 


k. i . : 
Therefore x/ 18 a measure of that fraction of this special 


* Barkla & Sadler, Phil. Mag. Oct. 1908, pp. 550-584. 
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conjecture, but it is hoped that the data obtained in 
subsequent experiments will throw more light upon the 
phenomena”, 

It will be observed that in determining these relationships 
the atomic weight of nickel is nowhere assumed, but the 
P results obtained all point to the conclusion that the behaviour 

of nickel, whether as radiator or absorber of X-rays, is such 
that we should expect its atomic weight to lie between those 
— of cobalt and copper. 
The evidence for this, obtained during the course of these 
experiments, may be briefly summarized as follows :— 

(a) The secondary homogeneous radiation from cobalt 

excites no homogeneous tertiary radiation in nickel. 
(b) The secondary homogeneous radiation from nickel 

excites no homogeneous tertiary radiation in nickel. 

(c) The secondary homogeneous radiation from nickel does 
excite homogeneous tertiary radiation in cobalt, and to an 
extent to be expected for the radiation from a substance of 
atomic weight about midway between those of cobalt and 

copper. 


But it has been shown for the group of metals Cr—Ag 
that 


(1) Lhe penetrating power of the radiation characteristic 
of any member of the group increases with its atomic 
weight f. 
(2) The radiation characteristic of a substance is only 
excited by a more penetrating radiation f. 


f the atomic weight of nickel were greater than that of 
i/t, then by (1) we should expect to find its characteristic 
tion to be more penetrating than that of cobalt, and 
puently by (2) that the radiation from nickel shoulg 
in cobalt its characteristic radiation, while the radiation 


. Experiments now in progress indicate that when the exciting 

ore penetrating than the radiation characteristic of the tertiary 

art of the energy absorbed reappears as an easily absorbed cop- 

idiation, and this etfect becomes more pronounced as the 

am becomes more penetrating. 

ti Sadler, Phil. Mag. Sept. 1907, pp. 812-828; also Phil. 
909. 


t & Sadler, Phil. Mag. Oct. 1908; also present paper, 
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from cobalt should not excite the radiation characteristic of 
nickel. If, on the other hand, the atomic weight of nickel 
were less than that of cobalt, then the results would be the 
reverse of the former. 

It has been suggested that the anomalous behaviour of 
nicke] may be due to oxidation of the cobalt or the nickel. 
The author has found, however, that if iron be used as a 
tertiary radiator, and the secondary radiations from the group 
of metals Cr-Ag successively fall upon the iron in the manner 
described earlier in the paper, the results obtained are exactly 
similar whether the radiator is coated with a layer of rust or 
brightly polished, the relative values of k being the same in 
the two cases. 

The result (b) would not have been obtained if the nickel 
experimented with had contained an impurity which emitted 
a characteristic type of radiation “ harder” or “ softer ” than 
that characteristic of nickel. For the harder component of 
the secondary beam (whether due to the nickel or the im- 
purity) would have excited the softer component radiation 
in the tertiary radiator, and this would have been detected 
if the impurity had been present to any appreciable extent. 


Summary of Results. 


(1) The characteristic Rontgen radiation from a substance 
is found to be identical in character whether it is emitted as 
a secondary or a tertiary radiation. In each case (a) the 
radiation is homogeneous, (b) the absorption coefficients of 
the radiation by other substances are the same, and indepen- 
dent of the penetrating power of the exciting radiation by 
which these homogeneous beams are produced. 

(2) Using the homogeneous secondary beams emitted by 
the members of the group of metals Cr—Ag, excited by 
suitable primary beams, the emission of tertiary radiation 
by the earlier members of the group Cr~Ag when excited 
by these secondary beams was found to be governed by the 
following laws :—(a) With a given substance as radiator, 
its characteristic radiation is only excited by those secondary 
beams which are more penetrating than the tertiary radiation 
characteristic of the substance. (b) When the secondary 
beam is only just more penetrating than the tertiary the 


TRANSFORMATIONS OF X-RAYS. 713 


intensity of the latter is small, but as the secondary beam 
becomes more penetrating a very rapid increase in the in- 
tensity of the tertiary radiation to a maximum takes place. 
(c) As the secondary beam becomes more penetrating still, 
the intensity of the tertiary radiation decays as a linear 
function of the ionization produced in a given volume of air 
by the secondary beam. 

(3) It has been found that when the secondary homo- 
geneous beams from the group of metals Cr-Ag are absorbed 
by thin sheets of metals from the same group, a big increase 
in the absorption takes place when the secondary beams 
become more penetrating than the radiation characteristic 
of the absorber, this increase in the absorption being in- 
timately connected with the emission of tertiary radiation 
by the absorber in these circumstances (see paper on “ The 
Absorption of X-Rays,” Barkla & Sadler, Phil. Mag. May 
1909). 

The fraction of this increase in the absorption of the 
energy of the secondary beam, which is re-emitted as tertiary 
radiation, is not constant, but decreases as the secondary 
beam becomes more penetrating, slowly at first, and then 
more rapidly when a very penetrating secondary beam is 
used. 


In conclusion I wish to thank Dr. Barkla for the interest 
he has shown throughout this research, and especially for 
his kindly criticism and advice during the writing of this 
paper. 

George Holt Physics Laboratory, 


University of Liverpool, 
24th March, 1909. 


DISCUSSION. 


Prof. BraGG congratulated the Author on his interesting experiments, 
and said he could not see any satisfactory explanation of them on the 
pulse theory. 
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LII. Ona Bijlar Vibration Galranometer. 
By W. DuvveE Lt, Fellow of the Physical Society. 


Ix a paper read before this Society in May 1907, 
Mr. Albert Campbell drew attention to the great advan- 
tages of vibration galvanometers in the measurement of 
m.tual inductances, and he further described a new type of 
vibration galvanometer which he had designed. 

During the last few years the use of vibration galvano- 
meters for the measurement of capacities, self and mutual 
inductions has greatly extended, and in the near future they 
may be expected to supersede the telephone and possibly the 
secohmmeter, for these purposes. As there are very few 
published data about the sensibility, etc., of these instruments 
I think it may be of interest to describe what I believe to be 
a new type and a series of tests made on it. 

Vibration galvanometers like ordinary galvanometers may 
be broadly divided into two classes,—those in which the 
moving part consists of a piece of iron or steel and the 
current to be measured flows round fixed coils as in the case 
of the Thomson galvanometer,—those in which the current to 
be measured flows round a moving coil placed in a fixed 
magnetic field on the siphon recorder principle. 

The vibration galvanometers of Max Wien and Rubenl 
belong to the first class, while Mr. Campbell’s moving coil 
vibration galvanometer belongs to the second, and so does 
the new bifilar instrument described below. 

Generally speaking, when one requires to build a sensitive 
instrument having a short periodic time it is necessary to 
reduce as far as possible the mass of the moving parts in 
order to combine high sensibility with short period. 

Further, in the case of a vibration galvanometer, it is also 
necessary to keep the damping forces as small as possible, as 
the sensibility to alternating currents depends very greatly 
on the magnification one can obtain by bringing the instru 
ment into tune or resonance with the alternating current to 
be measured, These considerations have led me to construct 
a vibration galvanometer in which the mass of the moving 

e Read May 14, 1909, 
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parts is reduced to a minimum, the moving coil being reduced 
to the two wires forming its two sides, similar to a bifilar 
oscillograph, but with this difference :— Whereas the bifilar 
oscillograph is designed so as to make the damping aperiodic, 
the bifilar vibration galvanometer is designed so as to keep 
the damping as small as possible. 

The design of the instrument* is shown in fig. 1, in which 

a, b, c, d,is a fine bronze wire passing 
Fig. 1. over a pulley p, and stretched tight by 
means of a spring, the tension on the 
spring being capable of variation by a 
milled head. The wires carry a mirror M 
in the centre and are placed in a strong 
magnetic field between the poles N and S 
of a magnet. The wires pass over two 
bridge pieces B, B, which limit the length 
of the wires which is free to vibrate. 
These two bridge pieces can be moved 
nearer together or further apart by means 
of a right and left handed screw as 
required. The current to be measured 
passes up one wire and down the other, 
causing one wire to tend to move forward 
and the other back in the magnetic field 
and so tilts the mirror M through a small 
angle. 

The periodic time of the wires depends 
on their mass, length, and tension, as 
well as upon the moment of inertia of the 
mirror. In a completed instrument the 
moment of inertia of the mirror and the 
mass of the wires are fixed, but their length and tension 
can be altered in order to adjust the periodic time. Fig. 2 
shows the relationship between the free length of the wires 
and the frequency of the free vibrations of the instrument for 
different tensions, and fig. 3 gives the relationship between 
the frequency and the tension for a series of different lengths. 
It will be seen from the curves that the total range of fre- 
quency obtainable with the instrument is very large, namely, 


* Messrs. Nalder Bros, are manufacturing the instruments. 


Digitized by Google 


2000 


a 
o 


Š 


Freovurnev — Av PER SECONDS 
è ie] 


6LCOND. 
(16,13, 10AND 6 CMA. LENQTHS) 


Freavency I: ~~ PER 


776 ON A BIFILAR VIBRATION GALVANOMETER. 


from about 90~ per second up to 1900, though the wires 
are rather too loose below 100~ per second. 


Fig. 2. 


8 
Free Lenarn of Wires — Cennmeres. 


Freevency - ev ven accompa (2 en. renaru) 


TA 
l 
LT 
ae 
EE 


Tension  Granmes 


As the damping in this instrument is very small the 
resonance is very sharp. Figs. 4 and 5 show the amplitude 
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of the deflexion where an alternating current, having a 
constant R.M.S. value, is passed through the instrument, the 
frequency of the alternating current being varied. In fig. 4 
the instrument was sel so as to be in resonance at a fre- 
quency of 595~ per second, and in fig. 5 at a frequency of 
290~ per second. The small irregularity in the curve fig. 5 
ut a frequency of 240~ per second was not an error of 
observation, but was, I think, due to the instrument resonatinz 
one of the higher harmonics of the wave form of the 
alternator. 

To measure the sensibility of the instrument the following 
method was used :—A current generally 0'1 ampere from a 
small high-frequency alternator, having a very nearly sinu- 
soidal wave-form, was passed through a small non-inductive 
resistance and an accurate dynamometer. The vibration 
galvanometer in series with a high non-inductive resistance 
was connected as a shunt to the terminals of the small 
resistance in the main circuit. The current of 0:1 ampere 
flowing through the main resistance produced a small known 
difference of potential applied to the galvanometer circuit 
from which the current through the galvanometer could be 
calculated. The vibration galvanometer it must be remem- 
bered, has when in operation a back E.M.F., so that it is very 
important to keep the resistance in series with the instrument 
very high to prevent the back E.M.F. from falsifying the 
calculation ; 25,000 ohms was used for most of the tests. 
This method of testing the sensibility of the vibration 
galvanometer really calibrates the vibration galvanometer in 
terms of a standard dynamometer and known resistances. 
The vibration galvanometer is practically insensitive to any- 
thing except the fundamental of the wave-form of the 
alternating current for which it is tuned, whereas the dyna- 
mometer reads the mean squared current which is equal to 
the sum of the squares of the amplitude of all the harmonics 
including the fundamental. The two instruments are there- 
fore not strictly comparable unless the amplitude of all the 
upper harmonics is zero, that is to say, that the current used 
has a pure sine wave-form. 

With an instrument giving a very sharp resonance there 
is some difficulty in determining the exact value of the 
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maximum amplitude, a fact which prevents such consistent 
results being obtained as would otherwise be the case. When 
the instrument is tuned so as to be in resonance with the 
alternating current to be measured the amplitude of the 
vibration is practically proportional to the R.M.S. current, 
as is shown by the tests recorded in fig. 6, hence it 1s 
permissible to quote the sensibility in millimetres of amplitude 
at a metre per R.M.S. microampere. I have therefore 
adopted this method. 


20 
M icro -Amreres 


In fig. 7 (p. 780) the relationship between the sensibility of 
the instrument in millimetres of amplitude per R.M.S. micro- 
ampere, and the frequency of the alternating current is given. 
The different curves refer to different free lengths of the 
wires. One interesting point of this figure is that where it 
is possible to tune this vibration galvanometer to a given 
frequency, using various combinations of length and tension, 
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the sensibility so obtained is very nearly the same as long as the 
wires are longer than the pole pieces. The practical result 
of this is that if at any given length of wire or tension, one 
can tune the instrument to suit the frequency of the alter- 
nating current, then no further adjustments need be made in 


Mins. mv M icno-Amrence AT l M erre 


Frequency è M PER SECOND 
A iternaring Current 


the hope of finding a better combination of length and tension 
for the purpose. 

With each adjustment of the instrument in fig. 7 to suit 
the various frequencies, the sensibility of the instrument was 
tested with direct current as an ordinary galvanometer 
(fig. 8). 

It will be noted that the sensibility to alternating current 
decreases very nearly inversely as the frequency for which 
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the instrument is adjusted, whereas for direct current the 
sensibility decreases approximately inversely as the square of 
the frequency for which the instrument is adjusted, which is 
what usually takes place with direct current galvanometers. 
By dividing corresponding ordinates in figs. 7 and 8 a new 


Fig. 8. 
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curve is obtained (fig. 9, p. 782), which 1 have called the magni- 
fication, which shows for a given adjustment of the instrument, 
how much more sensitive it is to an alternating current of the 
proper frequency than to a direct current. The highest value 
obtained in the curves is about 460. Had the vibration 
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ilvanometer been aperiodic and of sufficiently short period 
follow the alternating current then the alternating current 
nsibility would have been only 2,/2 = 2°82 times the direct 
irrent sensibility. 

Fig. 9. 
00 


x 
a 
° [X 


a 
| TSS 
aa 


10 


soo 600 7° 


00 ms PER SECOND 
s g l eter 
gi ibrati vanom 
F reoot" , of the vibration ga nai 
a] application”  ;pstrument in some to 
the practica’ "PE ging tbe * ‘ning when a small difference 


100 


rly all involve gate deter™ 
lge or null met od 


BIFILAR VIBRATION GAL 


of potential vanishes, that is to say t 
used as a sensitive detector for s 
The resistance of the instrument 
136 ohms, but owing to the back 
its sensibility as a voltmeter must | 
basis of this figure. This resistance 
by employing a more conducting mi 
bronze for the wires. There would 
this except that the upper limit of tl 
instrument could be tuned, without r 
would be some somewhat reduced, 
In view of the importance of the 
reduces the sensibility of the instrut 


tests to determine its value, using 
before :— 


Let E = the R.M.S. value of the 
circuit consisting of the 
and its added resistance | 


d = the corresponding amp 
millimetres ; 


r = the total resistance of the 
e = the back E.MLF. (RM 


of deflexion) ; 
¢=the true value in micrc 
through the vibration ga 


k= the true sensibility in 
ampere ; l 
then d= ck, 


If the mechanical fri 


cti : 
When it is tuned ‘on of the ir 


nearly 9()° out f . 
the EMP ; B 


BIFILAR VIBRATION GALVANOMETER. 733 


of potential vanishes, that is to say the instrument is generally 
used as a sensitive detector for small alternating voltages. 
The resistance of the instrument used in these tests is 
136 ohms, but owing to the back E.M.F. of the instrument 
its sensibility as a voltmeter must not be calculated on the 
basis of this figure. This resistance could be easily reduced 
by employing a more conducting material than hard phosphor 
bronze for the wires. There would be no objection to doing 
this except that the upper limit of the frequency to which the 
instrument could be tuned, without risk of breaking the wires, 
would be some somewhat reduced. 

In view of the importance of the fact that the back E.M.F. 
reduces the sensibility of the instrument, I have made some 
tests to determine its value, using the same connexions ay 
before :— 


Let E = the R.M.S. value of the E.M.F. impressed on the 
circuit consisting of the vibration galvanometer 
and its added resistance ; 


= the corresponding amplitude of deflexion in 
millimetres ; 


r = the total resistance of the circuit ; 


e = the back E.M.F. (R.M.S. value per millimetre 
of deflexion) ; 


c =the true value in microamperes of the current 
through the vibration galvanometer ; 


k =the true sensibility in millimetres per micro- 
ampere ; 


then d=ck. 


If the mechanical friction of the instrument is small, then, 
when it is tuned to resonance, the motion of the wires will be 
nearly 90° out of phase with the force, i.e. the current ; and 
the E.M.F. induced in the wires due to their cutting the 
magnetic field will also be 90° out of phase with their motion, 
so that the back E.M.F. will be approximately at 180° to the 
current. The E.M.F. sending the current through the 


vibration galvanometer may therefore be approximately 
VOL. XXI. 3L 
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taken as E—ed, and the current 


K—ed 
c= 4 whence 
E 
ok = pf 
r+e ke. 


If therefore » be plotted . 
q © plotted against r the resistance of the 


vibration galvanometer circuit, the graphs obtained should be 
straight lines which should not pass through the zero but 
should cut the zero line at a point ek which gives the apparent 
resistance of the instrument due to its back E.M.F. 

This test has been carried out and the graphs are given in 
fig. 10. From these graphs the following results were 
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advantage in using the wires as short as possible when 
measuring small P.D.’s in a low resistance circuit. 
I have not had an opportunity of testing the back E.M.F. 


Fig. 10. 
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of other vibration galvanometers. In the case of the moving 
coil vibration galvanometer I should expect that it would be 
considerably larger than in the bifilar owing to the coil 
having a number of turns. I trust that the discussion on the 
paper may bring out some information on this point. 
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All the sensibilities so far given for the vibration galvano- 
meter correspond to the use of a permanent magnet for the 
field. The instrument has, however, been tried in an oscillo- 
graph electromagnet, and the current sensibility was found to 
be increased threefold. 

This corresponds at a 100 frequency to a sensibility of not 
less than 160 millimetres per microampere; as a small 
fraction of a millimetre movement of the spot is noticeable we 
may reckon that at a 100 frequency with this instrument we 
can detect a current as low as 2 or 3X 10-° ampere. 

The advantages of the bifilar galvanometer may be 
summarized as follows:—Simplicity—ease in tuning—wide 
range of frequency for which it can be tuned—high sensi- 
bility—negligible self-induction—comparatively small back 
E.M.F. 

Its main defect is the small size of mirror that it is neces- 
sary to use on the instrument. With a carefully adjusted 
optical arrangement, and using a small 4 volt metal filament 
lamp, one can work with comfort at a scale distance of a 
metre in a room which is not too well lighted. 


In conclusion, I wish to express my indebtedness to my 
assistant Mr. Neale, for the painstaking way in which he has 
made the experiments recorded in this paper. 


Discussion. 


Mr. A. CANPBELL said that thanks were due to the Author for an 
interesting account of the valuable and thorough investigation he had 
made of the behaviour of single-loop bifilar vibration galvanometers. 
Galvanometers of this type had been used at the Reichsanstalt for 
several years (Zeitschr. fiir Instrumentenkunde, May 1906) and had 
given good results with frequencies as high as 2500 ~ per second. He 
did not know what sensitivity was obtained with the (German instruments, 
but there was no doubt Mr. Duddell’s pattern of the same type was 
much more sensitive than the instrument of the moving coil type which 
he (Mr. Campbell) described in 1907. Blondel pointed out in 1900 that 
in an oscillograph there was no advantage in having more than one turn 
of wire, but this appeared to be only true when the mirror was very 
small. As a large mirror with plenty of light and good definition 
greatly improved the ease and accuracy of observation, he gave the 
preference to a moving coil of more than one turn, even though the 
single-loop instrument was highly recommended by Dr. Orlich. With 
a moderately large mirror one could obtain good definition of a dark 
line with a scale distance of 600 cms. Mr. Campbell mentioned that 
Wien’s vibration galvanometer (Ann. der Physik, 1901) with very small 
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magnets and minute mirror gave 70 mms. at 1 metre distance for 
1 microampere at 100 ~ per second and had a resistance of 200 ohms. 
Mr. Duddell’s curves were most instructive. He had verified ex- 
perimentally the law which he (Mr. Campbell) had atated from 
theoretical considerations, namely, that with a given bifilar suspension 
(tuned to resonance) the sensitivity varies inversely as the frequency. 
The tigures given tended to show that the shorter bifilars gave reduced 
sensitivity. With much shorter bifilars he had found great loss of 
sensitivity. In the moving coil type with many turns the back E.M.F. 
was considerable and might even double the ettective impedance of the 
instrument and lower the volt-sensitivity accordingly. 

Dr. J. A. FLEmMinG asked the Author if he had tried his instrument 
with intermittent currents of the right frequency. If the galvanometer 
was sensitive to currents such as ure obtained by rectifying trains of 
oscillations from condensers, it might be useful as an optical call in 
wireless telegraphic stations. 

Dr. RusseELL congratulated the Author on the notable advance he had 
made in the design of vibration galvanometers, He much appreciated 
the clear presentation and the accuracy of the experimental results. He 
asked whether variations of the barometric pressure had any appreciable 
effect on the sensitivity of the instrument, and suggested thit variations 
in the humidity of the atmosphere might possibly have some effect. So 
far as he was aware, the Author was the first to point out the importance 
of the back electromotive force due to the vibrating wires cutting the 
magnetic field. He thought that the experimental results given would 
be a great help in formulating a more exact mathematical theory of this 
type of apparatus. He showed that toa first approximation the Author’s 
results were in agreement with those deduced trom the differential equa- 
tion ordinarily given for the motion of the mirror. He asked whether 
the frequency of ordinary alternating-current supply circuits was sufti- 
ciently steady to avoid the necessity of constant tuning of the apparatus. 

The CHarrRMAN asked the Author if the mirror was always situated 
in the middle of the vibrating fibres. 

The AUTHOR, referring to Mr. Campbell’s remarks, said considerations 
of space prevented him from working with scale distances of 6 metres. 
With regard to Wien’s instrument it was easy to obtain high current 
seusibility but not high voltage sensibility. He had tried Prof. Fleming’s 
suggestion, but his instrument was not sensitive enough for ordinary 
signals, With more uniform spark frequency it gave excellent results. 
In reply to Dr. Russell, he stated that the sensitivity of the galvanometer 
did vary slightly with the barometric pressure. In the ordinary 
differential equation the term giving the moment of the applied forces 
needed amending, and so also did the term for the damping couple. The 
complete equation was complex and there were difficulties in the way of 
getting an exact solution. The frequency of ordinary supply circuits was 
quite constant enough for accurate work. In reply to Dr. Chree, he 
stated that the mirror was always symmetrically eituated on the 
suspension, 
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LIII. On a Method of Testing Photographic Shutters. 
By A. CaĮmPBELL, B.A., and T. Suara, B.A. 


(From the National Physical Laboratory.) 
(Plate XXIX.) 


I. Princtple of the Method. 


THE importance of having accurate methods of testing 
photographic shutters is well shown by the number amd 
variety of the methods that have from time to time been 
proposed and used for this purpose. The method described 
perein is intended to provide a rapid test, while ensuring the 
maximum of accuracy. The total duration of exposure for 
low speeds (say longer than -1 sec.) is determined with an 
error not exceeding 005 sec., and for high speeds not 
exceeding "0005 sec. For exceptionally fast exposures 
yeasurements can probably be made to within 0001 se: 
¢tention has been specially directed to the elimination of 
all calculations, and a permanent record is obtained of € 


rie essential principle of the method consists in phot” 
hing 01 8 moving plate a narrow beam of light reflected 
gar a mirror which is forced to make angular vibration 
ee wn frequency about an axis parallel to the directio? 
f tion of the plate. There is thus obtained on the plate 
o 


Aw shutter, the length of the exposure can be fou? 
throug” , the number of vibrations recorded on the plat 
by count} J has been rendered practicable by the fact that ® 
The met alvanometer affords a suitable means of imparti?2 
Vibration oscillations to the mirror; with this instrume”t 
the necess# yJitude of the vibration and the frequency are 
both the # ol, and these are points of great importanc® 
under con a conditions not being satisfied, and for othe" 
Owing to t ing fork is not nearly so suitable for imparti” & 

reasons, & tun otly to the mirror. When it is desired to ÍP 


vibrations @!* 
* Read May 14, 1909. 
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the total duration of the exposure only, the general arrange- 
ment is shown in fig. 1. Light from a point source A is 
reflected by the mirror M of the vibration galvanometer G, 
through the shutter S on to the photographic plate P. The 
mirror makes oscillations in a horizontal plane, and the 


Fig. 1. 


amplitude is such that the vibrating beam nearly fills the 
horizontal diameter of the shutter aperture. The plate falls 
vertically, and in doing so sets off the shutter. In practice, 
instead of a point source of light a Nernst lamp is used with 
its filament vertical, and in front of the plate is placed a 
narrow horizontal slit T to limit the width of the record on 
the plate. Lenses L, and L; are employed to regulate the 
intensity of the light and the amplitude of the vibration 
recorded aswell as for focussing. 


II. Description of the Special Apparatus employed. 


(a) Camera. 


A special camera has been constructed to hold the shutter 
S, the lens L,, and the slit T (fig. 1). It is provided with 
brass ways down which the plate-holder and plate slide, and 
an adjustable mechanism for setting off the shutter. A side 
elevation is shown in fig. 2, and a view of the back in fig. 3. 
A is the base carrying the whole apparatus, and into it is 
fixed a vertical pin B. C is a piece of wood in which is 
bored a hole through which B passes freely. C slides between 
two portions of the base D of the camera, and can be held in 
any position by tightening the nuts E. The front of the 
camera, with the shutter and lens L}, is supported by struts 
from C, and set so that the axis of the pin B, if produced, 
would pass through the centre of the shutter, By this means 
the whole vibrating beam of light will be able to pass through 
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the shutter though the whole camera is rotated through a 
few degrees about B. The back F of the camera is attached 
rigidly to the base D. The metal plate S carries a narrow 
horizontal slit T extending the whole width of the plate, and 
a window P is provided to facilitate focussing. G, G are 


Fig. 2. Fig. 3. 


the grooved metal plates down which the plate-holder H 
slides. This holder carries a projection M which engages 
with the upper plate of a ball compressor N ; when the 
holder falls this upper plate is forced down and the 
pneumatic bulb of the release is compressed. On the return 
upward journey of the holder the projection passes the 
compressor freely. The pneumatic release is carried on the 
moveable part L and may be fixed at any desired height by 
the butterfly screws K, K. 

A number of records are taken side by side on one plate. 
This is secured by rotating the camera about B between each 
exposure. With this apparatus, ten or more records can be 
made side by side on a 5x4in. plate. The base A has 
grooves cut in it to serve as a guide to the amount of rota- 
tion to be given to the camera. In making tests it is 
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possible to make on one plate ten records of the various 
speeds given by a shutter in one minute. 

A view of the front of the camera is shown in fig. 9 
(Pl. XXIX). 
| (b) Electrical Apparatus. 


The vibration galvanometer used is of the moving coil 
type (as already described by one of us*), and can be readily 
tuned to frequencies of 50 or 500~ per second. As its 
mirror is of fair size (50 to 80 sq. mm.), it gives with a 
Nernst lamp a sufficient amount of light to avoid “ tailing 
off” in the records for quick exposures with rapid plates. 
The source of current may be an ordinary lighting circuit, 
the current through a lamp as resistance being made periodi- 
cally intermittent by means of a wire interrupter, an electri- 
cally maintained tuning fork, or, for the higher frequencies, 
a microphone hummerf. The wire interrupter, which is 
merely an electrically maintained monochord, can be set to 
the desired frequency by the help of a tuning-fork ; the 
maintained fork and the hummer give constant and known 
frequencies, and do not require setting. The pulsating 
current is led through a primary coil of 50 or 100 turns, 
and over this is placed a movable secondary coil connected 
directly to the vibration galvanometer, which is tuned to 
resonance with the source of current. The amplitude of its 
vibration can be brought to the desired amount by changing 
the position of the secondary coil relatively to the primary. 

The distance from mirror to plate is usually about 
100 cms. 

III. Determination of the Efficiency. 

For a more complete test the efficiency, in addition to the 
total duration of exposure, is determined. If r denote the 
total duration of the exposure, T the equivalent exposure, a 
the area of the shutter aperture at the instant t, and A the 


maximum opening, we have the relation 
T 
f adt 
AT=( dt ; i =- = : j 
P adt ; the efficiency Te 


® Proc. Phys. Soc. vol. xx., and Phil. Mag. Oct. 1907. 
t Proc. Roy. Soc. A. vol. lxxviii. p. 208 (1906). 


i l 
= 
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Thus it is necessary to obtain a record of the area of the 
shutter opening at every instant of the exposure. 
For the determination of the efficiency the method employed 


is essentially that proposed by Sir William Abney, who uses 


a siren to measure the time. We proceed as follows :-—The 


Fig. 4. 

A ti © 

"me A AA à 

of v Pr = 1. ff a. 
PH + = =T M ) 
i (dak es ag \\ 
ph: tet ke 7 c Ae 

T E oan Ae e i 

L3 fog ia awa” 


shutter is removed from the vibrating beam of light (see 
fig. 4) so that a continuous sine curve is recorded over the 
whole length of the plate, and this curve serves now simply 


Fig. 5. 


asa time record. A line source of light B is focussed by a 
lens L; on to a narrow horizontal slit b b’ placed in a diametral 
plane of the shutter as close as possible to the shutter-leaves. 


METHOD OF TESTING PHOTOGRAPHIC SHUTTERS. 793 


An image § f’ of: this slit is formed by the concave mirror 
C on the photographie plate by the side of the vibrating 
beam of light. As the plate falls the shutter is opened as 
before, and a record is obtained giving at every instant of 
time the length of slit through which light was passed by 
the shutter leaves (fig. 5). Measurements are then taken of 
the area of shutter aperture corresponding to a number of 
lengths of the slit opening. Fig. 6 shows some stages in 
the opening of a particular type of shutter, the white line 
representing the position of the slit. From a pair of records 
such as shown in figs. 5 and 6 a curve is drawn showing at 
every instant of the exposure the area of the shutter aperture 
through which light can pass to the plate. It is now evidently 
a simple matter to find the amount of light cut off owing to 
the finite length of time taken by the shutter leaves to open 
and close, and hence to calculate the efficiency. 


IV. Examples of Records. 

A number of shutters of different types have been tested 
with the apparatus. Figs. 7 and 8 (Pl. XXIX.) are 
examples of the records obtained, the former at 50 and the 
latter at 500~ per second. Figs. 5 and 6 are copies of 
records obtained in testing the efficiency. 


ve 


For general use the most convenient frequencies to work 
with are 50 and 500~ per second, with possibly 2000 for 
special work ; or perhaps 100 and 1000~ per second would 
be suitable. The full advantages that the method offers can 
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only be secured by the use of round numbers, such as the 
above, for the frequencies of the oscillations. 

In conclusion, we wish to thank Dr. Glazebrook for the 
kind interest he has taken in the working out of the method. 


DISCUSSION. 


Mr. H. Beck expressed his interest in the method, which he said was 
the most satisfactory yet produced. It was difficult to say exactly what 
to call exposure. In photographing moving objects it was advisable to 
use as the effective time the time during which the central eight-tenths 
of the shutter was open. 

Mr. DuUDDELL said the method was an ingenious one for determining 
the efficiencies of shutters. He suggested that by using an arc it might 
be possible to reduce the size of the mirror and thus work at higher 
frequencies. Instead of using a slit it might be better to use a short 
focus cylindrical lens. 

Mr. CAMPBELL, referring to Mr. Duddell’s remarks, said that with a 
Nernst lamp it was possible to obtain high frequency curves showing 
very little tendency to tail off. 


LIV. Efect of Temperature on the Hysteresis Loss in Iron 
ina Rotating Field. By W. P. FuLLER, B.Eng., and 
H. Grace, B.Eng.* 


It was shown by Professor Baily f that the hysteresis losses 
due to a rotating field in iron reached a maximum value 
with an induction density (B) of about 16,000 C.G.S. units. 
With a value of B equal to 20,000 the hysteresis was ap- 
proximately »ł of the value. These results were confirmed 
by Messrs. Beattie & Clinker}. The experiments described 
below were undertaken in order to determine to what extent 
the results attained by Professor Baily were modified by 
variation in temperature. 

In these experiments, the rotating field was produced by 
means of two phase-currents. Fig. 1 shows the arrangement, 
the two magnetizing coils carrying the two phase-currents 
being marked E, D. A is a slab of plaster 2 cms. thick and 


* Read May 14, 1909. 
+ Phil. Trans. 1896. 
} ‘ Electrician,’ 1896. 
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22 cms. square, having a circular hole 8} cms. diameter in 
the centre. At the top and bottom of the hole the heaters B 
are placed, and in the chamber so formed the iron specimen 
is suspended. Each heater was made by winding No. 40 
s.w.G. nickel wire zigzag fashion over the surface of a 
circular piece of mica. Its resistance cold was 13 ohms, but 


Fig. 1. 


General arrangement of the magnetizing coils and specimen. 


‘increased rapidly with temperature. With the two in series 
a current of 1°6 amps. at 180 volts produced a maximum 
temperature of 500° C. ata point close to the iron disk. The 
specimen used was a circular disk of iron 4 cms. diameter, 
‘(027 thick: it was attached by nuts to a brass spindle C, 
which had a weight attached to one end, and a concave mirror 
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at the other for indicating the motion of the specimen. The 
whole was supported by a bifilar suspension, the sensitiveness 
of which could be varied by altering the weight or by varying 
the distance apart of the supporting wires. The weight of 
the whole moving part was 285 grams. 

The two magnetizing-coils D D, belonging to one phase, 
are each made by winding 14 turns of 7/14 asbestos-covered 
cable. The two coils are arranged to slide over the plaster 
slab to within a short distance of each other, at the centre. 
The coils for the second phase, E E, are placed so as to produce 
a field at right angles to that of DD. They are of the same 
shape as D D, so that the two together produce a close ap- 
proximation to a uniform rotating field at the centre of the 
coils where the specimen is placed. The large coil was found 
to produce a field 10 per cent. greater than that of the 
smaller for the same current, but with 25 amps in one and 27°5 
in the other, the maximum values of the two fields were equal, 
each being about 250 c.a.s. units, and the two together pro- 
ducing a uniform rotating field of this magnitude. Ata 
distance of 2 cms. from the centre of the coil the field 
produced was 14 per cent. less. 

The phase relationship of the currents in the two fiasc 
was indicated by means of a wattmeter, the thick coil being 
in one circuit and the thin coil connected between the ends 
of a non-inductive resistance in the circuit of the other 
phase. A phase-difference of 90° between the currents in 
the two circuits was shown by a zero reading on the watt- 
meter. The phase-difference was kept within °3 per cent. of 
90° by using a variable choking-coil in the primary of one 
of the transformers supplying current. 

The numerous adjustments which have to be made are a 
disadvantage of the alternating current method compared 
with the rotating magnet method used by Baily and others ; 
but the absence of rotating parts is a distinct advantage, 
and this fact would render the method very suitable for high- 
frequency experiments. 

To measure the flux in the iron, a coil of 8 turns of hare 
wire was wound round it and insulated therefrom with mica. 
As the E.M.F. induced in the coil is alternating and of the 
order of ‘04 volt, a suitable galvanometer had to be con- 
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structed in order to measure it. The instrument constructed 
for the purpose is shown in fig. 2. ABCD are four 
coils of conical shape and wound with no. 28 wire. A and B 
were connected in series through a resistance to one phase, 
C and D to the other phase, of the machine supplying current 
to the magnetizing-coils of the test apparatus DE. Witha 
current of *31 amp. a rotating field of about 20 C.G.S. units 


Fig. 2. 


was produced at the point O. A small coil, made up with 
200 turns of no. 46 wire (140 ohms resistance) 5 cms. long 
and 1 cm. broad, is suspended in the central space between 
the coils, and is connected to the search-coil on the iron 
specimen. In the galvanometer-coil there are two E.M.F.’s, 
one, E cos pt (say) due to the flux in the iron specimen, and 
one due to the rotating field of the galvanometer itself. 
Referring to fig. 2, let H H' be the direction of the rotating 
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field of maximum value H when E cos pt is a maximum. 
The angle between it and the coil at a time ¢ will be 0+ pt, 
and the component along the coil H cos pt+6@. The flux 
normal to the coil is H sin pt +9, and the E.M.F. induced is 
proportional to 


H p cos pt +0 = E; cos pt +8. 


If R be the resistance of the coil and the self-induction is 
negligible, the resultant current is equal to 


>Œ cos pt + E, cos pt + 6). 


The torque at a time ¢ will be proportional to 


H cos pt +6 f IŒ cos pt + E, cos pt +8) }. 


Hence the mean torque acting on the coil is proportional to 
| H 
R {E COs 6+, }. 


This deflecting torque therefore consists of two parts, one 
constant and one which depends on the position of the four 
magnetizing-coils A BCD. In the apparatus used these 
coils were fixed to a turntable, which could be rotated until 
the deflexion was a maximum. The deflecting torque would 


then be proportional to (E+E). Another way of using 


the instrument is to get E and E, in opposition, in which 
case the minimum deflexion is proportional to (E,— E) ; and 
this is the better method because the total deflexion is 
smaller, and greater sensitiveness is obtained. 

The instrument was calibrated by putting a resistance of 
4000 ohms in series with the coil and applying a measured 
pressure of 1:95 R.M.S. volts to it. The detlexion, after 
deducting that obtained by shortcircuiting the coil through 
the 4000 ohms, equalled 22°4 centimetres, consequently one 
centimetre corresponds toa voltage of maximum value -00416 
applied to the moving coil. 

The induction density in the iron disk was readily calcu- 
lated from the maximum voltage measured as above, the 
dimensions of the search-coil on the iron being known. 

The disadvantage of this type of instrument is that the 
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constant part of the deflexion depends on the cube of the 
frequency, so that the speed of the machine must be very 
exactly rezulated for a constant value. The E M.F. induced in 
the coil on the iron varies approximately as the frequency, and 
so the torque on the galvanometer due to this current depends 
on the square of the speed. It was found better in practice 
to have the two voltages E and E, in opposition, as mentioned 
above, so getting a deflexion proportionate to E,—E. 

One other measurement required to be made, namely, 
that of temperature. This was effected by means of a 
Platinum-Platinum-Rhodium junction (placed close to the 
specimen) connected to a suitable galvanometer. 
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Curves showing relation between Hysteresis Loss and Induction at 
different Temperatures in a sample of armature iron from Messrs. 


Sankey. 


The results obtained are shown in figs. 3 and 4. The 
temperature of J07° C. was the lowest at which it was found 
possible to make any measurements, on account of the heating 
effect of the magnetizing-coils. The results in fig. 4 were 
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obtained after the iron had been heated to 580° and cooled 
slowly. These experiments show that the effect of increasing 
the temperature of iron is to greatly reduce the hysteresis 
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loss at a given induction, and to cause the maximum to 
occur at a lower value of B. At a temperature of 580° C. 
the maximum hysteresis loss occurs at an induction density 
of 11,000 C.G.S. units instead of 16,000, while the maximum 
hysteresis loss is only 2600 as compared with a maximum of 
over 15,000 per c.c. per cycle at ordinary temperatures. The 
effect of heating to 580°, as shown in fig. 4, is most marked ; 
although the actual maximum hysteresis loss is not greatly 
altered at the higher temperature, the reduction in the hyste- 
resis loss at the lower temperature is considerable. The 
shape of the curve between ergs per cycle and B is quite 
different, the hysteresis loss falling off much more rapidly 
from the maximum. 
The permeability of the iron is not greatly affected by 
changes in temperature within the limits of the experiment, 
as was shown by Morris *. 


* Phil. Mag. Sept. 1897, 
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The above experiments were carried out at the Applied 
Electricity Laboratories of the University of Liverpool, and 
the authors thank Professor Marchant for his valuable advice 
and assistance. 


DISCUSSION. 


Dr. W. H. EccLes remarked that the effects of previous thermal 
treatment, and of the nature of the material on the properties studied 
by the Authors, were so enormous that comparison of the present 
experiments with similar ones with alternating fields was difficult; but 
the Authors’ curves seemed to show that the effect of rise of temperature 
on hysteresis loss was less for rotating fields than for alternating fields 
if the fields were below about 12 c.e.s. The curves showed also that 
the maximum values of hysteresis loss in rotating fields were reached at 
lower and lower flux densities the higher the temperature, although the 
permeability varied but little. This was of importance from the point 
of view of the molecular theory of magnetism: it showed that smaller 
forces sufficed to rotate the molecules within a magnetically stable 
group at high than at low temperatures. The Authors’ experiments 
might be regarded as adding strong confirmation to the molecular theory 
of magnetism. | 

Prof. MARCHANT said the iron tested was obtained direct from the 
manufacturers and its previous thermal treatment was not known. A 
permeability curve had, however, been obtained. He expressed his 
interest in Dr. Eccles’s remarks upon the bearing of the experiments on 
the molecular theory of magnetism. 

Mr. A. CAMPBELL remarked that the methods and results described 
by the Authors were interesting, particularly the novel instrument 
employed. There is a source of considerable uncertainty, however, 
which does not appear to have been taken into account, namely that 
the total power spent in the iron disk includes eddy-current losses. For 
the thickness of sheet used, the eddy-current loss at 50 ~ per sec. and 
B maximum= 10,000 would be about 20 per cent. of the total amount 
measured when the induced voltage has sine wave-form. With other 
wave-forms the eddy-current loss depends on the square of the form 
factor and might easily rise to 40 per cent. of the whole, even although 
the source of current was a sine-wave alternator. Thus tests made 
without simultaneous measurement of the form factor are open to 
serious error. It is highly probable that the form factor would vary 
considerably along any one of the curves given in the paper. The eddy- 
current loss also would be very much reduced at the higher temperatures 
owing to the increased resistivity of the iron. 


ou 2 


RO? DR. RUSSELL AND MR. WRIGHT: THE WRIGHT 
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I. Introduction. 


In an ordinary algebraical expression consisting of several 
terms be computed by the slide-rule or by logarithmic 
tables, each term must be computed separately and the sum 
of the negative terms subtracted from the sum of the positive 
terms. If all these operations were done mechanically 
it would often save time and lessen the risk of error. In a 
few cases the form of the expression can be altered with 
advantave so as to adapt it to logarithmic computation, but 
there are many cases where the terms of the expression have 
to be evaluated separately, and in these cases it saves mental 
labour to do the operations mechanically. 

The electrical device described below, which was invented 
by Mr. Arthur Wright, enables us to evaluate almost all 
mathematical expressions by simple mechanical and electrical 
operations. In the present model the accuracy is not high, 
being of the order of one per cent.; but this accuracy suffices 
in most engineering calculations. The apparatus, however, 
can be easily elaborated to give a far higher accuracy. The 


* Read June 11, 1909, 
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main object of the authors in this paper is to explain the 
principles on which it works, and to point out a few of its 
many applications in practical calculations. 

Although some of the operations described below—as, for 
example, the finding of the roots of a numerical algebraical 
equation of the nth degree—can easily be done by the expert 
mathematician, yet even in his case the apparatus can be a 
help, as it gives him at once the approximate values of the 
roots. In general, he can then find them to any required 
degree of accuracy hy the methods given in the Theory of 
Equations. 


5 II. Historical. 

The history of calculating machines, and an excellent 
description of many of them, is given by M. d’Ucagne in his 
book Le Calcul Simplifié (1905). Valuable information is 
also given in Professor Henrici’s article on “ Mathematical 
Instruments ” in the Encyclopedia Britannica (10th edition). 
We need only mention, therefore, the statical method * of 
solving equations due to Professor Vernon Boys, the Torrés 
logarithmic arithmophore f, which is a very elaborate piece 
of mechanism, and the extremely ingenious electrical method f 
due to M. F. Lucas, of finding the real and imaginary roots of 
an equation of the nth degree. The last method, however, is 
not rigorously accurate and would be very laborious to apply 
in practice. 


HI. The Slide Resistances. 


In the electrical device described below the principle of the 
ordinary logarithmic slide-rule is combined with addition and 
subtraction, by utilising the laws according to which resist- 
ances combine in series or parallel. The products found by 
the slide-rule method are represented either by the resistances 
or by the reciprocals of the resistances of certain wires. In 
the latter case the currents through them can easily be added 
or subtracted by a Wheatstone Bridge Method. Hence the 


sums or differences of the products can be found. 


* Phil. Mag. vol. xxi. p. 241 (1886). 
t M. d’Ocugne, l. c. ante, p. 123. 
T Comptes Rendus, t. cvi. p. 1072 1888). 
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The method of constructing the slide resistances (fig. 1) is 
as follows :—A template of thin insulating material is made 


Fig. 1. 
Y 


et i a Ge a E a 
in the shape OSCY, shown in fig. 1. The equation to the 
curve YPC is 


y=k 10°": 
where OY =k, OS =h, and SC=:/10. 

This plate is wound uniformly with a hundred turns of 
No. 36 insulated manganin wire, the temperature coefficient 
of which is negligible, and the wires are practically parallel 
to OY. At points along OS the insulation of this wire 
is removed, and contact with the wires is made by the 
contact-finger described below. The scale OS is logarithmic. 
If p, for instance, be the reading at the point N, we have 

ON = hlog p, 
and thus y = PN = kjp. 


The resistance of the wire between O and N will be 
approximately proportional to the area ONPY. This area is 


given by 
f or = ne Or 
0 


= log, “oli: i} 
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If, then, the wire on the frame have a resistance 9R/10, 
and a coil SB of resistance R/10 be put in series with it, 
the resistance from N to B will equal (y/k)R, that is, R/p. 

When the resistances are fixed on the device, the resistance 
between N and B is in circuit, and this always equals R/p, 
where p is the reading on the top scale [(a), fig. 1]. If we 
have n of these slide resistances in parallel, and their readings 
are 71, Pg)... Pa: the sum of the currents will be ) 


(E/R) (pit pet..-+pr), 


where E is the applied potential-difference. 

Instead of having the logarithmic scale placed as in (a), 
fig. 1, we may reverse it and place it as in (b). If p’ be the 
value of ON read on this scale, we obviously have p'=10/p; 
and hence the resistance between N and B is (R/10)p’. If 
the n resistances be now connected in series, their combined 
resistance will be 


(1/10) (pi + pe’ +... +p); 


and if E be the applied potential-difference, the current 
flowing through them will be 


(10 E/R) / (py tpr +... tpn’). 
In some problems it is more convenient to use the scale 
placed as in (a), and in others it is more convenient to use it 


as in (b). In what follows, unless otherwise stated, we shall 
suppose that it is placed as in (a). 


IV. Multiplication. The Index Line. 


The method of performing multiplication is practically 
identical with that utilised in the ordinary slide-rule, which 
was originally designed by Seth Partridge *. In Partridge’s 


* ‘The Description and Use of an Instrument called the Double Scale 
of Proportion.’ London, 1671. Near the beginning of the book we 
read: “ Here might have been expected a print of the rule, but iu 
regard to its sliding it could not well be demonstrated: wherefore 
I thought good to advertise that this Scale and all other Mathematical 
Instruments are accurately made by Mr. Walter Hayes at the Cross- 
Daggers in More-Fields, next door to the Popes-Head-Tavern, London.” 
Slide rules, therefore, were for sale in London 238 years ago, 
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instrument two logarithmic scales (fig. 2) slide with their edges 
in contact. If the reading on the top scale at P equals x, 
and on the lower scale at Q equals z,, the reading on the top 


Fig. 2. 
; æ, aa i 
A Py Q | 


scale at Q equals z,c;. This follows because by the con- 
struction of the scales, 


AP =hlogz, PQ = h log z; 
and thus AQ = AP+PQ 
=hlogathlogz, = h log z,2. 
In the Arthur Wright device the slide resistances are 


movable. If we wish to form the product pg, we move the 
slide so as to make the index-line II’ (fig. 3) lie over 


Fig. 3. 


the reading p, and we then move the contact-finger until it 
makes contact at N, where TN, on the logarithmic scale, 
is q. The resistance NB will then equal R/pg. 


V. The Contact fingers. 


The ordinary contact finger is a straight piece of metal 
wire ONP (fig. 4), which is capable of rotation about a 
point O fixed on a sliding bar parallel to and vertically over 
the index-line II’. This bar can move in the direction of 
its length. A pointer L attached to it moves along a fixed 
logarithmic scale KQ. The length of this scale is made 
equal to h, and so 


KL = 4log x = OT. 
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The contact finger OP can be adjusted so as to make any 
desired angle @ with the index-line II’. If the contact 
be made at N, we have 


TN = OT tan 0 = A tan 8 loge = h log x’ ; 
and thus, if AT=p, the resistance from N to B will be 


Fig. 4. 


R/(p2*"*), By giving various values to 0 we can, with the 
help of a table of natural tangents, obtain all positive integral 
or fractional powers of x. If N lie between A and T, @ is 
negative, and so we obtain all the negative integral or 
fractional powers of z. 


VI. Addition and Subtraction. 


In performing addition and subtraction, the action of the 
apparatus can be understood from the following diagram. 
P and Q are the terminals of a wire bridge, of which O is the 
middle point (fig. 5). One pole of a battery of dry cells is 
connected with O and the other pole is connected with the 
B ends of the slide resistances, A,B,, A,B,, and A;Bs. 
A galvanometer connects P with Q. Let us suppose that 
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we have to find the value of a;+as. We connect Q with the 
contact-fingers of A,B, and A,B; respectively, and set the 
fingers at the marks a, and a; on their respective scales. We 
then join P with the contact-finger of A,B,, and closing the 
keys we adjust the position of this finger until there is no 


Fig. 5. 


deflexion on the galvanometer. In this case let the reading 
on the slide A,B, be a,. If E be the potential at R, and V be 
the potential at P or Q, then, since the currents in PO and QO 
are equal, we have 


(E—V)/(R/a,) = (B—V)/(R/a,) + (E—V)/(R/as), 
and thus a, = Qa + a3. 


To find a,—a,, all we have to do is to change the connexion 
of the finger of A,B; from Q to P. Proceeding as before, 
a, now gives us the value of a;—az. 

When subtracting approximate values, it has to be re- 
membered that the percentage error in the result may be 
large, especially when a,—a; is small compared with a}. This 
difficulty, which arises when subtracting the approximate 
values of nearly equal quantities, affects all approximate 
methods. In our case it can only be overcome by increasing 
the accuracy of the device. 


VII. The Use of the Arms of the Bridge. 


Terminals are connected at points P,, P 3, Pa Q; Qs, 
and Q, of the bridge wire (fig. 6). These points are chosen 
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so that if the resistance P,Q, be 2r, the resistances of OP, 
OP,, and OP; are equal to r, 7/10, and 7/100, and also to the 
resistances of OQ,, OQ,, and OQ; respectively. 

Let the magnitudes of the currents in RP, RP, BPs, 
RQ,, and RQ, be Ci, Ce, C3, Cy’, and C,’ respectively. 

Let us also suppose that the currents in the two branches 
joining R and Q; are C and O,’ respectively. 


Fig. 6. 


The resistances in these circuits are the slide resistances 
described above. When there is no deflexion on the 
galvanometer joining P, and Q;, the potentials of these two 
points are equal, and so the differences of their potentials 
from that at O are equal, and thus we find that 


Cir + Ca(r/10) + C3(7/100) 


= Or+C,/r+ C,'(7/10) + Cz (r/100). 
Hence 


C = C + C,/10 + C;/100 —(C,' + C,'/10 + C,//100). 

Let E be the potential of R, and V, the potential of Py 
and Q, (fig. 6). Then, if Vz, Vs, Va’, Vs’ be the potentials 
of Ps, Ps, Qe, and Q, and Pis P2 P3) Wir Ya Yas and æ be the 
readings on the scales of the slide resistances in the branches 
RP,, RP2, &c., we have 
(E—V)e = (E—V,)pi+ (E—V,)(p2/10) + (E—V,)(p,/100) 

— {(E—V,)q, + (E—V,’) (92/10) 
+ (E—V,')(q3/100) } ; 


Digitized by Google 
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and therefore 
a = p,+p,/10+p;/100 + A, — (gi + g,/10 + 93/100 + Ag), 


where fag Vi—V; AI Va —V, Ps 
P— K-V, 10 —V, °100’ 

and : YV h V,-V,’ Qh 

E-V, ‘10° E—V, ‘100° 


The readings p, and g, on the scales cannot be less than 1, 
and the readings Po, Ps, qz, and g3 cannot be greater than 10. 
Hence, remembering that (Vi — Va) (E — V, ) cannot be greater 
than (V—V;)/(E—V,), we see that if (Vi — V;)/(E—V,) be 
equal to or less than 1/53, A, is not greater than the hundredth 
part of p,+ 2/10 + p3/100. Similarly, if (V,—V;')/(E—V)) 
be equal to or less than 1/53, A, is not greater than the 
hundredth part of qı + 42/10+ 9/100. We have therefore to 
arrange the relative values of the resistances of the slides 
and the bridge wire so that this may be true. As we have 
pointed out above, however, the inaccuracy in the value of x 
depends on the relative values of x and p; + po/10 + ps/100 + A,. 
When these quantities are nearly equal, approximate methods 
of computation fail. 

By Ohm’s law, we see from fig. 6 that 


—V, E-V 
=o Reco cc GO) 
10’ 

and Ve—V;_ E-V,,E—V, “a 
9 | = RF Ro (2) 
100’ 


where R, and R, are the resistances of the circuits RP, and 
RP,. Hence it — follows that 
V.i-—V;_ 9 48 8&8 P 
E-V, 10 nt 100 gt n) 1000 `R, R; - 
If R be the resistance of a slide, the minimum possible 


value of both R, and R, is R/10. Hence the maximum 
possible value of (V, — V;)/(E — V) is 


r r r\? 
97 t18e+8 (R) 
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and this is less than 1/53 when 27/R is not greater than 
1/287. 

Similarly. if p, R,’, and R,! be the resistances of the slides, 
the readings on which are x, gı, and gz respectively, we see 
that 


Vi-Vs 9 /r r 9 (z r =) 
Bev, 710 (try) * 100 (5 tRy R 


eN a r 
[000 Vp TR) R” 
R 


In the very unlikely case when p = R,' = 10 = Be: 


(V,—V,')/(E—V,) has its maximum possible value, and in 
this case it will be less than 1/53 if r/R be not greater 
than 1/1100. Hence the desired accuracy can be attained 
by making the resistance R of each slide 550 times greater 
than the resistance of the bridge wire. 

It is to be noticed that the effect of connecting a slide 
resistance with P, instead of P, is to divide its value by 10. 
Hence, if we were adding 8:8 to 0°75, we would put the 
contact-finger of one slide on 8'8 and connect it with P}, and 
the contact-finger of another slide on 7°5 and connect it 
with P}. Suppose also that the value of æ was 123. In this 
case we could only obtain a balance when it was connected 


with Qa 
VIII. Cubic Equation. 


Let us suppose that the cubic equation is 
a’ + azt? —adA r + do = 0, 


where az, a), and ao are positive numbers. 

The arrangement of the apparatus for solving this equation 
is shown in fig. 7, p.812. The bridge-wire is the same as in 
fig. 6. We move the slides AB, A,B,, A.B., and A;B; so that 
the readings 1, a), a}, and ay on their logarithmic scales are on 
the index-line lI’. The ends of the contact-fingers touching 
AB, A,B,, and A,B; are connected with P; and the finger 
touching A,B, with Q;. The fingers through N, N,, Nz, and 
N, make angles tan-!0, tan-!1, tan-! 2, and tan7'3 with 
the index-line. The battery and galvanometer-keys being 
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closed, the bar to which the fingers are connected is gradually 
lowered. When the galvanometer deflexion is zero let us 


Fig. Ta 


p 3 ROQ Q Q, 


F 


é S. 
£ is the reading on the logarithmic scale 
suppose that haté 


3 e 
In this case W E-V, E-V,_E-Vs 
r agi” pa re 
| ts 
2— ay" 4+aj=0. Hence z is one of the roo 
3 4+ do = 


and thus 4 7, 

of this equation: ot fin ge N, for instance, el 
When 2 oe will be B : we an » the ¢ aola 
i . 1 the index-line, unclam 

of its slide +“! Ai js OF 


a 
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finger and move it parallel to itself until N, is over A, and 
then reclamp it, the resistance of N,B, will be R. If, then, 
we disconnect the finger N, from Q; and connect it with Q, 
the deflexion on the galvanometer will not be altered, and so 
we can continue to increase x. It will be seen that as x 
increases from 1 to 10 the contact-finger N, traverses A,B; 
three times. The first time N, gets to the end of its scale it 
is connected with P, and moved back to A, The second 
time it reaches the end it is connected with P, and again 
moved back. 

The device enables us to find any real root of the equation, 
greater than 10” and less than 10”+!, All we have to do is 
to find the root of the equation 

£ê? + (ag/ 10”) — (a,/10).x + ay/10** =0, 
lying between 1 and 10, and multiply the result by 10*. 
By solving a similar subsidiary equation we can find the 
approximate values of the roots of the equation which are 
less than unity. 

We may use Newton’s rule to find more accurate values of 
the roots. If a, for instance, be an approximate value of a 
real root of f(x) =0,a—/f(a)/f'(a) gives usually a very much 
closer approximation z}. The failing case is when we have 
two roots very nearly eqnal to one another. The device 
always indicates when this occurs. If two roots are each 
equal to a, or if they are approximately equal to a, the galva- 
nometer deflexion instead of passing to the other side of zero 
when z becomes greater than a returns to the same side. 

In practice if f'(a) is large when f(a) is zero the device is 
very sensitive, but when f'(a) is small and in general, there- 
fore, when the roots are equal the device is not sensitive. 

To find approximate values of the negative roots of the 
original equation we find by the device the roots of 


wv —a,2*—a,xr—a,=0. 

The imaginary roots* are most readily found by first 
finding as accurate a value 2x, as possible of the real root. 
We then divide the cubic expression by x—., and equate 
the dividend to zero. The roots of this quadratic equation 


give the approximate values required. 
* Cf. C. P. Steinmetz, ‘Transient Electric Phenomena,’ p. 136. 
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IX. Equations of Degrees higher than the Third. 


The device can be usefully employed to find the values of 
the roots of equations higher than the third with sufficient 
. accuracy for practical work. When calculating, for example, 
the requisite resistances for the motor controller of an electric 
car, the following equation * has to be solved 


ee n-d) + a,x7—ay=9, 


where n is the number of steps in the rheostat. 

To solve this equation three only of the slides shown in 
fig. 7 are required. AB is connected with Q;, and A,B, and 
A,B, are connected with P, The finger making @ontact 
with A,B, is inclined at an angle tan—!n/(n—1) with IV’, 
and the fingers on A,B, and AB are inclined at angles of 
45° and 0° respectively. The value of « is then nce 
until a balance is obtained. 

When solving equations containing large numbers of terms 
it is sometimes convenient to divide the equation by a suitable 
power of x. In this case the fingers making contact with 
slide resistances representing terms containing negative powers 
of æ are inclined to the left of II’ (fig. 8). 

Let us consider, for example, a sextic equation. As shown 
above, we alter it so that the required root or roots are 
multiples or submultiples of the equation 


ê — az + att + az? — ax —at + ap=0, 


which lie between 1 and 10. 
Dividing this equation by z? we get 


3 


t — asx? + age + ad — a£! — at? + aor =0. 


In general, seven slide resistances will be required, but if 
when æ is put equal to unity any term is less than the 
hundredth part of the sum of the terms of the same sign 
preceding it, that term can be neglected. The slide resis- 
tances are first moved until the readings on the index-line 
are do, Ai, dg, ... &c., as shown in fig. 8. The contact-fingers 
are next turned round to the requisite angles tan—'3, tan—'2,... 
tan-!—3, respectively. The ends of the contact-fingers are 


* E. Wilson, ‘ Electrical Traction,’ vol. i. p. 42. 
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ee, then connected with suitable points on the arms of the 
ek bridge. 

SA At first sight it might be thought thst two extra pairs of 
TR contact-points P,, Q; and P;, Qs would be required in the 


lig. 8. 


bridge arms. If a one per cent. inaccuracy, however, js 

permissible this is not necessary. To illustrate this point, 

and also the method of using the device in this case, let ug 
VOL. XXI. 3N 
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consider the numerical equation 
e—5: 72? +0°127+86—0-042-7 + 1:32%=0. 


Putting x equal to unity we see that the term 0°04 can be 
neglected compared with 5.7, only five slide resistances 
therefore are required. We connect A,B, with P, A;B: 
with Qo, A,B, with P, and make the reading on it 1'2, Ab 
with P, and A’’B'” with P}. The finger on the slide ANB 
gets to the end A’” of its scale first. We then disconnect it 
from P, and connect it with P}. We also alter the reading 
on the slide resistance A’’’B’” to 10. When the fingers 0? 
the resistances A,B, and A,B; get to the ends of their scales 
we connect them with P, and Q; respectively. When, how- 
ever, the finger on the resistance A;B; gets for the second 
time to the end of its scale we disconnect altogether the wires 
connected with P;, and move the wire connected with a 
p, and the wire connected with Q, to Qa. In saree 4 
device these operations seem quite natural and little thin i 
is required. It is also easy to see that if a one per ce i 
curacy is permissible it is unnecessary to have more 


ae À ; 
ne irs of terminals on the bridge arms. 


three P? 


X. Imaginary Roots. i 
Jn solving certain engineering problems in n 
ar" amplitudes, the damping factors, an in 
finding | mechanical and electrical oscillations, a neces" 
of cer casas ing the imaginary roots of certal : 
step 15 fin Q uadratic equations present no difficulty, a? 

equations. shown how approximate values of the imagi. 
have alrea‘ y equations can be found. l i 
roots of cu ’ jquadratic equations, however, whieh i 
With the, the theory of the parallel running of y 3 
when discus! “illations set up in coupled electric oe 
nators *, he 0° +, &c., both pairs of roots are he rt 
wireless telegraP this case we proceed as follows :— 


i =(), a 
imaginary 7 A equation f(<)=0. Then f (x + yt) 
o 


oO = 
cal is Alternating Currents,’ vol. 11. p: 184. 
# A- P ] a ng, ‘Electric Wave Telegraphy, P- 
ee 
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hence, expanding by Taylor’s theorem, we have 
Y? pn fix y? m 
feh o yA f eiA" +f =O, 
and thus we must have 
| y? °) ys fi 
fn} J” (a) + gjf (")=0... (a) 


wy. Y? pmi 
and j (r) =% S" (x)=0... (b) 


From (b) we get y? in terms of x, and substituting this 
value of y? in (a) we get an equation of the sixth degree to 
find z. The two real roots of this equation can be found by 
the machine arranged in the manner shown in fig. 8, and the 
pairs of corresponding values of y are given at once by (b). 
Approximate values of the four imaginary roots can thus be 
rapidly found. If a higher degree of accuracy be required 
we can either use Newton’s method of approximation, or better 
apply Horner’s method to the auxiliary sextic. 

Theoretically we can always obtain approximate values of 
all the roots real or imaginary of an equation of the nth 
degree by the device, as y? can always be easily eliminated 
from the equations corresponding to (a) and (b), by Sylvester’s 
method *, 


XI. Solution oy Equations containing Miscellaneous Functions. 


For this purpose some of the contact-fingers are made 
from wires bent into the shape of certain curves. Suppose, 
for example, we desire to find the roots of the equation 


a b 
a * F(z) 
where the values of f(r) and F(x) have been computed, or 
found experimentally, for values of z. 
The wire passing through the point Ny (fig. 9, p. 818) is 
bent so that if y be a horizontal ordinate and «< the vertical 
abscissa on the logarithmic scale, y =A log f (x), where his the 


=ca* +d (r), 


# Burnside and Panton, ‘Theory of Equations,’ p. 296. 
3N 2 


oe 
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Paes ntact-nngers through a st 
inclinati ae N,, and N, i 
wan tnt a 
readings i th i rod II’ is then gradually lowered and he 
o logarithmic scale S, when the deflesion on 


Fig. 9. 


js ZeTO) give the roots of the equation lying 
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lectrical 
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The use » of jron would be of use in certain € 


“ hysteresi® 
problems- 
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XII. Solution of Transcendental Equations. 
Let us suppose that the equation we have to solve is 
a,l,’ + azla? —a3l,° + a,107=0. 
In this case (fig. 10) the scale S is an ordinary scale, the 
length KL being equal to he. The various contact-fingers 


are adjusted so that the angles they make with the index- 
line II’ are tan! (6, log l), tan—! (b; log l3), tan—} (b; log l3) 


Fig. 10. 


P R ROQ Q Q, 


and 45° respectively. We connect the contact-fingers as in 
fig. 10 and vary z. The values of x for which there is no- 
deflexion on the galvanometer are the roots of tlie giveñ 
equation lying between 1 and 10. By altering the given 
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equation to one whose roots are ten times smaller we find 
the roots lying between 10 and 100, and proceeding in this 
way we can get approximate values of all the roots. 

By similar settings of the contact-fingers, and by using 
both logarithmic and ordinary scales, approximate values of 
the roots of very complicated equations can sometimes be 
easily found. 


XIII. Tracing Curves Electrically. 
Suppose we desire to find the graph of the curve 
Yy=ayw? + at — ar + ... = f(z), 
where p, q, 7,... may be positive, fractional, or negative 
indices. We set the contact-fingers at angles tan~'p, 
tan-! 9, ... with the index-line, and move the slide resistances 
until the readings on the scales are ap, ag,.... The contact- 
fingers on the slide resistances representing the positive terms 
are then connected with P, and the other contact-fingers with 
Q. In addition we have a slide resistance Y with a vertical 
finger, which is also connected with Q. The fingers are 
moved down through a given distance x on the logarithmic 
scale, and the value of the reading y on the slide resistance Y 
when there is no deflexion of the galvanometer is then found. 
In this way simultaneous values of « and y can be rapidly 
obtained, and hence we can readily plot the curve. 

The curve could also be traced automatically by making 
the spot of light from a mirror galvanometer, connected 
between P and Q, fall on a strip of sensitive paper which 1s 
constrained to move so that its velocity is always proportional 
to the rate at which 2 is increasing. The points where the 
trace cuts the line of zero deflexion would give the roots of 
the equation f(.c)=0, and the turning points of the trace 
would give the roots of f’ (z)=0.° In the same way the 
integral curve 


y= {7 (r) Oa, 


could be drawn automatically. 
If the slide resistances were made of large size so that 


they could carry appreciable currents, recording ammeters 
and voltmeters could be employed to trace the curves. 
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XIV. Conclusion. 


We think that if engineers and physicists recognize that 
approximate values of roots of very complicated equations 
can be easily obtained, it may considerably extend the use- 
fulness of theory. Authors are often diffident to publish 
results which can only be utilized when the roots of equations 
of degrees higher than tho third can be found, or when 
equations involving miscellaneous functions can be solved. 
In these cases we hope that a knowledge of the methods of 
using logarithmic slide resistances described above may be 
of practical value by showing how the theoretical results can 
be immediately utilized. 

We hope also that this preliminary sketch will induce 
others to improve the method, and to apply it to other and 
possibly more practical uses. It seems, for example, par- 
ticularly suited to harmonic analysis as the integrals repre- 
senting the coefficients of sin ng and cos ne in the expansion 
of f(x) can be readily found. 

In conclusion, we shall quote from the quaint but spirited 
preface to Seth Partridge’s book on the slide rule (1671). 

“ I am sure here is a good Subject, a good piece of Cloath, 
if the Garment be not marred in the making ; if it be, the 
fault is in the botching Taylor, not in the stutte.”’ 


DISCUSSION. 


Prof. C. H. Legs expressed his interest in the device and referred to 
the large number of calculations that could be performed with it. 

Dr. W. H. EccLes congratulated the Authors, and referring to the fact 
that the machine could be used to solve a bi-quadratic, asked if it was 
possible to determine the two quadratic factors by means of it. 
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LVI. The Echelon Spectroscope, its Secondary Action, and the 
Structure of the Green Mercury Line. By HERBERT 
STANSFIELD, D.Sc., Demonstrator in Physics, Manchester 
University *. 


Thesis approved for the Degree of Doctor of Science in the 
University of London t. 


(Plates XXX.-XXXII.] 


Part I.—TuHr ECHELON SPECTROSCOPE. 
The Echelon and its Mounting. 


Tar echelon spectroscope described in this paper was con- 
structed by Messrs. Adəm Hilger for Professor Schuster, 
a modification, which has proved to be very valuable, being 
made in the usual design. A front elevation, plan, and two 
end elevations of the echelon are reproduced on Plate XXX., 
th» plan being drawn with the cover removed. 

There are 33 glass plates. The smallest plate 1s 13 mm. 
wide, and they increase in width by steps of 1 mm. until the 
last plate is reached, which is 12 mm. wider than the last 
but one, the aperture being reduced to 1 mm. by the screen 8. 
The effective aperture of the first plate is similarly reduced in 
width to 1 mm. by the block B. All the plates are 40 mm. 
high, and the common thickness is 9°48 mm. The plates 
are pressed together by the two nickel steel rods marked T, 
which are intended to have the same coefficient of expansion 
as the glass. The plates are in very close contact, in most 
cases the greater part of an interface being taken up bya 
patch of definite but irregular outline that appears “ black ” 
by reflected Hight. The remaining part of the interface 
generally dows white ol the first ordei, but here and there 
the film of air may be thick enough to show the yellow or 
even the red of the first order. 


* Read June 11, 1909, 
+ The flowing alterations have been made:— Equations 2, 3, 4,9, 94 
and the section on the spectrum given by a hot lamp have been added: ; 


also the faint lines previously described as doubtful are shown to have 
their origin in the echelon, 
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The common thickness of the glass plates is 9°48 mm.; 
their refractive index, deduced by a Hartmann formula from 
the values given by the makers of the glass, is 1:5802 for the 


green line 5461; and the dispersive power, = is —918 
per cm. for this wave-length. i 


Optical Effects due to clamping the Plates. 


The echelon produces a slight cylindrical convergence in a 
beam of light, altering the focus of the observing telescope 
by 1 mm. (the focal length of the object-glass being 53 cms.). 
This effect is probably due to the clamping, as Twyman * 
states that when the clamping pressure is applied a change 
of focus is produced. He attributes the effect to a uniform 
increase in the compression of the plates from the largest to 
the smallest; but there is direct evidence (see p. 830) that 
the echelon plates become slightly prismatic, and this effect, 
increasing towards the smaller end, would also produce 
convergence. 

The focus is altered by rotating the echelon about a vertical 
axis. The convergence is increased, as would be expected, 
by turning the echelon so as to reduce the width of the 
emergent beam (see fig. 3 A), and diminished when it is 
turned so as to make the beam broader (fig. 3 B). Changes 
in the focus are also produced by covering some of the step- 
faces at either end of the echelon. 


Use of Auxiliary Prism. 


Auxiliary spectroscopes have generally been employed to 
pick out the particular line in the spectrum to be examined by 
the echelon, the slit of the echelon spectroscope being illumi- 
nated with the selected line; but a modification in the 
design of this instrument was made for Professor Schuster 
so that the prism from the anxiliary spectroscope could be 
mounted next to the echelon, as shown in fig. 1, the prism 
being made larger than usual in order to take the full width 
and height of the echelon beam. This arrangement, which 
appears to have been originally contemplated by Professor 
Michelson, has been found to have important advantages. 


* Twyman, Proceedings of the Optical Convention, 1905, p. 53. 
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The dispersion producad by the prism, which is 2 per cent. 
of that given by the echelon, is subtracted from the echelon 
dispersion when the echelon is in the usual position shown by 
full lines, and is added to it when the echelon is in the reversed 
position shown by the dotted lines. 

The change of 4 per cent. in the dispersion obtained in 
this way pro:luces the alteration in the spectrum shown in 
fig. 1. The distance apart of successive orders of the same 
wave-length is not altered ; but when the dispersion is reduced 
by the prism, all the lines belonging to the same order 
upproach one another and draw away from the neighbouring 
orders. It is evident from fig. 1 that all but two of the lines 


Fig. l. 
Echelon 
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represented belong to the same order, and that these two 
lines, marked 1' and 1’a, belong to the next higher order. 
With the prism on an auxiliary spectroscope, no evidence of 
this kind is obtained ; and it has simply been assumed in 
some cases that the companion lines belonged to the bright 
central line nearest to them. 
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PRIMARY ACTION OF THE ECHELON IN THE DIRECT AND 
REVERSED POSITIONS. 


Equations for the Principal Maxima. 


The theory of the echelon given by Michelson * for the 
case of light falling normally on the larger end, has been 
extended by Galitzin f, who has investigated, both by calcu- 
lation and experiment, the motion and changes in the dispersion 
of the spectra when the echelon is rotated through small angles 
within the limits of two or three degrees on either side of the 
normal position. As the theory of the echelon in the reversed 
position has not, as far as I know, hitherto been considered, 
a comparison will be made below with the theory of the 
ordinary action. 

Fig. 2. 


Reverse 


In fig. 2 the reversed and direct cases are represented 
diagrammatically. The rays and wave-fronts drawn with full 


* A. A. Michelson, Astrophysical Journal, viii. pp. 36-47 (1898). 
American Journal [4] v. pp. 215-217 (1898). Journ. de Phys. (3) viii. 
pp. 805-314 (1899). 

t Fürst B, Galitzin, Bulletin de l'Académie Impériale des Sciences de 
St, Pétersbourg, 5 série, t. xxiii. pp, 67-118 (1905), 
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lines are those regularly refracted, the dotted wave-fronts are 
drawn perpendicular to the directions in which a maximum 
of order n is formed. The angle between this direction and 
the normally refracted rays is called wW in the direct case 
and w' in the reversed case. The distance apart in the air of 
regularly refracted rays passing through corresponding points 
E and F of neighbouring step-faces is called fat the end of 
the echelon and e on the step side. The condition for a 
principal maximum is that the sum of the distances of E from 
the incident wave-front on one side and the dotted wave-front 
on the other, shall be 2 wave-lengths greater than the sum of 
the distances of the corresponding point F from the same 
wave-fronts. 

When the angles y and y“ are sufficiently small, we may 
employ Fermat’s principle and measure the optical paths 
along the regularly refracted rays. This gives the general 
equations in the form 


R-ep=n,. .... . () 
R—-fw= na... - . a (1A) 


where R is the retardation produced in a regularly refracted 
ray by its passage through a single plate. Here the equations 
referring to the reversed ene are distinguished by a letter A. 

The values of R, e, and fare given below, and are plotted 
in fig. 4 (p. 831). 


R=t(m Ja Caon o). s ~(2) 


e=scosO+tsin@é, . . aaa‘ . (3) 


f = sS COS 0+ ysin r ay © e (4) 


Here s is the width of the step-faces, ¢ the thickness of the 
plates, and @ the angle of incidence of the light on the plates. 
This angle is in practice generally kept within the narrow 
limits of +2°, and it is sufficient to retain only the lowest 


THE ECHELON SPECTROSCOPE. 827 


powers of 0. These expressions then become 


0? l 
R=R,(1+ za) ee ee ee ae (5) 
e =s + t0, e œ e . ° . . . (6) 


page 
PEE Ss ee e tgs Se “ae > 


R, (the value of R when 0=0) is (u—1)t. The parabolic 
expression for R—Rpy in equation (5) gives a very close 
approximation to the value given by (2), the difference, which 
depends on 6', being only 1 part in 800 when @=5°. The 
slight deviations of e and f from the linear expressions (6) 
and (7) may be detected in fig. 4. 

Substituting the approximate expressions for R, e, and f in 
equations (1) and (1 A), we obtain the general equations in 
the form: 


R(14 Fe) -sy (1+ | o)=m .. (8) 


Ro(1+ s)- (1+ =£) =r... . (8A) 


Equation (8) is in agreement with Galitzin’s calculated 
values and has the support of his measurements which were 
made on orders close to the position of greatest brightness 
so that the angle y was always small. 

If the principal maxima several places removed from the 
direction of the regularly refracted rays are considered, it 
becomes necessary to take into account the terms depending 
on y?, which were neglected in applying Fermat’s principle. 
When the path of the diffracted light is measured along the 
diffracted rays, the equation for the direct case may be 
written 


R—e sin ~+(¢ cos 0—s sin 0)(1—cos Y)=nà. . (9) 


If we now suppose the light to retrace its path, the angle 
of incidence, 6’, on the step-faces is equal to 0—4 (see fig. 2), 
and the angle 6’+ a’ at which the diffracted rays leave the 
end plate is equal to 86. Hence the equation for the reversed 
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ituti ' : ' for 
case’may be found by substituting @ +y for = T 
i equation (9) after substituting for R its 
i at 


i r j ; in 


t(v/ K —sin? (0 +y )—cos 8’) —s{cos 6’ sin N 
—sin 0'(1— cos y')}=nà. . (9A) 
is hi an the 
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I 
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Table I. gives the values of 
nators depending on yand y 
either side of the central order. 
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Table I. gives the values of the small ee in the denomi- 
nators depending on yand yw for the first five orders on 
either side of the central order. 
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I Z ltd’, 

: m~. a A w. | 5) - n 
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The Wave-Length Intervals between the Orders. 

The repetition of a line in a number of orders provides an 
echelon spectrum with a wave-length scale of nearly equal 
divisions, and the wave-length value of these divisions, AX, is a 
constant of the echelon which can be caleulated for any 
wave-length from the thickness of the plates and the re- 
fractive indices given for the glass. The expressions for AX 
for the direct and reversed cases may be obtained from the 
general equations. Neglecting the terms depending on 6?, 
which do not affect the values by more than one part in 
ten thousand, they both reduce to 


A= 


The changes that are made in n by rotating the echelon 
are so small compared with its whole value (10,070 for this 
echelon and the green mercury light) that AX is sensibly 
constant for all positions. On the other hand, AX may be 
increased or decreased by 2 per cent. by means of the auxiliary 
prism, as described on p. 824. 
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NOTES ON CHANGES PRODUCED BY ROTATING THE ECHELON 
ABOUT A VERTICAL AXIS. 


Changes in brightness, and the position of greatest brightness — 
As an order is moved across the field of view by rotating 
the echelon, it crosses the lateral maxima of the distribution 
of light due to the individual step apertures, disappearing as 
it crosses the diffraction minima, and having its greatest 
brightness as it crosses the central diffraction maximum. 
This position of greatest brightness corresponds to the direc- 
tion of the regularly refracted rays, and is the origin from 
which the angle y is measured. It does not quite coincide 
with the position of the image of the slit when the echelon is 
removed, the position of greatest brightness being displaced 
towards the side on which the step-faces of the echelon lie. 
This displacement indicates that the echelon-plates are slightly 
prismatic. 

Changes in dispersion and retardation.—Some of the 
effects produced by rotating the echelon about a vertical 


Fig. 3. 


axis are represented in fig. 3. The echelon is shown at A 
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rotated so as to make @ negative; in this case e is smaller 
and therefore (see p. 828) the dispersion is larger than in 
the normal position. B shows the echelon rotated in the 
opposite direction so that e is increased and the dispersion 
decreased. 

The way in which R, e, and / change with @ is represented 
in fig. 4. The scale for R is given in wave-lengths, m being 
the number of wave-lengths in the retardation of the order 


Fig. 4. 
tery e fu 


Retardation R PA 
! in wave ilengths A 
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ii "> 
TA 12 
4 1 
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which is nearest to the position of greatest brightness on the 

lower retardation side when 2=0. The positions of the row 

of marks on the @=0 line represent, by their distances from 

the apex of the curve, the distances of the orders near the 

mth from the position of greatest brightness when 6=0, and 

the abscissz of the curve passing through the marks which 
VOL, XXI 30 
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lie within it, give the angle through which the echelon must 
he turned in either direction in order to bring orders higher 
than the mth up to the position of greatest brightness. 

The reciprocals of e and fare also plotted to show how the 
dispersion is changed by the rotation in the direct and reversed 
cases. These changes in dispersion are simply changes in 
magnification, as they are not accompanied by any sensible 
change in the wave-length intervals between the orders. 

The way in which the effective width, w, of the individual 
step apertures is reduced when the echelon is rotated so as 
to make 6 negative, is represented in figs. 3 and 4; 2? 1s 
also plotted in fig. 4, to indicate the falling off in the intensity 
of the light on this account. 

Width of the diffraction-bands.—It will be seen from fig. 4 
that both e and f are greater than w, except when 6=0. 


: A 
Hence, the angular interval, ~, between the equally spaced 
+ . e e e e W A AÀ 
diffraction minima is in general greater than z Or +, the 


angular intervals, in the direct and reversed cases, between 
successive orders. 

Light reflected from the ends of the plates.—The step ends 
of the echelon plates, which are finely ground, scatter some of 
the light falling upon them and also give regularly reflected 
beams, represented in fig. 3. The reflected beams produce 
echelon spectra ; but as the ends are not polished, the spectra 
are poorly defined and the spreading of the light brings into 
greater prominence the broad diffraction-bands corresponding 
to the narrow sources represented by the illuminated end- 
faces of the plates. When the echelon and prisin are used 
together, as in fig. 1, the reflected spectrum of the green 
mercury-line may be made to overlap the direct spectrum of 
the violet line by giving 9 a small negative value. I think 
it would be an advantage to have the ends of the plates 
polished or blackened. 

The position of minimum deviation.—As the echelon is ro- 
tated from one side of the normal position to the other, the 
orders first move across the field of view in the direction of 
decreasing deviation (measured by yw) and then turn round 
and go back again. If the value of R happens to be a whole 
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number of wave-lengths for normal incidence, say mA, then 
the mth order will come to its position of minimum deviation 
in the position of greatest brightness when 6=0, but higher 
and lower orders will not then be quite in their positions 
of minimum deviation. Consider, for example, a lower 
order: ¥ (or in the reversed case yf’) will be positive, and 
its value when 6=0 can be reduced a little by increasing 
0 (in the positive direction), as at first the value of R is 
almost stationary, while e is increasing, and therefore the 
dispersion is decreasing. 
By differentiating the general equations (1) and (1 A), i 

will be found that the conditions for the turning-points in es 
direct and reversed cases are, 


dR de dR df 

aa TF ™ ae =¥ do 
Substituting the values of the differential coefficients and 
calling the minimum values of the deviation in the two cases 
wy, and Yy and the corresponding angles of incidence 


_ 4 rol y 
Ox = u-i! and Oy = pif 


Hence as the echelon is rotated, so as to increase 0, the orders 
higher than the mth come to their minimum deviation 
positions before the echelon is normal to the light, and the 
lower orders have their minimum deviation after the normal 
position is passed. The central orders are very nearly in 
their positions of minimum deviation when 0 = 0. If Yo 
and yo! are written for the values of Ww and ẹ” in this case, 
it may be shown that 


wee Saat aad Vo -Ys lż 
M 


and the values calculated from these formulæ show that, 
when this echelon is in the direct position, Wo— W is *7 per 
cent. of Yg for an order one place from the position of 
greatest brightness, 1'4 per cent. of Wy, for an order two 
places away, and so on. The corresponding values for the 
reversed position are ‘4 per cent. and *9 per cent. 

302 
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Effects produced by Temperature Changes. 


The position of the various orders in the field of view when 
the echelon is in a definite position, such as the normal 
position, depends on the temperature of the echelon and on 
the refractive index of the surrounding air. Records of the 
temperature of the echelon and micrometer readings of the 
position of the orders in the field of view, taken from day to 
day, show that a rise of temperature of 8°6° C. moves the 
spectrum through a distance equal to the interval between 
neighbouring orders, indicating an increase of one wave- 
length in the retardation, R, for this rise of temperature. 


Curving of the Spectrum Lines. 


The echelon spectrum lines, like those of a prism spectrum 
are curved with the concave side toward the violet end. The 
curving is due to the variation in the angle of incidence, and 
therefore in the retardation, R, of light from different points 
along the length of the slit. The theory has been given 
by Laue *. 

Consider the simplest case, in which the slit is vertical and 
the plates are normal to the axis of the collimator: then light 
from points above and below the centre of the slit will have 
a vertical plane of incidence on the plates. Writing i instead 
of @ for the angle of incidence in equation (3), 


_l,w—-1l., 
R Ro = 9 ew 
but from equation (1), 
R- R, = ey — Yo) 5 
and in this case e = s, so that 
lt (p—1)\. 
pow = z (E)r hn a es OD 


Hence, for small values of i, the spectrum lines are parabolas. 
The curvature is very small. If, for example, the extreme 
values of 2 are ten times the angular separation of the orders, 


* Physikalische Zeitschrift, vi. pp. 283-285 (1905). 
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Ay, then the top and bottom of the curved image of the slit, 
representing one order of the spectrum, will be 2 per cent. 
of Ay to the violet side of the centre of the image. 


Effects produced by Rotating the Echelon about a Horizontal 
Axis parallel to the Plates. 


The echelon can readily be tilted in this way by placing a 
block under the foot at the small end. The block which I 
employ tilts the echelon through an angle of nearly 3°, and 
the photographs Nos. 1 to 3 in Pl. XX XI. of the green mercury 
line were taken with this angle of tilt. The horizontal axis 
of the parabolic lines, which passes through the normal to 
the plates, has been raised much above the field of view of 
these photographs, so that the lines where they cross the field 
of view are considerably inclined to the vertical. The repro- 
ductions in Pl. XXXI. have the centre of the curves below 
them, as they have been turned round in order to put the 
shorter wave-lengths on the left. 


Part JII.—SEconpDary ACTION OF THE ECHELON. 


Secondary Bands in the Primary Spectrum. 
The inclined spectrum lines of photograph No. 1, Pl. XX XI. 


are broken up and have a ropy or screw-like appearance 
because they are crossed by a secondary system of bands. 
This screw-like structure of echelon spectrum Jines was 
observed by Gebrcke *. He does not explain how the new 
bands are produced, but shows that the appearance can be 
imitated by tilting an echelon with only two apertures, so 
that the echelon bands slope across the central vertical 
diffraction band. 

When the echelon is in the ordinary position the secondary 
bands are parallel to the spectrum lines, and so their effects, 
though very important, are not so easily recognized as they 
are in this photograph taken with the echelon tilted. 


Character of the Secondary Bands. 


The secondary bands are superposed on the echelon lines 
and resemble them in appearance; they are also affected in the 


* Annalen der Physik, xviii. p. 1074 (1905). 
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same way, but to a greater extent, by adjustments of the 
echelon. When the echelon is rotated, for example, the 
secondary bands move faster than the spectrum lines in 
the same direction and so move across them. When the 
echelon plates are vertical, the secondary bands, like 
the echelon lines, are vertical in the centre of the field ; they 
are also curved in the same direction but more strongly. 
Their width is about the same as that of the finer spectrum 
lines, and so, in the ordinary position of the echelon, they 
are not easily recognized ; but when the echelon is tilted they 
become more inclined than the spectrum lines in the same 
direction and can then be seen as in photograph No. 1, 
Plate XXXI., intersecting all the spectrum lines. 

The behaviour of the secondary bands suggested the idea 
that they might be spectrum lines of a higher order, such 
as might be produced by the reflexion of light in the 
echelon. 


Fabry and Perot Spectrum produced by the Secondary Action. 


The secondary light, which has been twice reflected in the 
echelon, is by no means negligible. The echelon was tilted 
as shown in fig. 5, screens SS being arranged to cut out the 


primary light, and it was found that the echelon was bright 
with secondary light coming out below the second sereen, 
the brightness extending down to the bottom of some of the 
step apertures. 

Suppose that cach interface reflects a very small proportion 
of the light falling upon it and leave out of account for a 
moment the step structure of the echelon. There will be a 
secondary beam produced by the combination of the n faint 
secondary beams which have gone back through one plate, n 
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being the number of plates coming into action; let the 
retardation of this beam be A. There is another secondary 
beam whose retardation is 2A, made up of n—1 faint beams 
which have each gone back through two plates, and so on. 
Hence the secondary action of the pile of plates in the echelon 
is similar to that of a Fabry and Perot spectroscope, and, 
under suitible conditions of illumination, the secondary light 
by this action would be thrown into a ring spectrum of a 
high order. The retardation is 2ué for normal incidence, so 
it is rl times as great, in this case about five and a half 
times as great, as that of the primary spectra. 

The secondary light also undergoes the ordinary echelon 
treatment as it leaves by the step-faces, and it is therefore 
confined to the primary spectrum lines. 

The photograph No.2, Pl. XXXL., which shows short portions 
of the rings of the Fabry and Perot spectrum crossing the 
echelon spectrum, was obtained by stopping the primary 
light in the way described above, and making the echelon 
lines broad by widening the slit. The spectrum lines pro- 
duced by the primary action of the echelon upon the 
secondary light are inclined because the echelon is tilted as 
shown in fig. 5, and the centre of the ring system is above 
the field of view for the same reason. The echelon has 
also been rotated (in the positive direction of @), so the 
centre of the ring system is displaced laterally as well as 
vertically. 

The Fabry and Perot spectrum lines are not dependent for 
their definition, like the echelon spectrum lines, on the 
narrowness of the slit; their want of clearness in this photo- 
graph is partly due to the overlapping of lines belonging to 
different orders, which is produced by the orders overlapping 
four decep. 


The Secondary Point Spectrum. 


If the slit, instead of being opened wide to show portions 
of the rings, is made narrow enough to give good definition 
to the primary echelon action, the secondary light which has 
undergone both actions is confined to dots indicating the 
position of the points of intersection of the spectrum lines in 
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one system with corresponding lines, that is lines representing 
the same wave-length, in the other system. 

The horizontal dispersion of the dots, given by the ordinary 
echelon action, now prevents overlapping, as the wave-length 
interval between the orders in this system is a little greater 
than the length of the spectrum, and the secondary light 
gives in this point spectrum, therefore, the advantages of a 
very high order without the usual overlapping. 

Gehrcke and Baeyer * obtained similar spectra which they 
call interference points, by crossing plane parallel plates, 
and have pointed out the advantages of combining two 
independent high dispersions. 

A photograph of the secondary point spectrum, obtained 
with an exposure of one hour, is reproduced in Plate XXXI., 
No. 3. The echelon had the usual tilt, about 3°, and the 
echelon table was rotated about 2° in the positive direction of 0 
from the normal position. The dispersion in the Fabry and 
Perot system is, in this case, twelve times that in the echelon 
system, so the wave-length intervals can be best determined 
by the position of the dots in the former system, while the 
dots can be recognized and their wave-lengths can be roughly 
fixed by their position in the latter system. 

There was no difficulty in recognizing the dots marked 
1, 2, 3, 4, 5, 6, and 7 in the photograph, which represent 
well-known lines in the green line spectrum. 

In order to determine the wave-length intervals, it is 
necessary to calculate AA, the wave-length interval between 
neighbouring orders of the Fabry and Perot spectrum. It was 
found from the formula 


A Te 
dp 
p—2tcosr ar 
where p, the order of the spectra, is given by 
_ 2pt cosr 
aos y 


r being the angle of refraction of the light in the plates, and 
t their thickness. The value found in this way for the centre 


* E. Gehrcke and O. v. Baeyer, Annalen der Physik, xx. p. 260 
(1906). 
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of the photograph is 96°5 m.Å. The wave-length intervals 
between the components deduced from the measurements of 
the photograph and this value of AA are given in Table IIT., 
p. 393; most of them agree closely with the values which 
have been found by other methods. 


Character of the Point Spectra produced by the 
Secondary Light. 


Fig. 6 is a diagram representing the type of spectrum 


produced by the secondary light when the echelon is in the 
direct position and tilted about a horizontal axis, that is, the 


Fig. 6. 


type represented in the photograph of the secondary point 
spectrum No. 3, P1. XX XI.; but in order to make the diagram 
clearer, the ratio of the dispersion in the Fabry and Perot 
system to the dispersion in the primary echelon system has 
been made much smaller than it is in the photograph. 

In this case all the rays of light from a given point of the 
slit are parallel to one another during their passage through 
the plates, as the lateral diffraction does not take place until 
the light leaves the echelon by the step-faces. The spectra, 
or lines of constant retardation, in the Fabry and Perot 
system are therefore drawn in the diagram as horizontal lines. 
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When the photograph was taken the echelon had been rotated 
(from the normal position about a vertical axis) as well as 
tilted, so the plane parallel to the axis of the collimator and 
the ditfracting apertures would not be quite vertical, but the 
deviation from the vertical is a small angle of the second 
order (equal to the product of the small angles of tilt and 
rotation), and it will be seen that lines joining two dots 
representing the same wave-length and of the same order in 
the Fabry and Perot system, would be seasibly horizontal, 
although if the slit had been opened wide so as to show 
portions of the Fabry and Perot rings, they would have been 
inclined about 45°, as in photograph No. 2. 

When the echelon is reversed, the lateral diffraction takes 
place as the light enters the echelon and the lines of cqual 
retardation in the Fabry and Perot system will be represented 
by circles whose centre is the point in tha image plane corres- 
ponding to the direction of the normal to the plates. 

The four long inclined lines in the diagram (fig. 6) 
represent spectra in the primary echelon system; they are 
inclined to the vertical because the echelon is tilted. The 
orders of a wave-length A, are represented in the two systems 
by full lines, the dotted lines representing similarly the 
spectra of a second wave-length A, greater than ^, The 
order of the spectra in the two systems is indicated at the 
ends of the lines. The points where the full lines of the two 
systems intersect give a series of points (marked by the 
larger circles in the diagram) which represent A, in the joint 
system, each point being defined by two orders. The top 
left-hand point in fig. 6 may be described for example as the 
np order of wave-length Ay. In the same way the intersections 
of the dotted lines give the positions where A, is represented in 
the joint system, and the shorter inclined lines joining the A, 
and A, points of the same denomination represent the appear- 
ance of the joint spectra corresponding to a spectrum 
continuous between these limits. 

It will be seen that there is no chance of spectra of 
different denominations overlapping in the joint system as 
long as there is no overlapping in one of the two systems 
which are combined. 

The spectra in the two systems may be regarded as forming 
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an oblique system of coordinates ; the echelon system giving 
horizontal dispersion may be called the X system and the 
Fabry and Perot system the Y system. Then the slope of 


the spectra in the joint system, oy ; ; 


is the ratio of a, the 


: ee i A 
dispersion in the X system, keeping y constant, to e , the 


oy 
dispersion in the Y system, keeping æ constant. 

One important feature of these point spectra is that they 
give a system of lines whose definition depends in general on 
the defining power of the two systems which are combined, 
but does not depend on the smallness of the range of wave- 
length in the light examined, so long as that range does not 
exceed a certain relatively large limit. 

If the definition is poor in one of the two systems, a mono- 
chromatic radiation would be represented by dots elongated 
in the direction of the spectrum lines of the other system, 
and this would in general spoil the sharpness of the lines 
representing in the joint system a spectrum continuous 
between narrow limits ; but if these lines are nearly parallel 
to the spectrum lines of one system, the want of definition in 
the other will not spoil the definition of the lines, as each dot 
representing a single wave-length will be drawn out in a 
direction nearly parallel to the length of the joint spectra. 
This special case is realized when the echelon is in the direct 
or reversed normal positions. 

The diagrams A and B in fig. 7 represent the conditions 
in these cases. They are similar to fig. 6, but spectrum lines 
have been drawn in the Fabry and Perot system for a series 
of tive wave-lengths whose values increase by equal increment- 
from A, to As. In the primary echelon system the lines repres 
sentingalternate wave-lengths have been omitted. B represents 
the case in which the echelon is in the reversed position, the 
radii of the circles, representing the spectra in the Fabry and 
Perot system, being chosen so that their squares increase by 
equal increments. The horizontal lines in diagram A repre- 
sent the same spectra when the echelon is turned round iuto 
the direct normal position. 

For convenience in drawing the diagrams, the dispersion 
in the Fabry and Perot system has been represented as only 
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about ten times as great as that in the primary echelon 
system. It should be several hundred times as great even 
for those parts of the diagram farthest from the centre. 

It will be seen that in both diagrams the secondary point 
spectra, drawn through the points of intersection of lines 


representing the same wave-length in the two systems which 
are combined, are curved so as to be concave towards the side 
of shorter wave-length in the primary echelon system; the 
curvature has been much exaggerated by taking the ratio of 
the dispersions so much smaller than it actually is. 


Origin of the Secondary Bands. 


There is no doubt that the secondary bands which are 
observed when the echelon is employed in the usual way, 
that is, with the secondary light superposed on the primary, 
are very closely connected with the point spectra produced 
by the secondary light. All the characteristics of the secon- 
dary bands described on page 836 may be explained by 
supposing that they are, like the point spectra of the secondary 
light, the loci of the points of intersection of lines repre- 
senting the same wave-length in the primary echelon and 
Fabry and Perot spectra. 

Another characteristic which may be explained in the 
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same way, with the help of fig. 7, is that when the echelon 
is in the direct normal position the secondary bands affect 
each order of the spectrum in the same way, while, when 
the echelon is reversed, there are marked differences between 
the different orders. 

The secondary bands have other characteristics which may 
find their explanation in interference taking place between 
the secondary light and the primary. The dark secondary 
bands appear to cut through the bright primary spectra. 
This is shown to some extent in photograph No.1, Pl. XXXT., 
but it is much more marked when the secondary light is 
made relatively stronger by covering half the echelon aper- 
tures so as to stop all the light which has passed through 
less than half the plates in the echelon. The brightness of 
the primary lines is no doubt increased above and below the 
dark bands, making them appear darker by contrast, but I 
think there is little doubt that there has been an actual 
reduction in the brightness of the primary light in the dark 
secondary bands. 

Another feature of the secondary bands, which may be 
seen in photograph No. 1, Pl. XXXI., where they cross the 
line 1, is that they always appear in pairs, fainter and stronger 
bands alternating with one another. This may be connected 
with the difference in phase between the primary and the 
secondary light produced by the two reflexions of the latter. 
Apart from these phase changes at reflexion, the primary and 
secondary light would be in phase at the points of intersection 
of their maxima, as the retardations in both systems are 
whole numbers of wave-lengths in the direction in which the 
maxima are formed. There are two cases to be considered 
for the secondary light, according as it has undergone both 
reflexions at interfaces or one reflexion at an interface and 
the other at an external surface. In the former case, as the 
air-films are very thin, it is possible that a change of phase 


T e e e e 
of z may be introduced at each reflexion which would give 
the best phase conditions for interference between the maxima. 
The latter case may account for the second set of bands 


shifted relatively to the first. 
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Part I[I.—STRUCTURE OF THE GREEN MERCURY LINE. 
(5461.) 


Description of Spectrum given by an Arons Lamp, and 
Comparison with the Results obtained by other Observers. 


- This spectrum consists of a bright principal line, which is 
a close double, with six companion lines, three on either side. 
A photograph of the primary echelon spectrum is reproduced 
in Plate XXXII. together with a diagram of the spectrum. 
The photograph shows, in addition to the genuine components, 
a number of faint lines which have their origin in the 
echelon. The genuine components are numbered from 
l to 8, and the false lines are marked La, 1b, 3a, &e. The 
lines La, 1b, le, &., mark the positions of the secondary 
diffraction maxima on the longer wave-length side of the 
principal diffraction maximum 1, and the lines 3a, 5a, 6a, 
7a, and 8a represent the first secondary maxima on the 
longer wave-length side of the lines 3, 5,6, 7, and 8. When 
the aperture of the echelon is reduced by covering the first 
ten step-faces at the smaller end, the faint lines move away 
from their parents into the new positions of the secondary 
maxima corresponding to the reduced number of apertures. 

The numbers in Table IJ. and Table III. give the distances 
of the various components from the component of shortest 
wave-length. I adopted this method of measuring tho 
positions because the bright central line appeared to be the 
most variable component, while the component of shortest 
wave-length is a good reference line. The results of the 
other observers, given in the Tables, are not convenient for 
comparison in their original form, because Gehrceke and 
Baeyer *, Janicki t, and Galitzin and Wilipf, give the dis- 
tances from the centre of the principal Jine, while Fabry and 
Perot $, Baeyer || (in a later paper), and Nagaoka $, divide 


* F. Gehreke and O. Von Baeyer, Annalen der Physik, vol. xx. p. 269 
(1906). t L. Janicki, Annalen der Physik, vol. xix. p. 36 (1906). 

t First B. Galitzin und J. Wilip, Mémoires de l’Académie Impériale 
des Sciences de St. Pétersbonrg, sér. 8, vol. xxii. no. l (1906). 

§ Astrophysical Journal, xv. p. 218 (1902). 

I O. v. Baeyer, Ferhandlungen der Deutschen Physikalischen Gesellschaft, 
ix. ne. 4, p. 84 (1907). € Nagaoka, ‘Nature,’ vol. lxxvii. p. 582 (1908). 
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the principal line into two components and measure the 
distances from the brighter one. 

Another difficulty in the comparison is that the values 
obtained by Gehreke and Baever, and later by Baeyer, by the 
use of crossed plane-parallel plates, are systematically higher 
than the values obtained with echelon spectroscopes, which 
agree fairly well amongst themselves. I have reduced all 
Baeyer’s intervals 5 per cent., and the earlier values of 
Gehreke and Baeyer (the means of three sets of measurements 
given in their paper) by 3 per cent.; and it will be seen that, 
apart from these differences in the constants, the two inde- 
pendent methods are in close agreement. 


Taste I.— Measurements of the Green Mercury-line 
Spectrum. 
The distances of the component lines from the component of 
shortest wave-length are given in milli-Angstrém units. 


Soy eG OS Se ee a 


Crossed Plates. Echelon Spectroscopes, 
Reference 
Fabry & Numbers, 
Perot. Gehrcko B Janicki Galitzin 
& Baeyer. aeyer, ONnICKI. & Wilip. 
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15 126 136 133 137 2 
17 169 169 166 168 3 
eee 189 oe, 189 = 
22 j ma 214 | BP 
zi 232 2 
23 ji — 238 ae 36 ane 
31 318 329 30 | 321. lẹ oo 
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449 ee es 8 


ray . 
The brightest component in each case is underlined. 


À: b r . e 
Fabry and Perot’s values* given in the Tal 


. le are those 
published by Zeeman in 1902. 


They help to confirm 
(in a letter dated Oct. 13th, 1908) that they 


particulars of this line since then. 
nal, xy. p. 218 (1902). 


* M. Perot informs me 
have not published any 
t Astrophysical Jour 
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TABLE [1J.—Measurements of the Green Mercury-line 
Spectrum (continued). 
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constituting one order of the primary echelon spectrum of a 
monochromatic radiation, with a narrow slit, would be 2/33 
of the interval between the orders, which corresponds in this 
case to a width of 30 m.A. The narrowest lines in the pho- 
tographs which still have a measurable width, are about 
10 m.Å. wide. The widths of the brighter lines vary consi- 
derably with their exposure, while the width of the com- 
panion line 8, which is too faint to be overexposed, is the 
same on each of the three plates on which its width could be 
measured. 


Measurement of Secondary Spectrum. 


The results obtained by measuring the secondary point 
spectrum are also entered in Table III. The photograph 
measured was exposed for an hour, and is the one reproduced 
in Plate XXXI., No. 3. It will be seen that the agreement 
of these results, obtained by an independent method, with the 
ordinary echelon values, is fairly close, except for the com- 
ponent 2. The methods agree very closely as to the position 
of the central line. They both give the centre of the double 
line at 232 and the dividing dark line at 228. The two 
components of the central line were not measured separately 
in the primary spectrum photographs, but the position of the 
dark dividing line was sometimes recorded. The positions of 
the centres of the components given in brackets in the second 
column of Table III., are deduced from the position and width 
of the whole line and the position of the dark dividing line 
(neglecting its width). 


Speetrum given by a Bastian Lamp. 


A striking variation in the spectrum of the green line 
was observed with a Bastian mercury arc-lamp. The glass 
tube through which the discharge passes is bent nearly into 
the form of an S in a horizontal plane, so that when one 
part of the discharge is parallel to the slit plate, another part 
may be normal to it. When the image of the “ end-on” 
portion of the discharge is put on the slit, the change in the 
spectrum is so great that it is difficult at first to recog- 
nize the components. On measuring a photograph of the 
“ end-on” spectrum, however, it was found that the companion 

VOL, XXI. 3P 
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lines keep their relative positions, although some become 
broader and brighter, but the dark space between 4 and 5, 
the two components of the principal line, is greatly increased 
(from 6 to 26 m.A.) and, being no longer brighter or broader 
than the rest, they look like ordinary companion lines. 

The “side-on” spectrum of the Bastian lamp resembles 
more nearly that given by the Arons lamp. 

The separation of the components of the principal line in 
the “end-on” radiation has been investigated by Galitzin 
and Wilip*, who observed the phenomenon first in the case 
of a Geissler tube arranged so that the axis of the discharge 
was normal to the slit plate. 


Spectrum of the Green Mercury line given by a hot 
Mercury lamp. 


Janickit describes the broadening of the components of 
the green and yellow mercury lines which takes place when 
a mercury lamp is allowed to become sufficiently hot, and a 
peculiar system of five equidistant bands which he observed 
when the original components of the lines were lost in a 
continuous spectrum. Galitzin and Wilip{, who give 
measurements of the bands, suggest that they may be due to 
a reversal of the lines, or perhaps to some peculiar property 
of the echelon spectroscope. 

The theory of the secondary echelon spectra (see page 841) 
indicates that the secondary bands would be well defined in 
a short continuous spectrum, and it seemed probable that 
they were the bands which Janicki and Galitzin & Wilip 
observed. 

I have tested this point with a quartz-lamp fitted with an 
air-manometer, similar to that described by Galitzin and 
Wilip §. 

When an arc is started with the lamp cold, the central 
line (4 and 5 together) and all the companion lines are at 


* Fürst B. Galitzin und J. Wilip, “ Ueber die Eigenschaften einiger 
Emissionslinien des Quecksilberdampfes,” Mémoires de l'Académie 
Impériale des Sciences de St. Pétersbourg, sér. 8, vol. xxii. no. 1 (1907). 

t Loe. cit. pp. 49- 55. 

t Loc, cit. pp. 34 & 76, 

§ Loc. cit. p. 4. 
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first plainly visible, but the pressure in the lamp increases 
rapidly and the broadening and coalescing of the lines 
soon takes place. The position occupied by the bright 
central line in the various orders is now marked by a dark 
line, probably due to absorption. As the companion lines 
become merged in the general brightness the fine secondary 
bands become clearly visible in all the bright parts of the 
field, the fact that they are secondary bands being shown by 
their motion relative to the primary spectrum when the 
echelon is given a slight rotation. The secondary bands 
show clearly on the green line when the pressure in the lamp 
is about one atmosphere. 


This research was commenced at the request of Professor 
Schuster, and I have much pleasure in acknowledging the 
help I have received from the interest he has taken in its 
progress. 

I wish to thank Mr. E. Marsden for assistance in my 
first experiments on the secondary effects, and Mr. W. A. 
Harwood, B.Sc., for measuring several of the photographs. 
My thanks are also due both to Professor Schuster and to 
Professor Rutherford, for placing the resources of the Physical 
Laboratories at my disposal. 


DISCUSSION. 


Dr. Lars referred to the importance of the secondary action and 
asked the Author if it was now possible to say definitely whether a 
line observed in an echelon spectrum is genuine or is produced by the 
instrument, 

The AUTHOR said that Gehrcke and Baeyer had hoped to supply the 
means of settling doubts of this kind when they eliminated the ghosts 
from their green line spectrum by their method of “ interference-points.” 
Since then, however, two faint lines had been added to the list of com- 
ponents. With the possible exception of one faint line agreement had 
now been arrived at between two independent methods. 
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LVII. Inductance and Resistance in Telephone and other 
Circuits. By J. W. Nicmorsox, M.A., D.Sc.; Trinity 
College, Cambridge *. 


I. Errective INDUCTANCE. 


A GENERAL formula for the effective inductance of a circuit 
consisting of two long parallel wires has been given by the 
author t, and is suitable for cases in which the current dis- 
tribution in either wire is greatly affected by the frequency 
of alternation. In its general form, although its limitations 
are clearly defined, the result is not well adapted, in the 
absence of tables, to rapid calculation. The main object of 
the present paper is to examine certain important cases in 
detail, and to obtain formule capable of immediate use. A 
calculation of the effective resistance is also made in each 
case. A problem to which attention has been mainly 
directed, which includes several practical cases of great 
interest, is that of the simple telephone circuit, in which the 
leads are not twisted round each other in order to annul the 
inductive effects of the earth and of neighbouring circuits, 

In the proof of the general formula, the influence of 
electrostatic capacity was ignored. This imposes a great 
limitation upon the types of circuit for which the expression 
may be used. An estimation of the maximum capacity 
causing no alteration to a given order of accuracy is given 
in this paper. 

Throughout the investigation, only iron and copper wires, 
as the two extreme cases, are considered. The large perme- 
ability of iron completely changes the character of the effect 
of frequency on its self-induction, as compared with other 
metals. To all metals except iron greatly used in practice, 
the formulz developed for copper wires may be applied with 
a nearly identical order of accuracy. 

Let a be the radius of either wire, c their distance apart, 
and (p, o) their pariah and resistivity. They are equal 
in all respects. 


* Read June 11, 1909. 
t Vhil. Mag. Feb. 1909; Proc. Phys. Soc. vol. xxi. 
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The value of the inductance per unit length is then 


- c Ap beraber! r+ beigbe z y 
L =4 log = + pr ° ~ (ber' e)? + (bei’ a)? + M, Si (1) 


where, if n/2m be the frequency, 
r= 2a(mpn/o)*, BL cs E 1S ER) 
and, M and N being real, 
Aw (log ale ~_ pl y[had 9) (1 — pd i/had i) ’ 
2 = a e ing ADEA A 
c (M + ıN)= (log hu — po o/kad d) Q + pod [kad 1) (3) 
The Bessel functions have an argument ka= xè, and if V 
he the velocity of propagation of electroma gnetic disturbances 
in the outer medium, 


h= nae V? 2 6 6 ee (4) 
M may be described as the correction for closeness of the 
wires. 
The effective resistance per unit length is given by 
Anu ber bei’ e— bei x ber’ æ 
Ra Gael e 


Now the functions ber æ, bei x are usually defined by 


Jo(ae#) =ber «++ bei x, 
so that 
J, (te?) = -4 3( ber! +e bei! it), 
J (<å) = — ber” z+: bei” x), 
p dy _b ber’ «+z bei’ z 


a 


yy — a e eee a BCC | 
ka’ dy æ’ ber” ctebei’ x’ 


and 


whence on reduction 


(1—pS,/kaJ (1+ wSy[kad,')=(B+0F)/D, - (6) 
where 
Ea? = (x ber” x)? + (a bei” <) —(u ber! x)? — (p bei! x)’, 
Fa =2py(ber' z bei! 2—bei! x ber” £), í (7) 
Da? = (x ber” a)? + (x bei" x)? + (p ber’ x)? + (p bei! x)? [ 
+ 2Qyc(ber’ x ber” x+ bei’ « bei” æ). | 
But if accents denote differentiations with respect to z, 


y= bere+ebera 
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is a solution of 
zy" +y'= ity, 
so that 
x ber” æ +x bei” x+ ber' «+e bei’ x=æ(ber x +bei x), 
and therefore 
x ber” x= — ber! z — z bei n 


æ bei” r=. ber «— bei’ x, 


(8) 


from which may be deduced 
ber’ æ bei” «— bei! x ber” «=ber æ ber’ x + bei x bei’ z, 
ber’ x ber” 2+ bei’ æ bei” x = ber g bei' x—bei z ber’ x 
— c~'(ber’ x)*—a—!(bei' x)?, >. (9) 
(x ber” x)? + (x bei” #)*= (ber! x)? + (bei’ £)? + (x ber x)? 
+ (x bei x)*—22(ber x bei’ 2— bei x ber’ x). J 
Writing 
P =ber? z + bei? z, 

aP =(ber’ x)? + (bei! x)?, 

BP =ber æ ber' x+ beizbei’z,{ + - + (19) 

yP =ber z bei! z— bei x ber 'z. 


Thon Ea®/P=a(1—p?) +22— Qa, 


F/P = 2uß8, 
Da®/P=a(1—p)’ + 2*—2ay(1—p), 
where DA, =E +F e ee a a (11) 


For the special case 4=1; D=P, so that 
M=1—2(y—iB)/z7, e . 2. . © (12) 


a very simple result, which is true in practice for all but 
iron wires. Again, on reduction, 


log a/e—pJ o/kad g =log a/e— p(B — iy) /ax, 
log ha — pJo/haJ y =log ha—~p(B—vy) aay 
and their quotient becomes 


(A +:B)/C, 
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where 
oA =aa? log ha . log a/e—pBz log ha?/o+ p’, 
2B=py log he, . (13) 
xC =ar? log? ha— 2u8z log ha+ pe, 
and it has been noticed that B +y =a identically. 
With these values, it is found that, M and N being given 
by (3), | 
c2CD(M +eN) = 407(E + uF)(A+ cB). 
Thus M =402(AE—BF)/-°CD, a 
N =4a2(AF + BE)/c?CD. 


Moreover, 


1 2 2 oo 2y — = 
oe = (clog? ha— PHP log ha + f(e l—p’ + 1— T=a); (15) 


pa ha? 2 abaa? 
ABSBE _ («logt logha— "2log" + ze) (= a | 


x? 
6 2 
pis =Y) SR D T ieee a 0 
L & 


The succeeding reduction depends upon the particular 
circumstances of the wires. We now write p=1, and , 
suppose that the wires are of copper. The only case needing 
separate treatment is that of iron, where y is very large. 


Inductance when p=1. High frequency. 

Quoting the value of M in (14), the inductance becomes, 

when p=1, 
?(AKE—BF 
pe E Sue eet) 
4 log. Po CD s æ w CD 

where 
AE—BF _ a | B, ha? 1 
ans sien a log < log ha— z log + Ja | 


2y\_ 2R 
(1- =") == EY log he, $ (18) 


CD 2 
P =a log? ha — AB iog ha + z 


& 


Asymptotic formule for the functio 
developed by Dr. A. Russell *. pe een ee 


* Proc. Phys. Soc, vol. xxii. 
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When the argument x is not less than 8, then to four 
significant figures, if »=2 /2* » So that, in terms of the 
charaoteristics of the two wires, 


A= 2a (2). 


we may write 


and after reduction 


ABE =(1-5 ma log “log ha | 
| 
P 


z log i ~(1- > 
—<(i-2-Z Db? og a+ > j 
+ 7) log he+ = (1-2) 


1 1 z) à —2(1- | 
1 1 
ga) log hat 2 x2 
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ee af*=40. 2. . 2, 


40, the four-figure accuracy, in s0 ii 
If aft is less ne g lost. When fis only 400 per par 
it hee on of a wire becomes as large as 4 PT 
the len ote tice 
me ulæ are unsuited for prac 
the limiting dia he form 
the 


urposes of printing. 
metres, so tha sons more convenient for purp p 
tio 


* This modifics 


> 


RESI 


the fregne: 
for wires : 
cation is fre 
57 millimet 
cases of tran 
Taking f=] 
radius of a 1 
fore cannot i 
formula (43) 
the correspond 
The present 
r=, leading 
will apply to | 
wires are used 
that of (43), in 
It is necessaz 
Firstly, in the 
parison with unit 
by the telephon, 
hg? 19-14 appro 
Thus this source 
such a case, Bı 
always legitimate, 
for a wire ofa 
affect the fourth 
f=200 million, a. 
combination with ; 
econd]y, aif , 
Now even ; In ordin; 
about 24 millime 


tre, 
that in the 


RESISTANCE IN TELEPHONE AND OTHER CIRCUITS. 8595 


the frequency is really great. The usual range of diameter 
for wires applied to such purposes as telephonic communi- 
cation is from 1 to 3 millimetres in the case of cables, and to 
5°7 millimetres in that of overhead wires. The frequency in 
cases of transmission of speech will not be greater than 2000. 
Taking f=1600 as perhaps the real maximum, the limiting 
radius of a wire becomes 1 centimetre. The results there- 
fore cannot have a great accuracy in such a case, and the 
formula (43) below must be used. But it will appear that 
the corresponding formula for iron leads can be so employed. 

The present results have a two-figure accuracy even when 
x=3, leading to a radius of 3°75 millimetres, and therefore 
will apply to many cases even of telephony when thicker 
wires are used. In such cases, their use is preferable to 
that of (43), in that the calculation is more rapid. 

It is necessary not to overlook the other sources of error. 
Firstly, in the proof of (1)*, Aĉa? was neglected in com- 
parison with unity. In the most unfavourable case furnished 
by the telephone, f=1600, a=3 millimetres, leading to 
ha? = 10-14 approximately. 

Thus this source of error needs no further consideration in 
such a case. But in fact, the neglect of this quantity is 
always legitimate. Forif f be the frequency, Aa? = 4/71 0-20 
for a wire of a centimetre radius. It can only therefore 
affect the fourth figure if f=20 million, and the second if 
f=200 million, and such a frequency is never used in 
combination with so thick a wire. 

Secondly, a‘/c* was neglected in comparison with unity. 
Now even in ordinary telephone construction there is usually 
about 24 millimetres of paper and air between the wires, so 
that in the case of the cable, taking an extreme radius of 
1:3 millimetres, c=4a, and only the third figure is affected. 
For overhead wires, the distance apart is about 30 centimetres. 

The limiting practical closeness of the wires, when a 
knowledge of the self-induction is required, is, I believe, 
attained in Mr. A. Campbell’s experiments on variable 
mutual inductances tł. The error may then be so great as 
one or two per cent. 


* Phil. Mag. Feb. 1909. 
t Phil. Mag. Jan. 1908, 
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Effect of a Small Capacity. 


Heaviside * has divided circuits into five classes, with the 
following determining properties:— 

(1) Submarine cables proper, in which the capacity is the 
main factor, and whose treatment must follow the electro- 
static theory. 

(2) Short lines of low frequency, in which self-induction 
and resistance determine the effects. This class includes the 
majority of short telephone circuits. 

(3) A class in which capacity and self-induction are 
equally important. These circuits are very difficult in 
theory. 

(4) Circuits of high frequency, but small capacity and 
resistance, and with the inductance so chosen that sinals 
may travel without distortion. For this class the electro- 
stutic theory cannot be applied however long the circuit. 

(5) Circuits in which distortionless propagation is obtained 
by allowing an electric leakage. 

The effect of leakage is small in all but the fifth case, 
and will be ignored. 

Let an impressed force Ee‘ act at one end of a circuit 
consisting of two parallel wires, with terminal apparatus 
whose inductance, capacity, and resistance are neglected. 
Let z denote distance of a point P from the end at which 
the forse acts. If R, L, C be the resistance, inductance, 


fP x 


( | Fée né 


and capacity per unit length, and (a, V) the current and 
potential at a point P ; then 


C ò Vt = —04,/dz \, (23) 
L 02,/dt + Re, = —d V/d: 
where o/t = tn. 
The solution of these equations is found to be 
u = (E/De“'-, 2. 6 tw. (24) 


* ¢ Electrical Papers,’ vol. ii, 
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where 
I = LiC-i(1 + R?/n?L?)t (cosh 2/Q, — cos 2/Q,)# (25) 
Qu, Qe = n($LC){ (1+ R? LHF L}. 
With the value of a we are not concerned. For the effect 
of leakage, reference may be made to Heaviside’s paper *. 


IfC =0, I= (R+), 2 . . . (26) 


which is the ordinary impedance assumed to be valid in the 
previous paper. In the electrostatic theory, we write L=0, 
which is obviously unjustifiable if R is small or n very great, 
so that circuits of the first kind lose their character in these 
cases. 


We proceed to estimate the correction to be made in the 
value of L, to take account of a small capacity, regarding 
only the first order term. Writing 


Ma Ae? = (14 R*/n?L*)t F 1, 
then on reduction, 
cosh 21Q, — cos 2/Q, = LOPP (N? + Aq?) {1 +4 LCn2l?(r,?—d,?)} 
= 2Cnl?(R? + L?n?)#(1 —40?n? LC), 
so that 
I = 1,/2 . (R+ L’n?)t(1—4l?n?LC). 


If L’ be the equivalent induction when this small capacity 
is taken into account, 


R?*+ Ln? = (R?+ L?n?)(1—4 Pn? LC) 
or (L/—L)/L = —?C(R?+Ln?)/6L approximately. (27) 


This equation serves to limit the types of circuit to which 
the uncorrected inductance formule may be applied, in so 
far as error due to capacity is concerned. For example, if 
a three-figure accuracy is required, it is necessary that 


PC(R?+L'n’)/6L $} 10-4, . . . (28) 
where l is the length of either wire of the circuit. 


* Loc. cit. 
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We have also neglected 

1 

90 
in comparison with unity. This restricts the capacity for 
which the correction (27) may be used. Thus, for low 
resistance, 


Ur LUO + dat — REAP) = op Unt LACY(A FRYL) 


4l‘n?C? $ 9.105. 


This equation will ordinarily supply the lower limit for C. 
Thus for frequencies such that 


nC $ (51)-210-? .  . . . 29) 


the uncorrected (for capacity) formule may be used provided 
that C is also so small as to make 

CeL > 61-710-4, . . e . (30) 
again neglecting R. 

For a capacity of one microfarad per kilometre, C =10-%. 
In a case like that of the Atlantic cable the capacity is about 
a quarter of this amount, and the limiting frequency, with 
l in centimetres, is about l-2? 10!8. This excludes such a 
cable altogether from the investigation, although a shorter 
cable of the same radius of wire and capacity gradient can 
be within its scope. For example, a frequency of so much 
as 10 million can be treated if l is not greater than 1:2 kilo- 
metres, for a suitable rango of inductance given by (30). 
The range of inductance is of course dependent mainlv on 
the distance between the wires. 

Obviously all short telephone circuits satisfy both (29) 
and (30), and their capacity needs no consideration. 


Copper Wires with High Frequency. 

With the above restrictions as regards capacity and 
frequency (the latter being of little practical import), writing 
in (17), 

n m)(1-4 l ) 

e ETT ye 
ie 

A 


Parr) eop ee e Aal) 
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Then with the values of (21), 


c 4 2 5 ) 4a? : 

where ` = 2a(Qrpn/o)t = 4rra(8/o)#, 

with a four-figure accuracy so far as À is concerned, if 
Y>8,/2. But a further simplification may be introduced. 
Since ha is a very small magnitude in actual cases, its 
logarithm is large and negative. Thus if p = log. ha, the 
functions may be expanded in a descending series of powers 
of p, and , 


CD E E E 
P` x( P +33 2+ 5 t 53 43 A+ 2p 
or 

Pp? _ 1 2 1/1 2 2 1 (3 1) 
LREN (EDER atita- 4t 9p , (32) 
whence, after considerable reduction 


A a 1l a a 
(ip (AE—BF) = plog®— (p+ Ap log - + 3 log) 


1 ; a 
+ goin f 8p — 8p? +19p"— (3— 8p + 3p?) log 7 r. 


The vanishing of the coefficient of A~? is curious. 

Finally, for a pair of copper wires, the main error being of 
relative magnitude a‘/ct when they are close together, if 
r<8¥2, 

N=4ma(f/o)t, -© (33) 


if fis the frequency, then 


a 
E E T 
i Rea tx xt D2 t c? log ha 


4a? a . a 


a” 5 a 
+ np f 8p— 8P + 19p* — (8— 8p + 3p’) log = k , (34) 
where p=log, hu, and the limiting capacity is given by (29). 
For most useful purposes it may be greatly shortened, 


according to the value of 2. 
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Tron Wires with High Frequency. 
© When iron is used, there is no object to be served in 
obtaining so accurate a formula, on account of the vagaries 
in the magnetic behaviour of the metal. But the approximate 
value of « is known, for Lord Rayleigh * has shown that for 
feeble magnetizing forces of periodic character, p usually 
lies between 90 and 100, and becomes much greater as the 
forces are increased. It is therefore lawful to take p as of 
order 10%. In the formule (20), (a, 8, y) never become 
large, and therefore whatever the value of x (or A), the 
approximation may be conducted by expanding the functions 
in inverse powers of p. 
Thus if p = log ha as before, 


CD apt()_ 99, e Z)( _2 -*) 1(,_ 292 =)) 
P= zi (1 2Bp= + ap p? 1 At A + a(t -d Pa. 
aS 1t (Bpe+1- E) + plitan 
x? t? al 
7 += +48p2—48yp—) | 


Artz? 


a? 


4 i 
Pyta = 1+ =(1 + Spar — Y) 4 (3+ 46ipRet + 4Bpe + 


ee ag? bye ae ; 
—4Byp ty epee ) (35) 
This neglects the ratio </a’. Taking a wire of gauge 
1 cm., an approximate practical limit for overhead wires, and 
writing, as an ordinary value for iron, o = 10,000 c.a.s., 


a 
w= sof... a y e (86) 


if u = 100. Thus even when f= 10,000 per second, neglect 
of v*/u3 only affects the third figure of CD, and therefore at 
most the fourth of L, when the ratio a*/c* is noticed. This 
process is justifiable whether the ascending or descending 
series are used for (a, 8, y). 


* Scientific Papers, iii. 
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Ina similar manner, 


AK—BF ; et, ha? a + e — 2ye 
-CB aH (1- Flo gE + Flog halog’ \(a-*= ) 


+2? a log he ; 


and after some reduction, 


AS BF 1 2yr a 
e i 7 (2+ Ape— -2z log’) 


2 
ss ial 2+ Bpr -apat + 2ps Sq “ye _ dye ==) 


a a 


+ log? . (xp —2f%a"p— 282). 


[n the extreme case above, 2 > —_ G00? and the final error 


60 

consequent upon its neglect is of order (6000) ~-! relative to 

unity even when the wires have limiting practical closeness. 
Accordingly, 


AB—BF 1 Pya a 


2 
+ P(B apt + a ge —— T + 2%p(a— 262) log’ “), 


Consfder now the case in which e>8. In the coefficient 
of u~?, the first order values of (a8y) may be used, with the 
second order in that of p~: 

Under these conditions, the coefficient of ~~? is found to 
vanish, leading to the very simple result, to order p~’, 


AB— BE = = 1 1 1 1 
-(~% =1+ 7 {24+5a(1— >) loghe—a(1+ i) } 
= 14 (A—1)(log he — 2)/2 u, 


and thus for iron wires with A >8,/2, 


2 3 
L = 4 log,- teii + ia) m- — ZEA —1)(log he—2), (37) 


862 DR. J. W. NICHOLSON ON INDUCTANCE AND 


where 
one x 
X = 4ra (2) , and ass — is neglected. 
o c p? 


On account of p, this formula may be applied, for any 
given frequency, to a wire of only about a quarter the corre- 
sponding limiting radius in the case of copper. For example, 
for a frequency 800, and radius 2 millimetres, the value of x 
becomes 5, with 4=100. Thus a three-figure accuracy is 
obtained for the most unfavourable case of the telephone 
circuit. Accordingly, for a telephone circuit of iron wires 
not twisted together, this result is of universal application. 


Iron Wires with Small Frequency. 


This case is not very important, but the result may be 
given at once. Thus if x is not greater than 2, we may 
neglect the term involving u-?, and write, to three significant 
figures, 

cC  4u8 4 a? 2 

L = 4log? + $S - m a (Bzlog he-+2— 2" . (38) 

The values of («, 8, y) suited to this case have been given 
by Russell *. 


5 . 143, 7661 7 
Zug? 9 = 12 a 
ý (1- 127 + 7997 — B71" ) 
1 (1-3 i, 473 , 304107 ,, i 
PRAN a + 561° =en) (23 
19. 687 
es ase sh 13 
c= (1-3 gta Te ) 
Morcover, 
B AOE 13 28 — O47 n 
a3 24° * 4390* ~ 197,360.56 
1 1 11 (40) 
ot ed 4 an. es rae 2) 
ios (1+ 5: 180° t 12. 28730° 


* Loc. cit, 
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Heaviside * has also given the value of B/e, and 
Lord Rayleigh+ that of y/a, by different modes of proof. 
Thus finally, when 


z=amr(Quf/ojtpl, . 2. . . . (41) 


= al tt ie a E R. E 
L = 4log; +a 1l 24° t 7330? aan) 


4-4 at 


— Eit log, he l-a ag 413 5 _ 304107 ior an} 


3.617 4.12.71 


4 ba? 8 11 12 | 
tate + 9p: zia) et 82) 


Small Frequency, Copper Wires. 
In the notation of (18), with p = log, ha, 


oy = = 1—2f.xrp + ap’. 


The frequencies for which this formula will ordinarily be 
required lie between 200 and 1600, and the radii between 1 
and 3 millimetres. These values cause p to vary between 
about 13 and 16 only, and z between 4 and unity, so that 
P/CD cannot be expanded in ascending or descending powers 
of p or zin general. The result may be most simply written 
in the form 


L= 4log“ +5 : + ty (1—28p2—7) [(1-48p: + dept?) 


+ 7 log = . (2ap:*—2apy:— Bz + 2By)/(1—48p2+4ap?2*), (43) 


where (æ 8 yz) are given by (39), and p=log,ha. 


The two final terms in the last numerator are only about 
1, of the other two, and may be ignored. 


® Elec. Papers, ii. p. 64. 
t Phil. Mag. xxii. p. 381 (1886) ; Scientific Papers, vol. ii. 
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II. EFFECTIVE RESISTANCE. 


Copper Wires with High Frequency. 

The limitations of all the formule below, except when 
otherwise stated, ure the same as in the corresponding induc- 
tance formule. With the previous notation, the effective 
resistance per unit length of the two wires is 


R= Anp ber x bei’ x —bei x ber’ x aN 


æ (ber! ec)? + (bei r) 
se y 4an (a R4BE). a a Bh oe (CAD) 


vx oa CD 
where (D/P has the value in r =- on reduction 
ee = HB (u log ha log= —— Risg es oe +4) 


+f rut Y log he 2 = alep 1—p?). . (45) 


When p=1, and the een is high, so that, if z y2=A, 
the formulæ (20) may be employed, then after further 
reduction, 


AF+BE_2, a, 7 2 >.) 4 2 
po = x log Slog ha (1S + jy — x3 log ha (1—5 ) 
1 15 4 
+ x loghe(1— ja) + a 
and with the help of (32), we ultimately obtain 
AP (AF +BE)= 2p log = + p—log era ta +log® om —3p +24 f 


+ Kp f 8p— 8p? + 3p? — log = (8—8p + 3p? + 2p") l 
where p=log, ha. 

Finally, for a pair of copper wires, with high frequency, 
and p the limitations of (34), 


R= MIERES n) ra (P + (2p— 1) log? } 


4 
+ ep p? + (2—3p + 2p’) log c$ at 


= 355 f &p- — 8p? + 3p? — (8— 8p + 3p? + 26?) log $ 


Cc 


ae (45) 
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Iron Wires with High Frequency. 


When x is large, we may write from (45), 


3 Pe 
pu = 2 (28—ay log he—28*= | og } . 141) 


and by (35), 


Puta 
CD =1+- A + Bpa—y- z); 
so that 
AF+BE 
—ap = (£ —y log he) 


E {(1+8p2—¥7 )(28— ay log he) + 8z lo geh, 


Neglecting 2/4? as before, and writing the first approxi- 
mations to (ay) in the second term, and the second in 
the first, we finally obtain 


AF+BE A a `? a 
-uD > z (2-e + log =) = 3,2( 4-2-0? +p log“), 
the term in A°4~! vanishing identically. 
Thus the effective resistance becomes 


dnp 3 Za sl 
R = =H -AER ti) I= p + log 2) 


2a? nr? 3 
oe (4p —2— p° +p log s), . (48) 
This result is much more accurate than the corresponding 
formula (37) for inductance, owing to the presence of w in 
the numerator of the first term. Moreover, A here denotes 
the previous A multiplied by wt. It is applicable to all iron 
circuits of importance in practice, for a frequency greater 
than about a hundred with a radius of 1 millimetre. 


Iron Wires with Low Frequency. 

This result has little interest, but may be obtained at once. 
For (ay) are all comparable with unity in this case, and æ 
is not greater than 2. We therefore ignore a/m", and 
obtain 

AF+BE 27/28 
ap = AS —y log he). (49) 


3 Q2 
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This term also may be ignored unless a very high order of 
accuracy be desired, which can rarely happen owing to the 
uncertainty as to the value of ». But if it be retained, 
the resistance becomes 


_ "nr 1 8na a 1 a 13 
kea =p -30 )- Aia. t gwo? 


n lea oni 
+ re, — log *\(1— 3+ ise ). -© (50) 


where z has the vaiue in (39), and the brackets may be 
shortened except when z is nearly unity. 

When the frequency is smaller, this makes R = 20/7’, 
the value appropriate to steady currents. 


Copper Wires with Low Frequency. 


The formula suited to this case is, writing +y = a, if 
(zaß y) are defined as in (39), and under the same 
limitations, 

4na? 


R = =. a: (B—2apz + 2ypz*)/(1—4 Bpz + 4ap?2z") 


a 


eG 


£(y — B42 + 2aBpz)/(1—4Bp2-+4apts*), (51) 


again reducing to 2ø/ma? for steady currents. 


Trinity mite Cambridge, 
April 21, 1909. 
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LVIII. The Proposed International Unit of Candle Power. 
By CLIFFORD C. PATERSON *. 


(From the National Physical Laboratory.) 


THE intercomparison of light units between the National 
or other standardizing Laboratories of America, France 
Germany, and Great Britain has been proceeding at intervals 
since 1905. 

The values which have been obtained for the ratios between 
the different units are now found to be in sufficiently close 
accord to warrant the establishment of a working basis of 
agreement between this country, America, and France in 
the matter of a common unit of Candle Power. 

The writer has been conducting the photometric measure- 
ments connected with the work, in this country, and it is the 
intention in this paper to give the results of the comparisons 
which have been made, and to explain briefly those facts 
connected with the different standards concerned which have 
a bearing on the agreement which has been reached. 

The possibility of agreement between the British and 
French units was demonstrated by Dr. Glazebrook in a 
paper on light standards read before the B.A. at Dublin in 
1908 f. The chief factor in the present movement has been 
the desire of the authorities in the United States to establish 
one unit for both Gas and Electrical industries in that 
country, and the possibility of their adopting a unit which 
should be identical with those existing in Great Britain and 
France led them to take the initiative in an attempt to obtain 
international cooperation. The agreement which has resulted 
has the approval of the Metropolitan Gas Referees and now 
forms the subject of an announcement which is reproduced 
on page 877. 

It is not necessary for the purpose of this paper to enter 
into a detailed description of the various standard lamps and 


® Read Jure 11, 1909, 

+ B.A. Report, 1908, Dublin, “The Photometric Standard of the 
National Physical Laboratory”; also ‘Journal of Gas Lighting,’ 
vol. 103, 1908, p. 713. 
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units referred to in the memorandum. Dr. J. A. Fleming 
discussed the question of light standards very fully in his 
paper before the Inst. of Elect. Engineers, vol. 32, to which 
reference should be made*. Some facts, however, con- 
nected with the units in question have a more especial 
bearing on the experimental results, and should be borne 
in mind in connexion with the table of ratios given on 
pages 874, 875. 

The British Unit.—As defined in the above-mentioned 
recommendation, the unit of Candle Power in this country is 
the Harcourt 10 C.P. Pentane Lamp burning in an atmo- 
sphere at normal barometric pressure and containing 8 litres 
of water-vapour per cubic metre as measured by a ventilated 
hygrometer. 

A difficulty arises in the use of all flame standards in con- 
nexion with the method to be employed for measuring the 
humidity. When flame lanips are burning ina closed room it 
is well known that their candle power diminishes, due probably 
to the vitiation of the air in the immediate neighbourhood 
of the flame f. Two standards will not necessarily diminish 
in Candle Power at the same rate, and it is therefore neces- 
sary to take readings after the air of the room has been 
changed and before the C.P. of the lamps has had time 
to be affected. The method of measuring humidity must 
therefore be a rapid one, and it i3 now generally agreed that 
from considerations of accuracy and quickness of reading 
the ventilated hygrometer is the best instrument to use f. 
In the German and French comparisons this has been 
used, but in the English comparisons (as reported to the 
Photometric Commission meeting in Zurich in 1907) the 
unventilated hygrometer was employed§, and in the tables, 
published in the proceedings of the Commission the author’s 


* See also paper by the author, Journ. Inst. Elect. Eng. vol. xxxviii. 
p 27). 

t Report Amer. Gas Inst., “ Methods of taking C.P. of Gas,” INum. 
Eng. 1909, p. 203. 

t Proc. Roy. Soc. Edinburgh, vol. xliii., 1905; alsc “ Zur keuntniss des 
Ventilierten Psychrometers,” Akademische Abhandlung der Fakultat 
der Universitat zu Upsala, by Aron Svensson, 1898. 

§ See B.A. Report, Dublin 1908. 
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results are given in terms of humidity measured by this 
instrument. The ratios tabulated in the present paper are 
corrected so as to be in terms of the ventilated hygrometer. 
In each case values are taken for the humidity at which each 
lamp, in the country where it forms the standard, is con- 
sidered to give its nominal Candle Power. 

The Unit of the United States of America.—In the initial 
adoption of a unit of Candle Power the United States of 
America endeavoured to make its value as nearly as possible 
the same as that accepted at the time in this country *. 
This was before Prof. Vernon Harcourt and the Metropolitan 
Gas Re'erees (London) had established the 10 Candle Pentane 
Lamp on the present definite basis. 

The American Inst. of Electrical Engineers recommended 
the derivation of their unit from the Hefner Lamp by in- 
creasing its value in the ratio of 0°88 to 1. This seemed at 
the time, from different observers’ work, to be the most 
probable ratio between the Hefner and British units. The 
pas industry in America, however, did not follow this course 
but developed their unit along the lines of the 10 Candle 
Pentane Lampf. The result is that there has been, up 
to now, an appreciable difference between the units adopted 
in the two industries in that country. The Illuminating 
Engineering Society and other bodies took the matter up 
energetically, and the Bureau of Standards, Washington, 
now has the support of the leading institutions in America, 
in defining the value of a common standard, to be accepted 
throughout the States. This Institution has ascertained by 
means of electric intercomparisons the ratio of their present 
unit to those of Germany, France, and Great Britain respec- 
tively f, and has arranged to adjust the value of the American 
unit as already indicated. 

German Unit.—The unit accepted in Germany is the light 
given by thie Hefner Lamp burning in an atmosphere at 


* Bulletin of the Bureau of Standards, vol. iii., no. 1, p. 65; Report to 
the American Gas Institute on “A Unit of Light,” Journal of Gas 
Lighting, vol. 104, 1908, p. 426, 

+ “The Working Standards of Light and their Use in the Photometry 
of Gas,” Ch. O. Bond, Franklin Inst. 1008, 


{ Ref. cit. 


< — AEA 


870 MR. C. C. PATERSON ON THE PROPOSED | 


normal barometric pressure and containing 8°8 litres of water 
vapour per cubic metre. The researches of Liebenthal ° at 
the Reichsanstalt on the Hefner Lamp and the variation of 
its C.P. with atmospheric change were the earliest systematic 
experiments undertaken of this nature and are too well known 
to require more than passing mention. 

French Unit.—The Candle Power Unit adopted by the 
Electrical Industry in France is the Bougie Decimale. This 
is the 20th part of the light given out by a sq. cm. of 
platinum at the temperature of solidification. The unit was 
suggested by M. Violle and adopted by the Congrès Inter- 
national des Electriciens in 1881. 

This standard has been found very difficult to reproduce 
and the French authorities still use the Carcel lamp, burning 
colza oil, as the standard for all photometric work. 

A determination of the value of the Carcel lamp in terms 
of the Violle platinum standard has only been made once. 
This was by M. Violle himself in 1884+. Measurements 
were made by him using two or three photometric methods, 
and all his values except one showed the bougie decimal to 
be a little less than 4 per cent. greater than the Carcel unit. 

A multiplying factor of 1:04 for the Carcel unit was 
therefore given by him, and has been adopted ever since for 
reducing the values in terms of one standard to those of the 
utner. As no account was taken by M. Violle of the pressure 
and humidity of the atmosphere in which the Carcel lamp 
was burning, the accepted figure of 1:04 must be regarded 
as liable to a certain inaccuracy due to this cause. It should 
be remarked, also ł, that no correcting factor has as yet been 
determined for the variations in the C.P. of the Carcel lamp 
due to atmospheric changes. Hence, in the table given later 
on in the paper a correcting factor has had to be assumed in 
cases where the Carcel lamp is corrected for a difference of 
humidity. 

Accuracy of Comparisons.—It is well to explain in giving 
the results of experiments that different limits of accuracy 


* “ Zeitschrift fiir Instrumentenkunde, ’ vol. xv. 1895, p. 157. 

t Séances of the French Physical Soc., May to July, 1884. 

t “ Rapport de Trois Lamps,” Laporte & Jouaust, Bull. Soc. Inst, des 
Elect. 2nd série, tome vi. no. 58, 
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must be attributed to photometric measurements of different 
types of standards. 

It is usual in giving photometric results to write down the 
fourth figure, but even in the most favourable circumstances 
this must be written small and the value considered liable to 
an error of + or — O'l percent. In the case of the best 
comparisons of electric sub-standards this inaccuracy should 
not be occasioned by imperfection in the bench or photo- 
meter head nor yet to the electrical measurements, but must 
be attributed, in the author’s opinion, chiefly to want of 
constancy in the individual who is making the photometric 
observations. 

In some of the comparisons which are tabulated the 
electrical measurements are probably not so accurate as in 
others. The fuller appreciation, however, of the exact values 
of the national and international electrical units which has 
recently resulted from the labours of the International Con- 
ference, makes it possible now to attain an accuracy which 
leaves nothing to be desired from this point of view. 

As matters stand now, undoubtedly the photometric com- 
parisons in which the highest precision is atlainable are 
those between properly seasoned electric glow-lamps of the 
same coloured light. With a potentiometer which is accurate 
to one part in 10,000 and a substitution method of photo- 
metric comparison * on a bench which can be read to 
05 mm., an accuracy is attainable with a set of good sub- 
standards in which the fourth figure is almost definite. 

When, on the other hand, comparisons are made against 
or between flame standards, the probable inaccuracy 1s 
greater. 

How much the inaccuracy is must depend largely on the 
flame adjustments and the consistent behaviour of the 
standard in question. It also depends upon the accuracy 
of measurement of atmospheric conditions and the precise 
knowledge which we have of their effect on the light of the 
standard lamps. 

It follows from this that a relatively large number of 
observations must be made, when using a flame standard, 


* See “ Photometry of Electric Lamps,” by Dr. J. A. Fleming, M.A., 
F.R.S., Journ, Inst. Elect, Eng. vol. xxxii. p. 144. 
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if the same order of accuracy is to be attained that is possible 
with a much smaller number of electric comparisons. It must 
further be remembered when considering the question of 
photometric measurements to two or three parts in a thousand 
that the estimation of the height of the flame in some lamps, 
or the exact reproduction of the standard conditions, may 
not be identical when carried out by different observers. 
Hence it is conceivable that owing to this cause the observa- 
tions in one laboratory on some flame standard may differ 
consistently by a small amount from those in another on the 
same standard. This, however, is not the case when electric 
sub-standard comparisons are made if the electrical measuring 
apparatus is accurate. To a certain extent, therefore (in 
soine cases more than others), a flame standard needs to be 
‘interpreted ” when its absolute value is desired to a high 
accuracy. 

The value of electric sub-standards comparisons thus 
becomes apparent. If (as is generally the case) a Laboratory 
has sets of electric sub-standards which have been compared 
at intervals for years with the primary flame standard whose 
value they represent, an opportunity is given for realising 
the absolute value of this unit to an accuracy which could 
hardly be attained with certainty by others who might 
endeavour to reproduce it in a single set of observations, 
however carefully made. When these electric sub-standards 
are intercompared through the medium of a travelling set of 
lamps, there is no reason why we should not obtain accurate 
knowledge of the relative values of the different units as 
each is interpreted in the country where it is the recognized 
standard. | 

The ratios between the four units of light given in the 
Table are the results of measurements which have been made 
at the specified laboratories in the four countries concerned. 
Other determinations were made previous to these *, but the 
standards used for obtaining the British Unit were of several 
different forms and the atmospheric conditions have not 
always been taken into consideration. I have deemed it 


* For a discussion of these, see J. A. Fleming, “ The Photometry of 
Electric Lamps,” ref. cit. 
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desirable, therefore, to insert only the more recent deter- 
minations, in all of which the 10 Candle Harcourt Pentane 
Lamp has been used and atmospheric changes have been 
atlowed for. 

The Table is divided into two portions. Columns 1 to 9 
give the various ratios obtained through the medium of 
electric lamps which have been measured at some or all 
of the laboratories. These have been chiefly initiated by the 
Americans, who have from time to time sent sets of lamps 
to Europe to have values assigned in London, Paris, and 
Berlin. It is not suggested that all the results given in the 
Table should receive equal weight. In some of the electric 
comparisons the conditions allowed of a greater accuracy 
than in others, when fewer lamps were employed and 
time only allowed a single set of measurements to be 
made. 

Columns 10, 11, and 12 contain the values which resulted 
from the intercomparison of flame-standards undertaken at 
each of the laboratories. These were initiated by the Inter- 
national Commission on Photometry and gave a set of ratios 
which brought the knowledge of the relative values of the 
candle power units to within an accuracy of about + or —1 
per cent. As in the case of the electric comparisons, the 
conditions in some cases probably allowed of a higher 
accuracy than in others—but the results of all the measure- 
ments have been tabulated in order that the bearing may be 
scen of each on the agreement which has been established. 

The first series of ratios (columns 1 to 9) may therefore 
be regarded as representing the ratios of the standards as 
they are interpreted in the countries to which they belong, 
whilst in the second series we have the interpretation of the 
values of the standard lamps by experimenters who are not 
so accustomed to their manipulation. 

Lines marked A B, C, give the values of the standards in 
terms of the Pentane unit. D, E, F, give them in terms 
of the Hefner and similarly other sets are in terms of the 
Bougie Decimale and the Bureau of Standards Candle. 

Without going into detailed comments upon the experi- 
ments from which each ratio in the table is derived it will 
suffice to say that as far as the electric lamp comparisons are 
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concerned, greatest stress should be laid on the results in 
columns 4 and 7. ‘This is partly on account of the large 
number of lamps employed, and also because of the more 
prolonged measurements made. Line J illustrates the high 
accuracy it is possible to secure in comparisons of this 
nature. 

In the certification of glow-lamps in terms of the Hefner 
Unit the Reichsanstalt only give candle-power values to the 
nearest one per cent. If the average of 10 or 12 lamps is 
taken the error thus introduced is probably not great, but 
when the number in small, appreciable inaccuracies may be 
introduced into the mean, and the rather low value obtained 
by Fleming in 1905 may be attributed to the fact that only 
3 lamps were tested *. 

As regards the flame-lamp comparisons, it will be noticed 
that Perot and Laporte (Column 12) found a value for their 
Pentane lamp which was appreciably lower than that 
obtained by other observers. Except for this difference the 
agreement between the ratios is fairly close. The ex- 
ceptionally close agreement shown in columns 10, 11, and 12 
for the ratio Bougie Dee./Hefner can only be attributed toa 
coincidence, since in the experiments from which two of the 
three ratios were determined the observations varied between 
3 and 4 per cent. from the mean. 

The chief point of interest in these comparisons is the 
near coincidence of the value of the Bougie Decimale with 
that of the Pentane unit as indicated by lines Band G. An 
inspection of these values indicates that the Bougie Decimale, 
as interpreted by the Laboratoire Central, may be slightly 
larger than the Pentane unit—but the amount is less than 
1 per cent. When we remember that, at present, the value 
of the Bougie Decimale depends on the interpretation of the 
Carcel lamp and the ratio between it and the platinum unit, 
determined by Violle in 1884, it must be admitted that this 
small apparent difference is well within the limits of the 
errors of experiment. 

The second point to notice is the difference of 1°6 per cent. 


* See Journ. Inst. Elect. Eng. vol. xxxviii. p. 311: Discussion by 
Dr. Fleming of the Author's paper on “ Investigation of Light Standards 
etc.” 
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between the units of the Bureau of Standards and the 
National Physical Laboratory. It is generally recognized * 
that the unit at present adopted by the Gas interests in the 
States is about 4 per cent. smaller than the Bureau of 
Standards unit. It will then be seen that by lowering the 
value of their unit by 1:6 per cent. the Bureau comes into 
exact agreement with this country and approximately halves 
the difference between the units employed by the Gas and 
Electrical industries in the States. 

A further point of interest and importance which results 
from the comparisons (see line A in the table) is that the 
Hefner unit is in the ratio 9/10 to the new candle. The 
French authorities have for some time taken the ratio 
Hefner/Bougie Dec. as 0'895. It is of interest, therefore, 
to see from lines A and H how nearly the value for the 
Hefner unit in terins of both Pentane and Bougie Dec. units 
approaches the figure 0°90. The mean of all the ratios 
Hefner/Pentane comes to 0°90) and those of Hefner/Bougie 
Dec. to 0°89;, so that although the comparisons between the 
Pentane and Bougie Decimale units indicate a difference of 
0-8 per cent., the same units compared through the Hefner 
Standard only appear to differ by 0°5 per cent. 

The author’s acknowledgments are due to Dr. R. T. 
Glazebrook, F.R.S., Director of the National Physical 
Laboratory. 


APPENDIX. 


Copy of Announcement made in France, America, and Great 
Britain, relative to the proposed International Unit of Light. 


In order to determine as accurately as possible the relations 
between the photometric units of America, France, Germany, 
and Great Britain, comparisons have been made at different 
times during the past few years at the Bureau of Standards, 
Washington; at the Laboratoire Central d’Electricite, Paris ; 
at the Physikalisch-Technische Reichsanstalt, Berlin, and at 
the National Physical Laboratory, London. 


* Report of Committee on Nomenclature and Standards, Annual 
Conv. Illum. Eng. Soc. Oct. 5, 1908, Dr. A. C. Humphreys. 
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The unit of light at the Bureau of Standards has been 
maintained through the medium of a series of incandescent 
electric lamps, the values of which were originally intended 
to be in agreement with the British unit, being made 
100/88 timies the Hefner unit. 

The unit of light at the Laboratoire Central is the bougie 
decimale, which is the twentieth part of the standard defined 
by the International Conference on Units of 1884, and which 
is taken, in accordance with the experiments of Violle, as 
0:104 of the Carcel lamp. 

The unit of light at the Physikalisch-Technische Reichs- 
anstalt is that given by the Hefner lamp burning at normal 
barometric pressure (76 cm.) in an atmosphere containing 
&°8 litres of water-vapour per cubic metre. 

The unit of light at the National Physical Laboratory is 
that given by the 10 candle power Harcourt Pentane lamp 
burning at normal barometric pressure (76 cm.) in an 
atmosphere containing 8 litres of water-vapour per cubic 
metre 

In addition to the direct intercomparison of flame standards 
carried out recently by the national laboratories in Europe, 
one comparison was made in 1906 and two in 1908 between 
the American and European units by means of carefully 
seasoned carbon filament electric standards, and as a result 
of all the comparisons, the following relationships are 
established between the above units. 

The Pentane unit has the same value within the errors of 
experiment as the bougie decimale. It is 1°6 per cent. less 
than the standard candle of the United States of America, 
and 11 per cent. greater than the Hefner unit. 

In order to come into agreement with Great Britain and 
France, the Bureau of Standards of America proposed to 
reduce its standard candle by 1°6 per cent. provided that 
France and Great Britain would unite with America in 
maintaining the common value constant, and with the 
approval of other countries would call it the International 
Candle. The National Physical Laboratory, London, and 
the Laboratoire Central d’Hlectricité, Paris, have agreed to 
adopt this proposal in respect to the photometric standardiza- 
tion which they undertake, and the date agreed upon for the 
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adoption of the common unit and the change of unit in 
America is April 1, 1909. 

The following simple relations will therefore hold after 
that date : 


Proposed New Unit = 1 Pentane Candle. 
= 1 Bougie Decimale. 
= 1 American Candle. 
= 1:11 Hefner Unit. 
= 0-104 Carcel Unit. 


Therefore 1 Hefner Unit = 0°90 of the proposed unit. 


The Pentane and other photometric standards in use in 
America will hereafter be standardized by the Bureau of 
Standards in terms of the new unit. This, within the limits 
of experimental error, will bring the photometric units for 
both gas and electrical industries in America and Great 
Britain and for the electrical industry in France to a single 
value, and the Hefner unit will be in the simple ratio of 
9/10 to this international unit. 

The proposal to call the common unit of light to be main- 
tained jointly by the national standardizing laboratories of 
America, France, and Great Britain, the “ International 
Candle” has been submitted to the International Electro- 
technical Commission, and through it to all the countries of 
the world which are represented on that Commission. 

It is to hoped that such general approval will be secured, 
and that in the near future the term “ International Candle ” 
for the new unit will have official international sanction. 


DIscussion. 


Dr. FLEMING said that it was interesting to hear that the chief Powers 
had come to an understanding with each other as to the Unit of Light. 
It must be remembered, however, that this proposed International Unit 
had no objective existence, and no greater value as a unit of comparison 
than the Hefner or Pentane units, to which it was related by an arbitrary 
definition. Dr. Fleming said that he greatly regretted that the National 
Physical Lahoratory authorities had acquiesced in the adoption of a 
flame standard of light with all its difficulties and variabilities. Influenced 
as they are by atmospheric pressure, moisture, CO, height of flame, 
composition of fuel, and number of persons in the photometric room, 
these flame standards could not possibly be considered asa final solution of 
the problem of obtaining a primary standard of light. What was really 
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required was the concrete realization of a permanent primary standard, 
which would be the standard of reference for secondary standards like 
the Fleming Ediswan Large-bulb glow-lamp standards, which he 
(Dr. Fleming) had introduced seven years ago. Dr. Fleming remarked that 
Mr. Paterson made only a very brief reference to M. Violle’s work on the 
platinum standard and ignored altogether the careful work of Prof. Petavel 
carried out in 1899 in the Davy-Faraday Laboratory. Prof. Petavel’s con- 
clusions were that with suitable precautions the unit of illumination could 
be reproduced within 1 per cent. by means of the molten platinum standard. 
He asked Mr. Paterson if any attempt had been made at the National 
Physical Laboratory to repeat or extend Prof, Petavel’s work, aud 
if not why not? Investigations of this kind, which were difficult 
to carry beyond a certain point in private laboratories, were peculiarly 
the province of a State-aided institution like the National Physical 
Laboratory. 

Dr. Fleming remarked that he was pleased to see that Mr. Paterson 
endorsed the conclusions which he (Dr. Fleming) had atated seven years 
previously in a paper read before the Institution or Electrical Engineers, 
viz., that pruperly prepared (large bulb) glow lamps constitute the best 
secondary standards. He (Dr. Fleming) had now employed for fourteen 
years secondary standards of this type, and had not found anything to surpass 
them in convenience and accuracy. The flame standards were unequally 
affected by changes in atmospheric pressure and moisture. Hence any 
figures for ratios such as are given in Mr. Paterson’s paper are true only 
under certain accurately defined conditions of surrounding atmosphere 
which are very diflicult to reproduce. Accordingly elaborate experimeuts 
to ascertain how many Hefners are equal to 1 Pentane is not a matter 
of nearly such importance as the construction of some tinal constant 
primary standard of li;ht, and in his (Dr. Fleming's) opinion the most 
satisfactory form for this primary standard of light is to derive it from 
the light emitted normally by a defined area of some substance ina 
state of incandescence at a known fixed temperature. He was sure that 
many practical photometrists, especially those connected with the electric 
lighting industry, were not at all convinced that the best primary standard 
was a flame standard, or that the Pentane or Hefner units were a com- 
pletely satisfactory solution of the problem of obtaining a Primary 
Standard of Light. 

Dr. RUSSELL complimented the Author on his experimental results. 
The bougie décimale was the unit adopted by the International Congress 
of Electricians in 1889, and was defined to be the twentieth part of 
the Violle standard. He was not prepared to accept that it was equal to 
1:11 Hefner Unit. Lummer’s and Petavel’s results rather discounted 
the importance to be attached to Violle’s number. In connexion with 
Dr. Fleming’s remarks he stated that the unit suggested by Waidner and 
Burgess had many advantages. They proposed to adopt as the unit of 
intensity the radiation from a square centimetre of a black body main- 
tained at the temperature of the fusion of platinum. He referred also to 
the unit suggested by Steinmetz, and as Mr. Dyott was present he asked 
if he could give any information about this unit. 
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Mr. Dyorr said that his experiments had been made exclusively in 
connexion with Professor Steinmetz’s magnetic arc. He had made no 
experiments on his photometric unit. 

Mr. J.S. Dow remarked that the discussion had turned on the subject 
of standards rather than units. He wished, however, to make it ciear 
that he did not condemn the Pentane standard as Dr. Fleming's quota- 
tion might, perhaps, suggest. Considered as a flame standard, he 
thought it ranked high, and gave very constant results when used ina 
scientific manner. Certainly flame standards had very serious draw- 
backs. But one must be cautious as yet in basing an incandescent 
standard upon results on a black body or other variety of radiation 
which might in the future be eubject to moditication, For instance, 
Féry had shown that some surfaces hitherto regarded as black exercised 
marked selective action; this seemed to sugyest that the results of 
Lummier and others might need revision. 

Whatever standard we adopted, the decision regarding the inter- 
national unit was a very welcome one, and great credit was due to the 
Illuminating Fingineering Society in the United States for taking the 
Initiative. The co-cperation between gas and electric authorities in 
both countries had rendered internatiunal action feasible, and proved 
that those connected with both illuminants could work together for the 
common good. The present step forward might appear te some to be 
but a small one, but it formed an important precedent. The ultimate 
goal was a single international unit, and it might be hoped that 
Germany would soon fell into line, for, as Mr. Gaster had recently 
pointed out, it was to her advantage, as a large exporter of glowlamps, 
to adopt the same unit us other countries. Meantime the adoption of 
the convenient round number 0°9 for the ratio between the Hefner and 
the proposed international candle was a very satisfactory compromise. 

In this connexion we would like to enquire, however, whether 
Mr. Paterson felt sure that there was no physiological obstacle to com- 
paring lights so different in colour as the Pentane and the Hefner with 
an exactitude of one per cent ? 

He had a recollection of some experiments carried out by M. Laporte 
in France which seemed, at that time, to suggest this possibility. It 
was found that when the ratio of the Hefner to the Pentane was obtained 
direct a value was obtained which differed consistently from that 
obtained by using the Carcel as an intermediate standard. This dif- 
ference was then thought to be of physiological origin. 

He understood, too, that Mr. Paterson had been experimenting with 
a series of incandescent lamps of graded efficiency (such lamps being 
used “in cascade” in order to avoid such an inconvenient colour difference 
as existed between an ordinary carbon filament and the Pentane lamp), 
but that the result of a “cascade ” comparison was not always identical 
with a direct one. In view of his own experiences on this point (Proc. 
Phys. Soc. London, 1906, vol. xx.), it seemed conceivable that a small 
difference, physiological in origin, might be found to exist. 

Dr. DryspaLk thought that Mr. Paterson was to be congratulated on 
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his summary, and the international agreement arrived at was most 
welcome. As he understood the paper however, it was simply an 
attempt to obtain agreement between present existing units rather than 
standards, and left the matter of the best form of standard perfectly 
open, He thought that everyone having experience with flame standards 
would thoroughly agree with Prof. Fleming's condemnation of them, 
and there could be no doubt that the primary standard should be an 
incandescence one. He, however, did not agres with Dr. Fleming's 
suggestion of reviving the Violle standard. What was wanted in an 
incandescence standard was & definite area of & definite surface at a 
definite temperature. When the Violle standard was suggested we had 
little knowledge of the radiating properties of surfaces, or high tem- 
perature measurement, and therefore the only suitable thing was to take 
a very pure substance using its melting-point as a bench-mark of definite 
though unknown temperature. But everyone who had studied the 
history of the Violle standard was aware of the great difficulties of 
setting it up, and it had the disadvantage, according to Petavel, that 
the surface was dependent on the gas mixture used, besides an extremely 
short period of constancy and high expense. In the meantime we have 
realised that n perfectly black body is easily obtainable, and that it has 
perfectly definite radiating properties, we have the laws of Stefan and 
Wien, and optical pyrometry has advanced to a high degree of accuracy, 
and it therefore seemed decidedly preferable to suggest a unit area of a 
black body at a definite temperature. Mr. Jolley and he had come to 
the conclusion that a square cm. of a black body at a temperature of 
9000° absolute would perhaps be a good unit and would be probably 
of the order of 100 candle-power. This temperature was probably pretty 
close to that of the ordinary carbon filament glow-lamp, 60 that there 
should be no colour difficulty and it should not be exceptionally difficult 
to maintain constant, If the temperature were measured by an optical 
pyrometer of say the Fery form based on the Stefan law, the deflection 
would be proportional to the 4th power of the absolute temperature, 
while the light according to Lummer and to integration from Wien's 
Jaw was proportional to 712, Hence the light would be proportional to 
the cube of the deflection only, and the probable error would not be 
large. Finally, a point in favour of the black body was the perfectly 
definite character of its spectrum, which made it a standard of colunr as 
well as intensity and suitable for epectro-photometric comparison. 
As the surface would be that of a solid, it would be unnecessary to 
maintain it in & horizontal position, a8 with the Violle standard, and the 
amount of light could be easily varied by 8 diaphragm. 

Dr. Drysdale said that he thought Mr. Dow had slightly misunderstood 
the nature of Prof. Fery’s results, and it would be unfortunate if this 
should militate against the idea of the black body as a standard. There 
was no difficulty in obtaining & perfectly black body either by an 
enclosure or retlector. What Prof. Fery’s recent experiments had shown 
was not that Kurlbaum’s black radiators were at fault, but that he had 
been in error in assuming the perfect absorption of platinum-black with 
which bis receiving bolumeter was coated. This had necessitated an 


INTERNATIONAL UNIT OF CANDLE POWER, 883 


increase of the constant in the Stefan formula from Kurlbaum’s value of 
5°32 to 6:32, but this was a point which could easily be eettled and did 
not indicate any real difficulty in the use of the black body or the deters 
mination of its temperature, which could be simply extrapolated from 
known temperatures by the aid of the Stefan law. 

Prof. C. H. Legs said that Prof. Petavel’s recent work on the radia- 
tions from heated platinum strips suggested that he was not altogether 
satisfied with the Violle standard. 

Mr. PATERSON expressed his interest in Dr. Fleming’s remarks, but was 
not sure that in his criticism he appreciated the object of the paper. 
This was not to discuss the general question of light standards, but 
1ather to deal with light units as they are at present. The unit which 
is officially or legally recognized in this country has been in existence 
for many years, and the National Physical Laboratory had no power to 
establish a new unit. A more constant and reliable standard of light 
than a flame was a great desideratum, but its value would have to be 
adjusted to be in agreement with the existing legal unit. Dr. Fleming 
had dwelt at some length upon the various disturbing factors for which 
allowance had to be made in using the Pentane lamp, but given long 
enough, the Author could and had reproduced the value of a set of 
electric sub-standards in terms of the Pentane lamp to an accuracy 
of + or — O'l to 0:2 percent. He felt that years of work would be 
necessary on such a standard as Violle’s before an accuracy of that 
order could be obtained; and if the laboratory had started work of this 
kind initially, they might still be without a definite unit of light. 

On the general question of light standards raised by Dr. Fleming, he 
was inclined to agree with other speakers that the Violle platinum 
standard was not an idea! one. A serious objection he saw, even though 
the standard could be easily reproduced, was the colour of the light 
emitted. Molten metal at 1700°C. would give a considerably redder 
light that the low efficiency carbon filament, and now that temperatures 
of light sources were becoming so much higher, it seemed to him that 
the standard should not be retrograde in the matter of colour. 

He suggested, in comment on Dr. Drysdale’s desire for a black body 
standard, that the same colour difficulty would come in unless the 
furnace could stand a temperature of 1900°C. or 2000°C. Considerable 
difficulty would be experienced in keeping a clear reducing atmosphere 
in the furnace, and the fixing of the temperature in order to secure con- 
stancy of illumination to O'l per cent. would demand extremely sensitive 
and accurate temperature measurement. The proposal certainly seemed 
more promising than in the case of any other incandescent standard, and 
the possibility of obtaining direct horizontal radiation had very great 
advantages from the practical standpoint. 

Dr. Russell criticised the ratio of 1:11 between the Bougie Decimale 
and the Hefner unit. The Author was not prepared to express an 
Opinion on the point. By the Bougie Decimale in the paper the Author 
implied the unit as interpreted in France, which was the only country as 
yet which had nominally accepted it and professed to interpret it. 
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LIX. On the Form of the Pulses constituting Full Radiation or 
White Light. By Apert EacLe, B.Sc., A.R.C.S., 
Imperial College of Science and Technology *. 


Accorpinu to the modern theory of White Light founded 
by Gouy, and subsequently developed by Lord Rayleigh, 
Schuster, and others, White Light does not consist of periodic 
wave-trains of all wave-lengths, which are simply separated 
or “ dispersed ” when it is drawn out into its spectrum, but 
consists essentially of a succession of non-periodic pulses 
emitted independently of one another. It is out of such 
pulses that the spectroscope builds up the periodic wave- 
trains we observe in the spectrum. 

If these pulses are all similar and follow one another 
quite at random, it follows that the distribution of energy 
in each pulse must be the same as the distribution of 
energy in the total succession of pulses. The distribution 
of energy in the spectrum obviously depends on the shape 
or form of the pulses making it. Lord Rayleigh has shown 
how f the distribution of energy in a pulse of any given 
form could be calculated, and calculates the distribution of 
energy for a‘ pulse of the form f(t) = e. Other sug- 
gestions as to the form of the pulse have been made by 
other writers, and the distribution of energy which would 
be obtained from them has been calculated. In no case, 
however, has a form been hit upon which gave a distribution 
in accordance with fact. 

The inverse problem—viz., from the distribution of energy, 
to find the form of pulse which would give rise to it—has 
not, as far as I know, been published, and its solution is the 
object of the present paper. We ought, however, to state 
that the problem is not one which admits of a definite 
solution, as the distribution of energy in the spectrum is 
independent of the relative phases of the infinitesimal 
harmonic components out of which the pulse may be con- 
sidered to be built up; whereas its form must obviously 


* Read June 11, 1909. 


t Phil. Mag. vol. xxvii. p. 465 (1889), or Collected Works, vol. ii. 
p. 268, 
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depend as much on the relative phases of the components as 
upon their relative amplitudes. 

Let y = f(x) denote the form of the pulse in space. 
Lord Rayleigh has given * the now well-known relation 


(a)? dz = a) (A?+B*)da, . . . . (1) 
— oo 0 
where A 
A =] J(u) cos ap dp, 
and 


B=] f(p)sin au dp. 


The left-hand side of (1) is clearly proportional to the 
whole energy of the pulse, and the equation is to be 
interpreted as implying that the energy belonging to the 
waves comprised between a and a+da is proportional to 


(A? + B?) da. The "wave-length A is of course 7, Hence, 


if we are given that the energy between æ and a+dz ig 
proportional to F (a) da, we have 


F(a) = [fm sean du) + [f7 sin op du}. . (2) 


This equation solved for f will be the solution of the 
problem. 

Two particular solutions may very easily be obtained, 
first when the pulse is an even function, and second when it 
is an odd function. In the first case (2) reduces to 


§ Hu) 008 an du = Fajt, eee (3) 


and in the second case to 
{ fs) sin ap dp = Flay (4) 
Now, in Fourier’s Theorem 
$a) = L I KO cos a(à— 2) dÀ, 


* Op. cit. 
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let d(x) be equal to zero if z<0, and be equal to f(x) if 
x>Q. Then we have 


2 [aa (FO) cosa =a) an a ere) 


is equal to f(x) for positive values of æ and equal to zero for 
negative values of z. Hence 


1 { da 70) cosa(Atz)dy . . . « (6) 


is equal to zero for positive values of x. 
Adding and subtracting (5) and (6), we obtain 


(9) 
4i 


fæ) = = {cos ax da | 70) cosandXy. . . (7) 


= *( sin azda Í JAN)sinardàa. . . (8) 
To 0 
for positive values of z. 


In much of what follows we shall frequently have an 
equation involving a cosine with a similar one involving a sine. 
In order to prevent having to duplicate such equations, we 
will write them with pa in which either the upper or the 
lower may be taken; but in one equation upper must be 
taken with upper and lower with lower. 

Equations (7) and (8) may very conveniently be expressed 
in the form of the theorem : 


If { 12) č madz = $(m), 


men EO e madz = 3 Km). 


In this form the equations are useful for finding certain 
definite integrals ; for instance, from the result 


(9) 


~a 3) 
m? +a? 


@ 
{ ec cos ma dr = 
0 
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we can at once deduce 


“COs te g N am 
3 a Fd e 
0 z+ a? a 


Further examples will not be given here, as the author 
hopes to discuss some results which may be obtained from 
equations (9) in another paper. 

Equations (7) and (8) enable us to solve at once (3) 
and (4). Multiplying each side of (3) by cosarda, and 
integrating from 0 to œ, we obtain by (7) 


Ka) = 2 (Fo) cos ax da, . . . . (10) 


which gives the form of the even pulse ; similarly, the odd 
one ìs given by 


HOE = | Fe sin az das . . . . (11) 


We will now determine the form of the pulses for some of 
the different formulz that have been proposed for representing 
the distribution of energy in full radiation. 

Both Lord Rayleigh’s and Wien’s formule are included 
under 

E dy = CO uiri e Neda, 
the former being obtained by putting n=1 and the latter by 
putting n=0. Transforming this so as tu obtain the energy 


between a and a +da where a=tT, we get 

F(a) da = A6" a" e” da, 

c 

where Mam 

Hence, dropping factors outside the integral sign, the 
forms of the pulses are given by 


ee ae A. ee oe Ne (12) 


) ein user o 
P(g) sin 1 


Pa 
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Putting n=1 for Lord Rayleigh’s formula, the expression 
reduce to 


b?— z 2bz 
Gray Mi ppr 
Taking Planck’s formula for the distribution of energy, 
CAd | 
Diz 1l i 


E,d = 


this transforms into 


Aad 
F(a) da = SF, where 2b = 5, as before 
Extracting the square root of this expression by expanding 
the denominator in ascending powers of e—™, substituting 
the result in (10) and (11), and integrating term by tem, 
we get for the form of the pulses 


cos j5, 12 cos j5, z 
tan 4 ed tan st 


f (7) = (b? +2) T2 (33L? + 2?) 
cos j5, 3z 
Natt S, (13) 


8 (54D? + x*)8 


o the eye these pulses have much the same form as th? 
: o ones obtained from Lord Rayleigh’s formula. 
sın A ig interesting to observe that all the pulses we bav? 


satisfy the condition f Kejdz=0. This is obvious fot 
ulses ; for the even ones, we have only to sho” 
O 

the 2 ž dz=0. 


that J, 2) consists of one or more terms of the form 


-= Now . 
f aPe—* cos ax da. 
0 


g with respect to 2 gives 


., integ"? 
This 1” T (p) sin f p tan— =} 
o -ge siB *7 a Eor p s 
( ae (P+) 
e 0 
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which vanishes when taken betwee 
positive. 

On the electron theory these pulses 
from moving electrons, and the functi: 
the pulse as a function of t is the same 
the acceration of the electron at time 
displacement at any time, we must I 
giving the form of the pulse twice. B 
hand side of (14) twice with respect to 
merely change p into p—2. Hence, to 
hand side twice we have only to change 7 
this to equations (12) and (13), we ẹ 
electron which will give rise to these p 


ba F : 
wrap ™ (p 
Lord Rayleigh’s formula, the motior 
given by 


y=Alog(@’+#) and y= 


For the pulses 


where a= . 


Equations (10) and (11) show that 
regarded as resulting from a superpo: 
sine curves of all wave-lengths, each wit 
sas to give the required energy distr 
80, We may expect that we shall be a 

general form of pulse by assigning an 

component sine curves, without ther 


tribution of en i 
ergy in an 
dS man 
š t y ner, 


KOA ee 
f(z) = =| F(a)} cos far—¢ 
to be a more 
This in fact is 
into the two eq 


general solution of (2) 


30, as may be verified 
uations 


PA eos gla) = (Fien 


=D 


and 


F(a) sin g(x) = | fia sin 
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which vanishes when taken between 0 and œ if p be 
positive. 

On the electron theory these pulses are due to the radiation 
from moving electrons, and the function giving the form of 
the pulse as a function of t is the same as the function giving 
the acceration of the electron at time t. Hence, to find the 
displacement at any time, we must integrate the function 
giving the form of the pulse twice. By integrating the left- 
hand side of (14) twice with respect to z, we observe that we 
merely change p into p—2. Hence, to integrate the right- 
hand side twice we have only to change p into p—2. Applying 
this to equations (12) and (13), we get the motion of an 
electron which will give rise to these pulses. 

3 

For the pulses wey and (i gan 
Lord Rayleigh’s formula, the motion of the electron is 
given by 


y=Alog(a?+é?) and y = Btan-'t/a, 


obtained from 


where a=y. 


Equations (10) and (11) show that the pulses may be 
regarded as resulting from a superposition of a series of 
sine curves of all wave-lengths, each with a suitable amplitude 
so as to give the required energy distribution. This being 
so, we may expect that we shall be able to obtain a more 
general form of pulse by assigning an arbitrary phase to the 
component sine curves, without thereby altering the dis- 
tribution of energy in any manner. That is, we may 
expect 


f(z) = 2 | F(a) cos {ax—g(a) da. . . (15) 


to be a more general solution of (2) than (10) or (11). 
This in fact is so, as may be verified by splitting up (2) 
into the two equations 


F(a) cos ġ(a) = (Hw cos ap dp 


and 


a) 


F(a)? sin f(a) = {fw sin ap dp, 
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and trying to find a solution of these—in the same manner 
in which (3) and (4) were solved—which at the same time 
satisfies both of them. Equation (15) will be the result. 

It is no longer, of course, believed that white light consists 
of a succession of pulses all of exactly the same form. It 
consists rather of a succession of pulses capable of being 
represented by an equation with one or more arbitrary 
parameters, the number of pulses emitted per second which 
have their parameters lying within definite limits being 
given by some law analogous to the Maxwellian distribution 
law. But the form we have obtained may probably be 
looked upon as some mean or average form of the pulses, 
and may perhaps be of some value in determining, to a 
first approximation at least, by what intermolecular forces 
the free electrons in a substance must be acted upon in 
order to give the observed distribution of energy in the 
spectrum. Although, as we have seen, the problem does 
not admit of a definite solution, yet it is not impossible 
that physically all the pulses in white light may be (say) 
even ones. For instance, if an electron moves in a straight 
line against an opposing force which is a function of the 
distance, and which is insensible at the beginning of the 
motion but becomes sufficiently powerful to bring it to rest 
and reverse its motion, the pulse produced will obviously 
be an even one, under which conditions the form of the pulse 
for a given distribution of energy is unique. 


LX. Note on Terrestrial Magnetism. 
By G. W. WatkeEr, M.A.* 
In several papers dealing with an explanation of terrestrial 
magnetism by extraneous magnetic force, I have been sur- 
prised to find it assumed as obvious that if the earth hada 
large magnetic permeability, the effect of a given extraneous 


* Read June 11, 1909. 
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force would be largely magnified, and that thus small forces 
might produce effects as large as those actually observed *. 
The following considerations show that this view is quite 
erroneous. 
Suppose we have a sphere of radius a and magnetic per- 
meability u, and let an extraneous magnetic field be repre- 


sented by a potential F P, an P, being a zonal harmonic 


of order n. The effect of the sphere is represented at outside 
points by the additional potential 

Fr(l—p) p a" 

pntn+1 “rte 


We thus find that the normal force at the surface is altered 
p(2n + 1) 
prntn+l 
ponent of force at the surface is altered in the proportion 
2n+1 
prtnt+l 
terrestrial magnetism is n = 1, and so for a high value of 
p the normal force is increased in proportion 3 to 1, while 
the tangential component becomes nil. 

For higher values of n the normal force is increased in a 
less proportion than 3:1. Only in the case n= 0 is 
the normal force increased in proportion p : 1. But an 
extraneous field which should be entirely radial in the 
vicinity of the earth does not appear to me possible. 

It seems to me therefore desirable to point out that the 
assumption of large magnetic permeability of the earth is no 
real help in the explanation of terrestrial magnetic effects 
by extraneous magnetic forces. 


in the proportion and that the tangential com- 


The most likely case in the application to 


* Cf. Arrhenius, Kosm. Phys. p. 984; Pflüger, Phys. Zeit. 1905, 
p. 415; and Humphreys, ‘Terrestrial Magnetism,’ Dec. 1908, p. 151. 
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LXI. A Method of producing an intense Cadmium Spectrum, 
with a proposal for the use of Mercury and Cadmium as 
Standards in Refractometry. By T. Martin Lowry, D.Sc., 
F.C S.* 


Or the different line spectra that are available for spectro- 
scopic standards—hydrogen, mercury, cadmium, &c.—the 
simplest and purest is undoubtedly the cadmium spectrum. 
The visible spectrum is made up of four strong lines (red, 
green, blue, and dark blue), which are so narrow and of such 
a high degree of purity in respect of the absence of satellites 
that they have been used by Michelson to produce interference- 
bands of an order of retardation that has apparently never 
been reached in the case of any other lines. Michelson’s 
measurements of the wave-lengths of the three chief Cadmium 
lines :— 


Cd red..,...... 6438°4722 10-29 metre. 
Cd green...... 5085:8240 Y D 
Cd blue ...... 47199:9107 9 99 


have indeed formed the standards from which all other wave- 
lengths have been deduced. It is therefore evident that the 
cadmium spectrum is destined to play an extremely important 
part in optical determinations of all kinds, Unfortunately, 
the difficulty of producing a cadmium lamp which shall burn 
steadily and give out light of high intensity has been so great 
that the four cadmium lines have been used only very 
occasionally in optical experiments. 


Sodium. 


The standard monochromatic light employed almost uni- 
versally for refractometric and polarimetric measurements 
has been the yellow flame-spectrum of sodium, which has the 
advantage of being produced with very great readiness, but 
with all the drawbacks inseparable from the use of a doublet, 
instead of a single line, as a standard. Thus in determining 
the refractive index np of a liquid, the Pulfrich refractometer 


* Read June 25, 1909. 
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gives readings for the less refrangible constituent, whilst a 
hollow prism mounted on a spectroscope gives an average 
value for the two constituents, unless indeed the resolution he 
sufficient to read them separately. In polarimetric work the 
double character of the sodium line renders it impossible to 
secure a proper extinction for large values of ap, since one 
wave-length is transmitted with considerable intensity when 
the other is extinguished, and in addition there is always some 
uncertainty as to the “ optical mass-centre ” of the doublet, 
which may indeed vary in different types of sodium-lamp, on 
account of changes in the relative intensity of the two con- 
stituents *. It should also be noted that the sodium flame 
emits a considerable amount of light of other colours, which 
in accurate work, or in reading large rotations, must be 
removed by filtering through a coloured screen, or, better, by 
means of a spectroscopic eyepiece (Perkin). 


Hydrogen. 
The hydrogen lines, 


H, (red), w.-l. = 6560-04, 
Hg (blue), w.-l. 4861:49, 
H, (violet), w.-l. = 4340-66, 


have been employed universally with the sodium doublet in 
refractometric work when dispersion-values were required. 
The choice has been wholly one of convenience and has no 
other merit to recommend it. The vacuum-tube, though 
easily fitted up, can hardly be considered seriously as a source 
of light. The red line is by far the strongest, and has been 
used with advantage to produce interference -fringes in 
measurements of length f, but would be utterly useless for 
polarimetric work in which the source of light must be viewed 
through a Nicol’s prism set within 2° or 3° of the extinction 
position. The violet line is unpleasantly weak even for 
refractometric measurements, and demands the use of the 


* Compare Landolt, Optische Drehungsvermogen, 1898, pp. 862 et seg. 

t See, for instance, Tutton’s measurements of the coefficients of 
expansion and of elasticity of crystal-plates (Phil. Trans. 1903, a. 202 
p- 143). Compare also Tutton, Proc. R. S., June 10, 1909. 
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full power of a six-inch coil, with an efficient optical 
condenser, before readings can be made with any degree of 
comfort. The hydrogen spectrum has the further dis- 
advantage of showing, at least in an ordinary vacuum-tube, 
an almost continuous back-ground of weak lines. Although, 
therefore, refractometers are regularly sent out with tables 
for the sodium and the three hydrogen lines—and no data 
whatever for light of any other wave-length—it is evident 
that this position is radically unsound and cannot be main- 
tained permanently. 


Choice of Standards. 


The essential properties for a standard source of light are, 
(1) that it should be of sufficient intensity to be used for all 
the various types of optical measurements, so that, for 
instance, refractive indices and optical and magnetic rotatory 
powers may be determined for the same wave-lengths, 
(2) that it should be strictly monochromatic and as far as 
possible free from satellites, and (3) that it should be pro- 
duced with sufficient readiness to render it generally avail- 
able. These requirements, as has been shown, are only 
partially fulfilled by sodium light and fail completely in the 
case of the hydrogen spectram. The purpose of the present 
communication is to suggest that the spectra of mercury and 
of cadmium fulfil most of the essential conditions outlined 
above, and to describe a method by which the cadmium 
spectrum may be rendered more generally available for 
spectroscopic and other optical work. 

The suggestion—which is made on the basis of practical 
experience in the actual measurement of optical and magnetic 
rotations and of refractive indices for a large range of wave- 
lengths (see for instance Proc. Roy. Soc. 1908, 81. p. 472) 
—that sodium should give place to mercury and cadmium 
as a chief standard source of light, is fully supported by 
the theoretical considerations recently advanced by Bates 
(‘Spectrum Lines as Light Sources in Polariscopic Measure- 
ments,” Bureau of Standards, Bulletin, 1906, ii. p. 239) and 
by Nutting (‘ Polarimetric Sensibility and Accuracy,” ibid. 
p. 249, “Purity and intensity of Monochromatic Light 
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Sources,” ibid. p. 439). The former author has worked out 
a formula showing the errors due to the use of a doublet in 
polarimetry, and has redetermined the ratio of the sodium- 
yellow and mercury-green rotations for quartz ; the latter 
has developed formula in reference to polarimetric sensi- 
bility, and spectral purity. The two points in these papers 
that bear directly on the practical problem now under con- 
sideration are, (1) the confirmation by Bates of the purity 
of the mercury green line, which gave very sharp readings 
in the case of a quartz plate of about 54 mm. thickness ; this 
point is, however, seriously discounted by the fact that he 
professes to read the sodium doublet to 0:0001°, and gives 
the ratio of sodium to mercury to six significant figures 
(0°850944: 1), (2) the statement hy N utting that on one 
basis of reckoning the “ spectral purities ” of cadmium green, 
mercury green, and sodium yellow, are represented by the 
ratios ioga a Jom and j whilst on another basis the “ specific 
impurities”? of the mercury green and sodium yellow lines 
are given by the ratios i aw; these figures serve to 
show that the change of principal standard now proposed on 
the basis of practical polarimetric work is fully justified by 
minute spectroscopic tests on the lines themselves. 


Mercury. 


The use of the enclosed mercury arc as a source of light in 
spectroscopy dates back to 1860 (J. H. Gladstone, “ On the 
Electric Light of Mercury,” Phil. Mag. [4] xx. pp. 249-253), 
but its use in polarimetric measurements was apparently intro- 
duced by Disch (Ann. Phys. (4) xii. p. 1155) in 1903, who 
made use of the Arons lamp. The Bastian mercury lamp, 
which has been in use in my own laboratory since 1906, and at 
the Central Technical College since 1907, has the advantage 
of being a commercial article of much lower cost; it is con- 
structed with a suitable resistance in the holder, so that it can 
be plugged into the ordinary lighting circuit without using a 
resistance-frame or any special leads. This lamp is unfortu- 
nately no longer on the market, though it is still constructed 
to order by the Brush Electrical Engineering Company ; but 
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silica lamps of moderate price are promised which may 
prove to be as economical in working as, and even more 
efficient in illumination than, the earlier glass lamps. 

Of the six chief mercury lines, 


agis ta yellow doublet, 


5460:97 a splendid green line, 
4358:58 a strong violet line, 


Rae at ihe extreme limit of the visible spectrum, 


two, the green and the violet, have already proved to be of 
the utmost value in polarimetry, and are likely in the future 
to prove of equal value in the measurement of refraction and 
dispersion. 

Their use in polarimetry has been due to the following 
considerations. For accurate measurements of the specific 
rotatory power of a substance, and to any even larger extent 
for tracing the course of chemical changes (isomeric change, 
sugar-hydrolysis, &c.) by polarimetric observations, it is 
essential to use an intense source of light in association with 
a very small half-shadow angle, since only thus can a maximum 
of sensitiveness be secured : it is also desirable to use a light 
of relatively short wave-length, in order that the actual 
readings may be large *, without incurring the loss of optical 
intensity and the fatigue which result from the use of blue 
light. The intense green mercury line, which can be read 
with a considerably smaller half-shadow angle, and gives 
readings about 15 per cent. larger than the sodium doublet, 
is therefore much superior to the traditional standard, apart 
altogether from the question of spectral purity. In the latter 
respect the contrast is extreme ; in the case of quartz I have 
been able, without any noticeable loss of accuracy, to secure 
readings showing a total rotation of 50 right angles for the 
mercury green line, two independent series of determinations 


* Asa rule the specific rotation is doubled on passing from yellow to 
violet, 
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giving average values 4487:78° and 4487:79°; sodium under 
similar conditions gave no extinction at all. The green 
mercury line promises, indeed, wholly to replace the sodium 
doublet as a chief standard in polarimetric work, and it is 
highly desirable that it should acquire as quickly as possible 
a like predominance in the measurement of refractive indices, 
and in all other optical determinations. 

The violet mercury line has proved indispensable in the 
measurement of rotatory dispersion on account of its 
extraordinary brilliancy. In spite of the low sensitiveness 
of the eye for light of such small wave-length it has been 
found possible to read this line with a half-shadow angle 
of only 6°, and to secure series of readings (each an 
average of 10 settings) which only differed from one 
another by a hundredth of a degree. The violet line is less 
pure than the green, as it is accompanied by two satellites 
of smaller wave-length, but these are so weak that they 
cannot be seen at all in the polarimeter, and cannot, there- 
fore, produce any large disturbance in the readings. The 
yellow doublet is made up of two lines separated by about 
three times as great an interval as in the case of sodium; 
for small rotations they may be read as one line, but I 
have also been able, by using a narrow slit, to read them 
separately; they are, however, altogether unsuited for general 
use. 

For refractometer work the mercury lines are at least as 
easily available as those of hydrogen; a warmed vacuum- 
tube containing a drop of mercury gives the lines with 
greater brilliance than those of hydrogen, and it is therefore 
not unreasonable to suggest that—as a minimum concession 
to the correlation of optical measurements of various kinds— 
the use of Hg 4861 and Hy 4341 shall be abandoned in favour 
of Hg 5461 and Hg 4359 in future refractometric work, and 
that tables for these wave-lengths shall be supplied as a 
matter of course with instruments of the Pulfrich pattern. 
It may be noted that the violet mercury and hydrogen lines 
differ by only 18 Ångström units, the mercury line having 
the longer wave-length: in a Pulfrich instrument the two 
lines are indistinguishable, but the edge that is read with a 

382 
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hydrogen-mercury vacuum-tube (such as is sometimes sent 
out with the instrument) is due to mercury and not hydrogen. 
The adaptation of a polarimeter for use with mercury light 
costs about £2, with a further £3 for the lamp. 


Cadmium. 


The cadmium spectrum is much less easy to produce than 
that of mercury. Michelson made use of a strongly heated 
vacuum-tube with aluminium electrodes connected to platinum 
wires passing through the glass. This was improved upon by 
Hamy (Comptes Rendus, 1897, cxxiv. p. 749) who used a 
copper heating-jacket and external electrodes, thus avoiding 
the risk of cracking the hot glass by wires passing through 
it. I have had no personal experience of such lamps, but 
am doubtful whether they would give a sufficiently intense 
light for use in polarimetry. The amalgam lamp with an 
arc enclosed in silica can be made to give a splendid series 
of lines for use in spectroscopy, but I have found that it is 
useless for polarimetric work, since even the green cadmium- 
line can only be read with a half-shadow angle of nearly 20°. 
Apparently the current is carried miinly by the mercury, 
and the other metals show only weakly in the spectrum. An 
enclosed cadmium arc has been described by Stark & Kiich 
(Phys. Zeitschr. 1905, vi. pp. 438-443), but does not appear 
to have come into general use. 

The method set out below is not put forward as the ideal 
way of producing an intense cadmium spectrum, but rather 
as an intermediate stage in the development of the perfect 
cadmium lamp of the future. It was found that brilliant 
speciral lines could be sent into the polarimeter by using an 
arc burning between metallic poles rotating in opposite 
directions. Copper, for instance, gave a valuable series of 
lines, and brass electrodes were found to be very efficient for 
developing u zine spectrum, the red line Zn 6364, and the 
three blue lines Zn 4811, Zn 4722, and Zn 4680, standing 
out very distinctly from the copper lines. A brilliant cadmium 
spectrum could be produced by melting the metal onto 
copper electrodes, but it soon burned off, and in any case it 
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was difficult to avoid a displacement of the readings by the 
appearance of the copper line Cu 5106, as a ghostly partner 
of the green cadmium line Cd 5086. After many unsuc- 
cessful attempts a workable method of producing the cadmium 
spectrum was found in the use of an alloy of silver and 
cadmium. It is perhaps not very widely known that these 
metals are isomorphous, and form an excellent series of 
alloys. These have the advantage that no eutectic is formed, 
the melting-points throughout the series lying above that of 
cadmium and over a considerable range approximating some- 
what closely to the melting-point of silver. Thus whilst the 
addition of 28 per cent. of copper (mp. 1082°) lowers the 
melting-point of silver from 960° to 780°, the addition of 
28 per cent. of cadmium (mp. 822°) only lowers the melting- 
point to 860°. Nearly 50 per cent. of cadmium must be 
added to lower the melting-point to 780°, and even a 60 per 
cent. alloy melts as high as 700°. These alloys, which can 
be turned up like pure silver, were supplied by Messrs. 
Johnson and Matthey in the form of rods } inch in diameter 
and 13 inch long. 

For spectroscopic work a tiny arc can be burnt quite 
steadily between the points of the rods, in great contrast to 
the behaviour of pure cadmium, which splutters very badly 
and gets choked up with oxide, even when the current is 
kept so small as not to melt the metal. 

For polarimetric work a greater intensity of light is 
desirable, and this is obtained by using a heavier current 
and rotating the electrodes in opposite directions (compare 
Baly, Spectroscopy, p. 370) in order to maintain the arc in 
a central position. The rods of alloy were screwed for half 
their length into copper cylinders 3 inch in diameter, which 
served the double purpose of cooling the electrodes—a point 
of some importance—and connecting them with the iron 
spindles by means of which the rotation was produced. 
When run at the highest intensity both rods become red hot, 
and one of the copper cylin lers is usually luminous, but it is 
not desirable to over-run the are since even if the electrodes 
do not melt the cadmium distils out irregularly and causes a 
certain amount of spluttering. 

The electrodes are filed up before the arc is started, and are 
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carefully adjusted so as to run true to centre; alternatively 
they may be allowed to burn until the ends are flat and then 
used without further attention except to adjust the length of 
the arc from time to time. The cadmium spectrum thus 
produced is of great brilliance—the green line is even 
brighter than that of mercury, and can be read with a half- 
shadow angle of 3° or less. From some points of view 
it would be a better chief standard than mercury green, 
as it is considerably brighter and gives readings about 
15 per cent. higher, but in view of the greater trouble 
involved in producing the light, and persuading it to burn 
steadily, it is better to use it as a secondary line for the 
study of rotatory dispersion. The red and blue lines are also 
very bright and can be read quite easily. The dark blue 
line is of much less intensity, and is not likely to be widely 
used, as it is difficult to read, and dves not differ su:ficiently 
in wave-length from the light blue line to justify the extra 
trouble involved ; this observation applies, however, only to 
the existing arrangements, as it is quite possible that when a 
more powerful source of steady light is available the dark 
blue line may prove to be of considerable value in shortening 
the gap between Cd 4800 and Hg 4359. 

Unlike copper the silver spectrum does not clash at all 
with that of cadmium ; the brilliant silver green lines 


5471:72 
5465:66 
5209:25 


} doublet (compare sodium) 


are separated from the cadmium green, Cd 5086, by an 
interval nearly as great as that which separates the two 
cadmium blues, and the only other line that shows at all 
strongly in the spectrum is a line in the far-violet, perhaps 
Ag 4055. 

In conclusion: It is suggested that the mercury line 
Hg 5461 should be used as chief standard in optical work of 
all kinds, and that dispersion should be measured from this 
line to Hg 4359 instead of from Ha6561 or Hg 4861 to 
H, 4341. As secon lary standards are suggested the flame 
spectra Li6é708 and Na 5893, purified spectroscopically, 
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together with the three cadmium lines Cd 6438, Cd 5086, 
Cu 4800, giving a well-distributed series of seven wave- 
lengths. 


6708, 6438, 5893, 5461, 5086, 4800, 4359. 
Red red yellow green green blue violet. 


30 Horseferry Road, Westminster, S.W. 


Note adled July 1999.—I am glad to find that the desirability of a 
change in the standard wave-lengths for use in refractometry is appa- 
rently recoguized by other workers: in particular, Dorn & Lohmann in 
their measurements of the refractive indices of liquid crystals (Ann. 
Physik, June 10th, 1909, (4! xxix. pp. 535-565) have used the series 
Li 6708, Na 5803, Hg 5161, Hz 4359, which is identical with a series 
that I am using for the mzasure:nent of the refractive dispersions 
of the alcohols and acids of the aliphatic series, and differs from the 
series of seven lines used in the measurement of rotatory dispersion only 
in the omission of the three cadmium lines. 


DISCUSSION. 


Mr. Twyman remarked that during the last few weeks he had seen a 
cadmium tube, similar to a mercury lamp, working with satisfactory 
results. Such tubes had been used for some time by Paschen & Röntgen. 
He agreed with the Author with regard to the greater use of mercury 
light for spectroscopic and similar purposes. 

Dr. A. E. H. Turton said that he had been working lately with 
Cadmium tubes and found that they worked well for a considerable time. 
With regard to the measurement of refractive indices he was astonished 
that more use was not made in this country of the monochromatic 
illuminator, which he described some years agu. The instrument was 
used in Germany and gave aatisfactory results. 

The AUTHOR agreed with Dr. Tutton that the monochromatic illu- 
minator had certain well-recognized advantages, but hoped that those 
who used it would make a point of setting it to the wave-lengths 
suggested in the paper. Uniformity in the measurement of optical 
properties could only be achieved by adopting some series of standard 
wave-lengths such as the one whose advantages he had indicated. 
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LXII. On the Measurement of Wave Length for High Fre- 
quency Electrical Oscillations. By ALBERT CAMPBELL, 
B.A.” 


(From the National Physical Laboratory.) 
(Plate XXXIII] 
§ 1. Introduction. 


Ix all work with high frequency electrical oscillations, 
such as for example in wave telegraphy, it is of the 
utmost importance to be able to determine with accuracy 
the wave-length actually employed, and for this purpose 
several types of wavemeter are now in common use. [In 
order to ensure accuracy in such measurements, it was 
suggested some time ago by the Post Office Authorities 
that arrangements should be made for the calibration of 
wavemeters at the National Physical Laboratory. As the 
results of our first series of investigations in the mattcr 
appeared to be of general interest, we publish them here by 
the kind permission of Major O’Meara, C.M.G., Engineer-in- 
Chief to the Post Office. Our experiments comprised the 
construction and testing of a standard wavemeter, and the 
verification of an ordinary commercial wavemeter sent to us 
by the Post Office. I shall designate this instrument (A) 
and our standard wavemeter (B) respectively. While it is 
unnecessary here to go into the history of the subject, I 
should like to give one or two references to earlier work by 
other observers which gave us much assistance, namely the 
experiments of Pierce f and those of Gehrckef. 

While our work was in progress an important paper by 
Diesselhorst § appeared, and the results there published were 
in ample confirmation of those we were obtaining, as also 
were the earlier results of Pierce. 


* Read June 25, 1909. 

t Phys. Review, vol. xxiv. p. 152, 1907. 

t Elektrotech. Zeitschr. (26), p. 697, 1905 

§ Jahrbuch der drahtlosen Telegr. u. Teleph. vol. i. (1808). 
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§ 2. Description of Wavemeter (A). 

Wavemeter (A) is of the Dönitz type and consists of a 
variable air condenser, with a range from about 100 to 
1070 mmfd. (micromicrofarads), a thermo-junction and 
gulvanometer, and a series of coils (A 1, A2,.... to A 10) 
of self inductances ranging from 0°76 to 2313 microhenries, 
The combination is capable of measuring oscillation fre- 
quencies over arange extending from about 20,000,000 down 
to 100,000 ~ per sec., or wave-lengths from A=15 metres up 
to A=3000 metres. It must be kept in mind, however, that 
the accuracy obtainable depends on the part of the condenser 
scale at which the reading is taken. For example, at a 
reading of 20 the frequency can barely be read to 0°5 per 
cent. 

As the coils (A1, A2,...... ) of (A) are of solid (not 
stranded) wire of diameters from 0°32 up to 3°2 mm., the 
values of their self inductances at the high frequencies are, 
for most of the coils, considerably lower than those obtained 
at ordinary frequencies of 0 to 1000 ~ per sec. 

With a view to checking the results of the direct experi- 
ments by calculation from the measured inductance and 
capacity of a wavemeter in which the inductances would be 
much less affected by frequency, and thus to obtain a standard 
instrument for future use, we constructed a wavemeter (B) 
in which the coils are all of highly stranded wire. 


§ 3. Description of Standard Wavemeter (B). 


The general arrangement of (B) was similar to that of (A). 
The variable condenser (from 100 to 900 mmfd.) was of 
special design, with amberite washers to give very high 
insulation. It was kindly presented to the Laboratory by 
Dr. Alexander Muirhead, F.R.S. We added to it a direct 
reading scale, which can be read to 1 in 2000 at the upper 
end and to 1 in 200 at the lower. The scale was constructed 
by a very careful series of tests by Maxwell’s Commutator 
Method and was found to be very uniform. 

For the inductances, three coils (Qb, Q 1, and Q 2) were 
used. They were all wound on ebonite tubes with stranded 
wire (7/36'), i. e. containing seven insulated strands, each of 
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diameter 0°19 mm. In each coil the terminals were brought 
to a considerable distance (18°5 cm.) from the centre of the 
coil by fixed leads run parallel to one another 1 cm. apart. 
In this way too close proximity between the coil and the 
condenser plates was avoided. A Duddell thermo-ammeter of 
1-5 ohms resistance was used to complete the circuit of 
the coil and the condenser, and by observing its maximum 
deflexion the point of resonance was obtained. The sensi- 
tivity of course varies with the coil used and with the nature 
of the oscillatory circuit ; it was found to be sufficient for 
the purpose in the experiments described below. Fig. 1 
(Pl. XX XIII.) shows a photograph of the wavemeter and of 
one of the coils separately. 


§ 4. Measurement of the Self Inductances of the Coils. 


The self inductances of all the coils were measured at 
ordinary frequencies (0 to 1000 ~ per sec.) by a method 
specially designed for the accurate measurement of such low 
values (A. Campbell, Phil. Mag. Jan. 1908). The com- 
parisons were made against a standard variable mutual 
inductance with ranges of 0 to 200 and 0 to 2000 micro- 
henries, the lower range being readable to 0°01 microhenry. 
The absolute value of this was measured in terms of the new 
Laboratory Standard of mutual inductance, whose value has 
been calculated to a very high degree of accuracy (see Proc. 
Roy. Soc. A. vol. 79, 1907). The subdivision of the scale of 
the variable mutual inductance was effected by the help of 
Maxwell’s method of comparing two mutual inductances, 
Its accuracy was verified by an independent method as 
follows. A mutual inductance coil was constructed with the 
primary and secondary circuits both of well stranded wire 
(10 and 20 strands respectively), and, with all the strands in 
each circuit in series, the value was adjusted to be equal 
to the 10 microhenry reading on the scale. Then, by taking 
p strands of the primary and g strands of the secondary, the 


value would be 550 X 10, and thus inductances of 5},, 434, 
pio» --- Of the full scale reading were obtained. On testing 
these against the actual scale, the subdivision was found to 


be perfectly satisfactory. 


nieeg cece, aE ete net oe ee, ee k 
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The details of winding and values of the self inductances 
of the coils of Wavemeter (B) are given in Table I. In 
actual working these values had to be increased by the 


TABLE I. 
Coil Axial Self 
Coil. Diameter., Length. Turns. Inductance. 
cin. cin. Micrvhenries. 
OB csisersveudesiaess 13°5 36 40 860:3 
e A A AEE 7:4 89 48 170:7 
P P IAI EREA 7:6 17 23 57°8, 


addition of the measured self inductance of the rest of the 
circuit, consisting of the leads, ammeter, and condenser ; the 
total addition was about 0°5 microhenry, of which 0:1 micro- 
henry was due to the condenser. 


§ 5. Tests of Standard Wavemeter (B) by Photographing 
Sparks. 


In order to obtain an absolute calibration of the standard 
wavemeter, the frequencies of the oscillations with which it 
was tested were determined by including a spark gap in the 
main oscillation circuit to which the wavemeter was loosely 
coupled and photographing the spark trains by help of a 
rotating mirror. 

The apparatus was arranged as follows :— 

The source of current was a small alternator whose fre- 
quency could be varied from 50 to 200 ~ per second ; this 
was connected through a small high voltage transformer to a 
spark gap with cadmium electrodes shunted by a glass plate 
condenser and a bare wire inductance in oil. A large 
variable air condenser consisting of six aluminium disks, each 
100 ems. in diameter, could be put in parallel with the glass 
plate condenser, and, by suitable variation of the capacity 
and inductance in circuit, oscillations of frequencies from 


300,000 to 1,200,000 ~ per sec>could be obtained. A 
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special camera (fig. 2) was constructed and mounted for 
rigidity on a long slab of sandstone. At one end of the 
camera was the rotating mirror, which was concave and of 
200 cms. radius of curvature. It turned on a vertical axis 
and was driven by a small motor, the speed being kept 
constant by an arrangement described below. The other end 
of the camera had two branches which carried respectively 
the spark electrodes and a pair of guides allowing the plate 
carrier to be smoothly raised or lowered while the rotating 
mirror threw the images of the spark trains as streaks upon 
the plate. The distance from the mirror to the plate was 
200 cms. The speed of rotation of the mirror was kept 
constant (usually at about 60 revs. per second) as follows. 
On the axis was mounted a commutator and this was connected 
with a condenser, a bridge, battery, and galvanometer, for 
Maxwell’s Commutator method of measuring capacity. By 
applying a slight variable brake to the rotating axis, the 
galvanometer light-spot could be kept at zero. When this 
was the case the speed was steady, and could be measured 
with a counter or deduced from the value of the condenser 
and the resistance in the bridge. From measurements of a 
number of the spark train photographs on each plate, tho 
average displacement from spark to spark was found ; and 
the frequency was calculated from this displacement, the 
distance from the mirror to the plate, and the speed of 
rotation of the mirror. 

While each photograph was being taken the reading of the 
standard wavemeter was also observed, care being taken to 
keep the coupling to the spark circuit very loose. 

The value (n) of the frequency obtained from the spark 
photographs was in each case compared with the values (»,) 
calculated from the measured values K and L of the capacity 
and inductance in the wavemeter circuit. Since the wave- 
meter coils have a certain amount of distributed capacity, it 
was necessary to take account of this. The required correc- 
tion was made by Glazebrook and Lodge’s formula (Cambridge 
Phil. Trans. p. 171, vol. xviii. 1899), 


N—2 k 


3 =] = —— 
peLK=1 N? 'K’ 


- m 
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where p= 22m, N=number of turns in coil, k= capacity from 
turn to turn, and the capacities and inductances are in 
absolute measure. The value of k was found by testing the 
capacities of coils with bifilar windings of wire similar to that 
in the coils used. The correction is small, being in no case 
more than l part in 1000. The results are given in Table II. 


TABLE II. 
J 
| n nı 
l By Sparks From K & L of 
| es ~ per sec. Standard Wavemeter. 
| ge ~ per sev. 
61 & 62 290 300 290,500 
47 516,800 516,800 
7 & 58 §18,300 821,200 


55 1,042,000 1,039,000 


We may remark that the small differences between n and 
n, are quite within the limits of probable experimental error. 
On the same plate the value of n deduced trom the various 
spark trains sometimes showed an extreme variation of 1:2 
per cent. from the mean; in the best experiments the 
variation was about 0'5 per cent. from the mean. In 
general the mean of 5 to 10 spark trains was used and the 
average variation from the mean was from 0°2 to 06 per 
cent. in the value of n. 


§ 6. Comparison of Wavemeter (A) with Standard (B). 


The condenser of (A) was tested throughout its range by 
Maxwell’s Commutator Method and gave the results shown 
in Table III. which shows the scale readings to be very nearly 
proportional to the capacity. At the higher readings the 
accuracy of measurement of K is here of the order of 2 or 3 
parts in 1000. 
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Tase III. 


20 126 6-1 
40 245 6-0, 
60 367 6.1, 
80 486 6-0, 
100 607 60, | 
120 724 60, | 
140 851 60, 
160 966 6-0, 
160 1075 59, 
The: coils :CA4;, AS, in to A9) were tested for self 


inductance (Lo) at ordinary frequencies. In Table IV. are 
¡ven the values found (including the working cireut ™ 
each case). Approximate dimensions of the winding are also 


TABLE LY. 
2a l d N Self inductan 
: Coil Axial Wire T J microhenries- 
Coil- | Diameter. Length. | Diameter. | ~"*?* | 
cm. cm. cm. Ly. L,: 
——  - —— ee al 
ee 52 107 032, 32 216, | 1 
Pe ual O 113 0:32 33 | 440, | £ 
AŽ- | a 56 | oo, | 55 | 1005 | %5 
AG? | ob; 96 002, | 95 | 1950 | 189 
yy Maile E 53 oo, | 90 | srg | 5# 
see be 8-9 0-05, | 150 | 1039 | 102 | 
A? ae Tahona See eee ere 


Jn the last column are given the values of Le (4 
give? "Jae of the self inductance for infinite frequent), 
the se that the current in that case is practically woa 
assur? p kin of the wire). These values have been calcula 


to th? 


Digitized b 


| 
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by the approximate fc 


ae 

Li— L= T 
where N=nun 
a =radi 

l =axia 

d = diam 


all the dimensions bein; 
The application of the 
quite appropriate, howe 
assumption that the sole 
The two wavemeters ` 
oscillation circuit and si 
frequencies. From the 
and the results in Table 
inductances of the coils | 
in Table V, 
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by the approximate formula (due to Heaviside) :* 


L,-—L,= ans FP 


in microhenries, 


where N=number of turns, 


a =radius of coil, 


l =axial length of coil, 
d = diameter of wire, 


all the dimensions being in centimetres. 

The application of the formula to such short coils is not 
quite appropriate, however, as it has been deduced on the 
assumption that the solenoid is long. 

The two wavemeters were then loosely coupled to the same 
oscillation circuit and simultaneous readings taken at various 
frequencies. From the calibration of (B) already established 
and the results in Table ILI. the effective values of the self 
inductances of the coils of (A) were deduced ; they are given 


in Table V. 


TABLE V. 


Comparison 
Frequency 


866,700 
394,800 
466,800 
473,400 
665,100 
284,500 
290,300 
322,800 


290,300 


Effective L L 
(deduced). : 
Microhenries. (Mean). 


20-1 199 
19-8 
42:6 42-5, 
425 


æ Collected Papers, vol. i., p. 356. 


Digitized by Google 
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From Table VI. it will be seen that the observed effective 
values of L (to be used in working the instrument) lie 
between L, and L, in all cases but the last. The discrepancy 
here may be due to an error of 0°5 per cent. in determining 
n which might occur in consequence of the reduced sensi 
tivity when using a coil of such high resistance as A9. 

The column headed Tap gives the values of L calculated 
from L, for the actual values of n by means of Coben's 
formula *. It will be noticed that this brings the observed 
and the calculated values of the inductances (at the high 
frequencies) considerably closer. 


TaBLE VI. 


a ae a RE | 


Coil. | Effective L. 


— v 


eee fee 
Pe eee 19:9 19-6 216, 95, 
N EN 425, 421 449, 420 
Anana 99-1 981 | 1005 975 
EEE 191-2 1908 | 1950 1898 
| eee 531 526 5318 524 
PC eer 104, 1029 1039 1025 


§ 7. Conclusion. 


i ears that within the limits of wave-length used, 
ee i with coils of well stranded wire gave ae 
in close agreement with theory, while in the case of : 
7 ent with coils of solid wire the agreement was 5 close 
nae be expected, as the correcting formulas are only 
a ble to long solenoids. 


the wavem 


as 
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sion I would express my best thanks for ei 
a to Major O’Meara and his staff; to Prof. R. : 
cong _ C. Booth and T. L. Eckersley; * 
aa a in the experiments ; and to Dr. Glazebroo 
rans ee and advice throughout the work. 
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DIscussION. 


Mr. W. DUDDELL said the paper was a valuable one because accurate 
experiments on self-inductiop and capacity at high frequencies were 
required. With reference to the photographs he asked if the Author 
had used his method to photograph arcs and, if so, with what results. 
lt would be interesting to know how low it is possible to get the apparent 
resistance of a coil with high frequency currents by stranding the wire. 

Dr. ErskinE-Mvurray, referring to Mr. Duddell’s remarks, said that 
in actual practice the resistance could not be reduced more than about 
10 per cent. by stranding. 

Mr. TAYLOR congratulated the Author, and pointed out that the 
wavemeters described could only be used at the transmitting station. 
Wavemeters were required which could be used at receiving stations. 
Referring to the question of stranding he pointed out that it was possible 
to overdo the stranding and obtain less satisfactory results than could be 
obtained by stranding with a fewer number of wires, 

Mr. G. B. Dyke called attention to experiments similar to those 
described which were being carried out by Dr. Fleming at University 
College. With reference to the spark photographs he was surprised 
that an accuracy of 1 in 1000 could be obtained. 

The AUTHOR in reply stated that as the whole distributed capacity of 
the inductance coils had very little etfect on the frequency of resonance, 
the dielectric hysteresis of the ebonite would be negligible except as 
regards damping. Sparks appeared to give sharper and more accurately 
measurable photographs than vacuum tube discharges or arcs, except 
mercury arcs, which gave the clearest and best pictures. 


LXIII. An Flectromagnetic Method of Studying the Theory of 
and Solving Algebraical Equations of any Degree. By 
ALEXANDER RUSSELL, M.A., D.Sc., and J. N. Ary, 
ALE E., Faraday House, London *. 


CONTENTS. 
. Introduction. 


. The Electromagnetic Method. 

. Quadratic Equations. 

The Equation to Curves passing through the Neutral Points. 
. Cubic Equations. 

. Finding the Roots of an Equation. 

. Description of Apparatus. 


NIIAMNP ON — 


l. Introduction. 


THE electrical device recently invented by Mr. Arthur 
Wright enables us to find approximate values of the real 


* Read June 25, 1909. 
VOL. XXL 3T 
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roots of an equation at once by simple mechanical and 
electrical operations. In order, however, to find approximate 
values of the imaginary roots it is necessary to perform 
certain analytical operations, and then apply the device to 
find the roots of an equation of a higher degree. The method 
described in this paper has the great merit of giving approxi- 
mate values of all the imaginary roots as well as all the real 
roots. It is not capable of such high accuracy as the Arthur 
Wright device, and it cannot be directly applied when the 
indices of the powers of the unknown quantity are fractional. 
On the other hand, it is exceedingly instructive, as it shows 
how the numerical values of both the real and imaginary 
roots vary as the coefficient of any power of the unknown 
quantity in the equation is varied. The apparatus required 
is exceedingly simple, and is to be found in practically every 
physical laboratory. We have found it quite a suitable 
experiment to include in a laboratory course for first year 
students. 

The method suggested itself to one of the authors when 
studying a series of papers by Mr. F. Lucas which are pub- 
lished in the Comptes Rendus, t. 106 (1888). The final 
electrical method (p. 1072) devised by Mr. Lucas is a practical 
one. A sheet of tinfoil is spread over a large flat plate of 
glass or other insulating material. If the equation is of the 
nth degree n+2 sources and sinks for electrical current are 
provided. ‘These are arranged on a line at equal distances 
apart. The currents in n+2 wires touching at the sources 
and sinks are adjusted so that they have certain definite 
values. The method of calculating these values is practically 
the same as in the method described below. The equi- 
potential lines are then traced out either by an electro- 
chemical method or by the Kirchhoff and Carey Foster 
method. If the line of sources and sinks be taken as thie 
axis of z, and the origin be chosen midway between the 
outer wires, the coordinates of the nodal points, that is, the 
points where an equipotential line intersects itself, enable 
us to write down all the roots, real or imaginary, of the 
given equation at once. If (2, y,) be the coordinates of a 
nodal point, we can see from the symmetry of the arrange- 
ment that (7, —y,) will be the coordinates of another nodal 


ee, EE ee 


METHOD OF SOLVING ALGEBRAICAL EQUATIONS. 913 


point. It follows from the method of adjusting the currents 
that 2,+y,/ —1 gives a pair of conjugate roots of the given 
equation. The real roots, therefore, are all given by the 
abscissee of the nodal points lying on the axis of X. The 
method is not rigorous, us Mr. Lucas has not considered the 
magnitude of the error introduced owing to the finite size of 
the conducting sheet. It would be very laborious to apply 
in practice. In solving a biquadratic, for instance, the 
currents in five wires would have to be adjusted to given 
values before the equipotential lines could be mapped out. 

We shall now describe an electromagnetic method, in which 
the horizontal field due to the earth’s magnetism is used in 
an analogous manner to the conducting sheet in Mr. Lucas’s 
method. A drawing-board with a slit cut in it, a few pieces 
of bell-wire, any form of “charm” compass, ordinary 
ammeters and rheostats or lamp-resistance boards such as 
are found in every physical laboratory can be utilized at 
once for the experiment (see § 7). 


2. The Electromagnetic Method. 


Let us suppose that we have to find the roots for the 


equation 
J (2) Sana" + anya" + 0.0 taS . © (1) 


We first, by the ordinary methods given in books on 
algebra, resolve the expression 


(c—b,)(x—,) ae (2 — bn) 
into partial fractions. The numbers b, ba... bn are any 
convenient numbers so chosen, however, that 
bi t+het ... +by = -apan e kl, (2) 


For example, if the second term of f(x) be missing we 
must choose by, bg, ... so that >b~=0. 


We thus obtain 


J (2) _ A, A, A 
(x£ — b,)(2— be) see (c— bz) ae xz—b, $ L— be mont as 
©. (3) 


where, by (2), 
A, +A +... +A,=0,..... (4) 
3T2 
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and 
* (by = bp) (by bs) > 7 (bg) (6g — b3) --. l » (5) 
and A Fn) 


* (ln — 01) (in — bg)... (ba — Dn —1) 


Let us now consider the magnetic field round a long 
vertical wire carrying a current of C amperes, and let u: 
suppose that the earth’s horizontal field in the neighbourhood 
is uniform, and that its horizontal intensity in c.G.s. units 
is H. The magnetic force at any point P at a perpendicular 
distance of r centimetres from the axis of the wire will be 
the resultant of a force C/5r acting at right angles to the 
plane containing r and the axis of the wire and a force H 
directed to the magnetic pole. There is always a neutral 
point* on the line through the axis of the wire perpen- 
dicular to the magnetic meridian. If z be the distance of 
this point from the axis 

a=C/(5H) . 2... (4) 
This formula is utilized in a well-known rough laboratory 
method of measuring H when C is known or vice versd. 

Let us now suppose that we have n vertical wires arranged 
ina plane perpendicular to the magnetic meridian, and let 


Fig. 1. 


them cut the plane of the paper perpendicularly at B, 
Ba .. B, (fig. 1) which are at distances bı, bz, ... bna from O. 
If Ci, Cs, ...C, be the values in amperes of the currents in 
the wires and H the horizontal intensity of the earth’s 


° A. Russell, ‘The Electrician,’ vol. xxxi. p. 282 (1893). 
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magnetic field, the components X and Y of the resultant 
magnetic force at P(x, yı) will be given by 


~x yı Cr yı Cg Wiig 
Ory. 7, O72" 73 an" 


and C, r,—b, C, X,—b, 
= Be: Ti Eo a nS 


where rm? = (1 —bn)? +y. 
Hence multiplying X by ¢ and subtracting we get 
Y+Xi=H+ (n by ) + (rby) + 
2 


C/5 | G/5 i 


=H+ — 
j tı+tyt—b,  atyt—b, 


At a neutral point the resultant magnetic force is zero, and 

therefore both X and Y are zero. Hence, if «, and y, are 

the coordinates of a neutral point, x; +y is a root of the 

equation 

O5 | 05. 
z— b + æ —b 


Comparing this with equation (3) we see that if we adjust 
the values of the currents so that 


C,=5H e A,/an, C= 5H ° A,/an, eee 
C,=5H .A,/a,, 


then zı +y is a root of the equation f(x) =0, and therefore 

—y,t is also a root. 

It follows from (4) that }C=0, and therefore only n—1 
ammeters and only n—1 rheostats are required. 

As an introduction to the method let us consider the theory 
of quadratic equations. 


O=H+ 25 ee wa 


3. Quadratic Equtionsa 
Let us suppose that the equation is 
v+be+c=0. 
In this case it is convenient to write 
vtbete =| cb cb 
(+b) wv wtb? 
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and, therefore, 


er+tbhete 
ee ee ee Be ss er. AS 
eee Tt Ge ea): (8) 
In fig. 2 let us suppose that the plane of the paper repre- 
sents a horizontal plane, and that H is the direction of the 


earth’s magnetic force. Let us also suppose that two long 


(5Uc/b)  (5He/b) 


Fig. 2. 


iN, 


vertical wires cut the plane of the paper perpendicularly at 0 
and B respectively, the length of BO being b centimetres and 
the magnitude of the current C, in amperes, in the O wire 
being 5Hc/b, and the B wire carrying the return current 
—5He/b. If the direction of the current C be into the paper 
at B and out of it at O, the circular lines of force due to the 
currents in each wire will act in the directions of the curved 
arrow-heads shown in the figure. 

We shall now consider how the numerical values of the 
roots of the quadratic equation alter as c, and therefore also 
C, increases from zero to infinity, b which we suppose to be 
positive remaining constant. 

We have already shown that the coordinates of the points 
at which the resultant magnetic force is zero, that is, the 
neutral points, determine completely the numerical values of 
both the real and imaginary roots of the equation. 

When c is very small and positive the neutral points lie 
between B and O. For a particular value of e, for instance, 
they are at N; and N, on the axis of X. We see at once 
from symmetry that ON, =N,B. If the length of ON, on 


METHOD OF SOLVING ALGEBRAICAL EQUATIONS. | 917 


the same scale that BO is b be — x, the roots of the equation 
for this value of c are both real and equal to —z,and —b + 7; 
respectively. As we increase the value of c, and therefore 
of the current in the wires, the neutral points N, and N, 
approach one another and coincide at P. In this case the 
roots are each equal to —b/2. For greater values of c the 
neutral points cannot possibly lie on BO as the resultant 
magnetic force due to the currents at all points of this line 
is greater than H. From symmetry the neutral points lie 
on the line N,PN, bisecting OB at right angles. For a 
particular value of the current they are at the points N, and 
N, on this line. [f PN,=y, then PN,=—y, and the cor- 
responding roots of the equation are —b/2+y,/—1 and 
—b/2—yy/—1. The real part of the imaginary roots is 
therefore independent of c, but the coefficient of /—1 
increases as c increases. 

When c is negative the curved arrow-heads in fig. 2 must 
be drawn in the opposite directions. N, will now be at a 
distance x, from O along OX, and N, will be at a distance 
—b— z, from O along OX’. The roots in this case, there- 
fore, are always real and of opposite sign, and continually 
increase numerically as ¢ increases. 

When 6 is negative the point B in fig. 2 will be to the 
right of OY, and the discussion of the roots in this case is 
equally simple. 


4. The Equation to Curves passing through the 
Neutral Points. 


From the preceding discussion it will be seen that the 
Jocus of the real roots of an equation determined in this way 
is the axis of æ. Fig. 2 shows that for a quadratic equation 
when b is positive the locus of the points giving the imagi- 
nary roots is the straight line N,'N,'. Similarly when b is 
negative it is the parallel line given by equation e=b/2. It 
is important to know the equations to curves on which the 
neutral points must lie in the general case. 

Let us suppose that «+ye is a root of tho equation 
f(—&)=0. In this case we have 


T (a + ye) =(), 
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and, therefore, by Taylor’s theorem, 
3 4 
TO O ORS 
p j 2 
+y f7 (x)— ge” (7)+... \ =0. 


This equation can be satisfied either by 
f(x)=0, and y=0,. e’ (9) 


or by 
f(2)-% iu (2) + 4 fe (2) — .=0 + (0 
a f' (ey) (a4 ps (ey—...=0 + (I) 


The equations (9) obviously give the real roots of the 
equation which must all lie on the line y =0, that is, on 
wee of X. The points of intersection of the equations (10) 
“ad 11) determine the imaginary roots. ' 

equation (11) does not contain the constant tem ° 
uation f(£)=0, it follows that it gives the curve locus 
the eq eries of imaginary roots of the equations formed by 
of a a Z Where the curve represented by equation 1) 
varyINe 1 xis of z we have f’ (.c)=0. At these points there 
cuts t st two equal roots. 
are at le quadratic equation 2?+b2+e=0, (11) become 

For t and this is the equation to the line of neutral 
20 +b= 0 yz! shown in fig. 2. 
points Sı 

ð. Cubic Equation. 


poe that the equation has been reduced to the 
Let us S" 
form e—Urte=0.. . . 
that 
MES a =H + © 2 C (13) 
5(a—b) ~ 5a * 5+) 


Poy): 
ee are 


, (12) 


where C= x 
In this ©?" ih 
Let them cut 
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sill ag. 3) three long vertical wires are use 
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and B, respectively, and let B,O =0B;=b. The currents in 
the wires passing through B, and B, must each be made 
equal to C, and the current in the wire passing through O 
should be the return current 2C. The arrow-heads indicate 
that the direction of the current flow is out of the paper at 
B, and B; and into it at O. H denotes the direction of the 
earth’s magnetic field. 

Let us now suppose that ¢ increases uniformly from zero 
to infinity. When c is small, and therefore the currents are 
small, two neutral points N,and N, obviously lie between 
O and B; and a neutral point N, lies along BX’. 


Fig. 3. 


Asthecurrent increases the neutral points N; and N; approach 
one another and the neutral point N,' moves along B,X’. For 
a particular value of c, N; and N, coincide at P, and we have 
two equal roots. For greater values of ¢ the neutral points 
N, and Ng move uniformly along the curve N,’PN;', one 
being as much above the line XX! as the other is below it. 
But the neutral point N, always moves along the axis of X. 

The equation (12), therefore, has always three roots. 
When c is small thev are all real, two of them being positive 
and one negative. For a certain value of ¢ the two positive 
roots become equal, and for greater values of ¢ we have two 
conjugate imaginary roots and one real negative root. Both 
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the real and imaginary parts of the conjugate roots continually 
increase as c increases. 
The equation to the curve N,'PN,’ in fig. 3 can be found 
at once from (11) ; it is 
gyal, 2. 


The negative branch of this hyperbola indicated by the 
dotted curve in fig. 3 gives the locus of the neutral points 
when ¢ is negative. In this case there is obviously always 
one real positive root. Increasing the value of b in (12) 18 
equivalent to putting the wires B, and B, further apart. 
This obviously increases the limits of the values of te 
tive real roots. When b is negligibly small we 5€? by 
that the locus of the neutral points is the two straight 
represented by 
(y— x£ ¥3)(y+a V3) =0. 
Hence the imaginary roots are of the form genie 
| Qty 18 the value of the real negative root. 
where rly we can discuss the roots of the equation 


Simla 
e+hetec=0. 
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the physicist to find quickly approximate values of these 
roots. 

If due precautions are taken the maximum inaccuracy of 
this method need not exceed one per cent. This is the 
accuracy obtainable by careful students, who need have no 
previous experimental training, in finding H by measuring 
the distance of the neutral point from a long vertical wire 
carrying a known current. 


7. Description of Apparatus. 


We shall now describe the simple apparatus we use for 
teaching purposes. In fig. 4 the arrangement of the apparatus 


for solving a cubic equation is shown. S, S represent springs 
attached to insulators. These are necessary in order to keep 
the wires taut. The wires are No. 16 single cotton-covered 
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wire, and pass through a long slit cut in a drawing-board 
BB. The ammeters A are any of the ordinary ammeters 
used in the laboratory reading up to 10 amperes, and are in 
series with lamp-boards and rheostats. The currents are 
adjusted to the required values, and a sheet of sectional 
paper with a slit in it is put on the board. By means of an 
ordinary charm-compass the neutral points can then be readilv 
found. It is advisable to make a little sketch of the lines of 
force near the neutral points, as this is a help in indicating 
their true position. The coordinates of these points read olf 
from the sectional paper give the rea] and imaginary roots 
of the equation. 


LXIV. An Instrument for Measuring the Strength of an 
intense horizontal confined Magnetic Field. By F. W. 
JORDAN, 2.Sc.* 


Tue field was produced in the gap betwen the conical 
pole pieces of a large electromagnet resembling a split 
toroid. The experiment consisted in measuring directly the 
transverse force on a conductor, traversed by a current in a 
direction at right angles to the field. The close agreement 
between the results obtained by this method and those by the 
ballistic method, shows that the following apparatus may be 
relied upon to measure the strength of intense confined fields 
to at least 1 part in 200. 

Two copper strips of uniform width, each cut to form 
three sides of a rectangle aba, were fastened together and 
connected by short tinsel leads to terminals, so that the 
current could be sent in the same direction through each of 
the insulated conductors. Bending of the long strips aa was 
prevented by a thin connecting plate of mica e. The lower 
part of a vertical strip d was fastened to the centre of the 
horizontal conductors 6 and the upper end was suspended 
from a helical spring s of phosphor bronze wire. The tension 
of this spring was adjusted by a screw fto 1aise the con- 


* Communicated by S. Skinner, M.A. Read June 25, 1909. 
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ductors to the sighted position, where a small circular hole 
in the vertical strip appeared to be bisected by a near 
horizontal wire. In the latter adjustment, parallax was avoided 
by using a single lens microscope p with a horizontal slit q for 
the eye aperture. The vertical motion of the conductors was 
limited by a projection moving between stops. 


Fig. 1. 


To make a measurement the apparatus was arranged so 
that the horizontal conductors were at right angles to the 
field at the centre of the gap. A known copper weight was 
suspended from the centre of the horizontal conductors and 
the strength of the current was adjusted to raise these to the 
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sighted position. At the same time the apparatus was moved, 
if necessary, to a position where the transverse forces on the 
vertical conductors were equal and opposite. 


The strength of the field 
F= © gausses 


where mg dynes is the force on the horizontal conductors &. 


l cm. is the sum of the distances between the centres 
of the vertical conductors aa. 
C is the current in absolute units. 


The helical spring showed an extension of 1:2 cm. per gm. 
and a load of 0'005 gm. produced an observable extension. 
The weights ranged from 1 gm. for fields of about 1000 
gausses to 8 ym. for fields of about 10,000 gausses. 
In a gap 1 em. wide the conductors became slightly 
unstable and drifted slowly to the near face of the gap. 
This initial movement was checked by stretching two hairs 
on either side of the vertical strip. 

The distance l as measured with a travelling microscope 
was found to be constant to 1 part in 1000 over the upper 
part of the conductors, 

The current was measured with an ammeter to 1 pare iu 
500 and ranged from 0°7 to 1:5 ampères. 

The tinsel leads were situated at right angles to the plane 
of the conductors and their terminal attachments were 
separated by the same mean distance as the centres of the 
vertical conductors. The maximum field strength in the 
direction of the leads was about 6 per cent of the field strength 
at the centre of the 3 cm. gap and 2 per cent at the centre 
of the 2 cm. gap. Thus the forces on the leads in this 
particular experiment were small and quite negligible. 

The strength of the field in the gap itself was uniform to 
about 2 per cent.,and since the diameter of the test coil in the 
ballistic method was made equal to the length of the hori- 
zontal conductor, it follows that no appreciable difference 
between the results of the two methods was to be expected. 

The minimum field strength measured was about 1000 
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gausses and the maximum field strength attained in the 
1 cm. gap was abont 13,000 gausses. The results obtained 
by this apparatus agreed with those of the ballistic method 


FIELD STRENGTH CGS UN/TS 


‘FIELD MAGNET CURRENT, AMPERES, 


to about 1 part in 400. The field strength curves for gaps of 
three different widths were constructed from the results and 
are shown as an example of use of this instrument. 


South Western Polytechnic Institute, Chelsea. 
26 May, 1909, 
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LXV. Ona Method of Determining the Sensibility ofa Balance. 
By J. H. Porntine, Se.D., F.R.S., and G. W. Topp, 
M.Sc.* 


In the method, as we have arranged it, a small frame 
(fig. 1, end view) is fixed at the centre of the beam of a 
16-inch Oertling balance. This carries two Vs about 2 cm. 
apart, and in the Vs lies a straight wire or fibre about 34 cm. 
long, parallel to the beam and level with the central knife 
edge. This wire takes the place of the ordinary rider, and 


Fig. 1. 


End view of V frame fixed to balance-beam. 


we shall call it “the rider.” Its weight is determined before 
use as accurately as possible by weighing on an assay balance. 
The sensibility is determined by moving the rider either to 
right or left a measured distance. If this distance is d, 
if the half length of beam is b, and if the weight of the rider 
is R, the movement is equivalent to an addition of weight to 
one pan, Ed/b. 

In order to move the rider a definite distance a stout hori- 
zontal rod (fig. 2) passes through the balance-case from side 
to side without contact with the case, and is supported at its 
ends outside, and independent of, the case. It is parallel to 
the beam and a little lower than the V frame. On the rod 
are fixed horizontally two Brown & Sharp micrometer-screws 
divided to ‘01 mm. and allowing an estimate of -001 mm. 
Their axes are in one line coinciding with the axis of the 
rider, and they are fixed so that one can bear against one end 
and the other against the other end of the rider. Their ends 


* Read June 25, 1909. 
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are plane and the ends of the rider are bluntly pointed. 
Each micrometer screw-head has a cross piece fixed on it, 
and a fork which can be rotated about an axis in the con- 
tinuation of the axis of the screw by a pulley outside the 
case, can engage with the cross piece, and so advance or 
withdraw the screw. The pulley is worked by an endless 
string passing to a pulley at the side of the observer, who is 
about 2 metres in front of the balance. The micrometer 
divisions are illuminated and each micrometer is viewed by 
its own telescope. The position of the balance-beam is read 


SSSSSASSSASSSSSSS 


SSS 


Arrangement of right-hand micrometer-screw. 


by a double-suspension mirror, telescope and scale. The scale 
is divided to millimetres and is about 3 metres from the 
mirror. The double-suspension mirror is fully described in 
the Phil. Trans. A, 1891, p. 572. It is of course not 
essential to the method, but was chosen because of the great 
magnification of the deflexion which it gives. 

Let us suppose that the value of the seale-divisions of the 
deflexion is to be determined by a movement of the rider 
from right to left. The two micrometer-screws are with- 
drawn so that neither is in contact with the rider, that on the 
left so far that the rider will not touch it in its subsequent 
travel. The beam is lowered and allowed to swing. Then 
the right-hand screw is advanced till it bears against the end 
of the rider and pushes it some small distance. The contact 
is seen to have occurred by the interference with freedom of 
swing, as watched in the telescope. The micrometer is then 
read. Let its reading be m. It is then withdrawn a little 

VOL. XXI. 3 U 
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so as to leave the rider free, and the centre of swing C; 1s 
determined in the usual way from three successive turning 
points. Then the micrometer is advanced again so as to 
push the rod a little further, and its reading m, is taken. 
It is then withdrawn and the new centre of swing C; is taken. 
If m,—m,=d, C,—C, divisions deflexion are due to an 
addition of Rd/b to the lelt pan. 

The right-hand micrometer may then be withdrawn and 
the left-hand micrometer may be brought into action in a 
similar manner, and so on, the two screws being used 
alternately. 

The balance-case was fixed on a shelf and was enclosed 
in a tin-foiled wood box with wool loosely packed between 
box and case. The case and box were provided with plate 
glass windows to view the mirror and the micrometer 
divisions. The following abstract of some determinations 
of sensibility will serve to show what accuracy may be 
attained :— 


I. Rider German silver wire, 7°35 mgm. 


Half length of beam, 20:272 cm. 
10 determinations alternately left and right. 

- Mean travel of rider............ 2°4850 mm, 
Mean deflexion ...............065 21°26 divisions. 
Mean value for 20 divisions... 0°0848 mgm. 
The separate determinations range between 

20 divisions =0:0877 
and 20 „  =0:0824. 


Il. The same rider. 


10 determinations alternately left and right. 
Mean travel of rider ............ 5:2713 mm. 
Mean deflexion ................0% 45°47 divisions. 
Mean value for 40 divisions... 0°1681 mgm. 
The separate determinations range between 
40 divisions =0°1722 
and 40 »  =0:1632. 
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III. Rider German silver wire, 189:05 mgm. 


~ 7 determinations alternately left and right. 
Mean travel of rider ............ 0:1764 mm. 
Mean deflexion .................. 38°70 divisions. 
Mean value for 40 divisions... 0°1691 mgm. 
The separate determinations range between 
40 divisions=0°1709 
and 40 » =0°1654. 


IV. The same rider. 
7 determinations alternately left and righ 
Mean travel of rider ............ 0:3004 mm. 
Mean deflexion ................65 64°84 divisions. 
Mean value for 60 divisions ... 0°2578 mgm. 
The separate determinations range between 
60 divisions =0°2612 
and 60 » 02518. 


LXVI. Zhe Balance as a Sensitive Barometer. 
By G. W. Topp, M.Sc.* 


Ir occurred to the author while testing with Professor 
Poynting the accuracy of a new method of determining 
the sensibility of a balance, described on p. 926, in which a 
thin rod or fibre is used instead of the usual rider, that a 
balance might with proper precautions be converted into 
a very delicate barometer. 

A difference in volume on the opposite sides of a balance 
will give rise to motions of the pointer when the density of 
the surrounding air changes. Small oscillations of the 
pointer, due chiefly to convection currents, become negligible 
if this difference in volume is sufficiently large. Alterations 
in the density of the air are produced by changes in pressure, 
in temperature, and in the percentage of aqueous vapour in 
it. By eliminating the effects of any two of these the 
variations in the other may be obtained. Thus the balance 
might be used either as a barometer, thermometer, or hygro- 


meter. 
è Read June 25, 1909, 
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where S is the scale-reading in the telescope. This ratio was 
the mean of several obtained by moving tbe rider a known 
distance and noting the deflexion in the telescope, taking 
into account the rate at which S was altering at the time. 
The quantity (V —v) differed by less than 1 c.c. from 760 c.c., 
so that 


4°6X10-8A 
OP =—~o73p 05+ 404. 


With the temperature and pressure variations acting 
together the whole scale would often pass across the field of 
the telescope in less than half an hour, and it had to be 
brought into view again by moving the rider in the required 
direction by means of the micrometer-screws. Observations 
of S and A were taken alternately every thirty seconds, and 
the barograph was obtained by plotting the terms on the right 
of the above equation and adding. 

The barographs showed many oscillations in pressure of 
the order of ‘02 mm., the period of oscillation being from 
ten to fifteen minutes, a period quite different from that of 
the balance. The question arose whether these oscillations 
were real oscillations of pressure, or whether they were 
caused by oscillations in temperature not shown on the 
mercury thermometer suspended in the balance in con- 
sequence of the capacity for heat of its bulb. 

To decide this question twelve thermojunctions were made 
with fine wires of copper and constantan, each wire being 
about six centimetres long. Six of these junctions were 
embedded in wax and placed in a box of brass filings, while 
the other six were left exposed to the air. The covered 
junctions having their capacity for heat made very large by 
the surrounding brass filings, would “lag” behind the 
exposed junctions and would not be affected by small oscilla- 
tions in temperature. The ends of this thermopile were 
connected to a low resistance galvanometer. One division 
on the scale was approximately equal to a difference of 
"009° C. between the exposed and covered junctions. When 
the thermopile was exposed in the room the scale-reading 
oscillated aimlessly to and fro, but when placed inside the 
balance no oscillations could be detected. The spot of light 
travelled slowly and uniformly in one direction, showing 
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that the temperature in the balance was slowly rising and 
that the covered junctions were “ lagging.” 

After this the temperature of the air inside the balance 
was measured by thermojunctions to avoid errors due to 
lagging. One set of junctions was kept at a fairly constant 
temperature in a Dewar tube containing water, the tem- 
perature being indicated on a Beckmann thermometer. 

An idea of the sensitiveness of such a balance-barometer 
may be obtained from the table given below and the corre- 
sponding micro-barograph. The observations given extended 
over half an hour. The Beckmann thermometer in the 
Dewar vessel indicated the same temperature throughout. 


~ TABLE. 
1° C. difference between the junctions in the balance and 
those in the Dewar vessel corresponded to 28°8 divisions 
on the galvanometer-scule. 
Galv. zero = 272-2. Room temp. = 139-8 C. Rider at 13:152. 


Time. | Telescope. | Galv. || Time. | Telesoope.| Galv. 


4-0 | 243-7 4—16 
239-1 

1 | 2433 17 

2 | 2426 18 
238-9 

3 | 2436 19 

4 | 2437 90 

5 | 2439 21 
2386 

6 | weg | 7 22 

7 | 249-2 23 

8 | 2449 24 
(2) 3 

9 | aw7 | 25 

10 | 245-0 26 

11 | 246-2 27 

12 | ypg | 78° 28 

13 | 244-0 29 

14 | 2401 30 

15 | age | 27T 31 


The second column in the table gives the telescope- 
readings of the balance-pointer, and the third gives the 
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galvanometer readings from which the temperature inside 
the balance is obtained. In the barograph the nearly 
straight curve represents the temperature, the lower irregular 


Fig. 1. 
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curve the actual observations of the position of the balance- 
beam, and the upper curve the positions reduced to a 
constant temperature. 

DISCUSSION. 


Mr. M. E. J. GĦEURY expressed his interest in Mr. Todd’s sucressful 
attempt to apply the well-known influence of barometric pressure upon 
the indications of a sensitive ba'ance to detect small variations in the 
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atmospheric pressure. Prof. Marvin has just described (Monthly 
Weather Review, 1908) a delicate recording barometer, which shows 
plainly variations of ‘05 mm.; another type of recording barometer, the 
statoscope, records variations of the order of 02 mm. Both instruments 
give traces which show, even in calm weather, a succession of irregular 
ripples of variable amplitude and period. The question presents itself : 
can such an elaborate method as the one described by the Author be of 
practical value, when such minute changes can be actually recorded by 
instruments which require practically no attention besides the adjustment 
of the zero, and now and again a time check, and need no temperature 
correction ? 7 

Another point of greater importance is that when such small changes 
as these can be detected, there is no means of discriminating between 
the meteorological variations and the purely artificial ones, due to the 
fact that the instrument is in a building in which for various reason 
there may be eddies and ascending or descending currents having nothing 
to do with the dynamics of the atmosphere, but leaving traces upon 
the record sheet. Itis probable that a large number of the variations 
observed are due to entirely artificial changes of pressure, and such sensi- 
tive instruments, to give records of any use, should be placed in an 
isolated and quiet position, far from a building, in a shelter designed for 
the purpose. . 

It is in the study of the degree to which such sensitive barometers are 
affected by artificial perturbations that Mr. Todd’s apparatus becomes 
useful. Such perturbations could be produced purposely and at regular 
intervals, and the magnitude of their effect on the instrument ascertained. 
To decide, therefore, if the records obtained so far by similar sensitive 
apparatus are the correct interpretation of genuine meteorological pheno- 
mena seems to be the only practical use to which Mr. Todd's ingenious 
apparatus can be put, but it is a very useful and necessary investigation 
to which much interest remains attached. 

The AUTHOR in reply to Mr. Gheury recognized the practical value of 
a self-recording instrument. In the telescope of his balance-barometer 
one-tenth of a division could be estimated, so that the sensitiveness was 
from fifty to a hundred times greater than that of the statoscope. It 
therefore might be worth the little extra trouble involved in compounding 
two records—the temperature variation and the balance pointer variation 
—each of which could be made automatically. 

The balance was little affected by sudden jars, such as the slamming 
of doors in other parts of the building. The opening or shutting of a 
door in the same room only occasionally caused a small motion, of the 
order of half a division, in the telescope. During observations thiy door 
was of course kept shut. A wave in the barograpb of the same period 
as that of the balance might be due to a momentary impulse transmitted 
through the building, but other waves would not be open to the same 
suspicion. 
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The following Candidates were e 
L. Barstow, J, DRE G., Hoyt 
C. C. 


ATERSON, E, H, ` 
F. E. Sarra. 


The following Paper was Tead ;— 
The Magne 


tic Fields and Indy 
Cylindrical, and Helical Currents, 


—.., 


February 22n 
| Meeting held at the I 


toya 
Prof, J, PERRY 


PRS. Pr 
The following Candidates Were ele 


“tL. Bragg and C, 
Prof, Perry announced that the 
VOL. XXI, ; 


f 


| 


PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON. 


SESSION 1907-1908. 


February 8th, 1907. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
L. Barrstow, J. pk G. Hunter, C. Jakeman, C. H. Lers, 
C. C. Parerson, E. H. Rayner, W. RoseNmaAiN, and 
F. E. Suru. 


The following Paper was read :— 
The Magnetic Fields and Inductive Coefficients of Circular, 
Cylindrical, and Helical Currents. By Mr A. Rosset. 


February 22nd, 1907. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
W. H. Braee and C. A. B. GARRETT. 


Prof. Perry announced that the Council had elected Dr W. H. 


VOL. XXI. ; a 
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EccLes as a Member of Council to fill the vacancy caused by the 
resignation of Prof. H. A. Wizson, F.R.S. 


The following Papers were read :— 

1. Transformer Indicator Diagrams. By Prof. T. R. Lyre. 

2. The Ionization of Gases by a Particles of Radium. By 
Prof. W. H. Brage. 


March 8th, 1907. 
Meeting held at the Royal College of Science. 


Prof. J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
E. Boarpman, G. H. Martyn, and J. S. G. Tuomas. 


The following Paper was read :— 
The Rate of Recovery of Residual Charge in Electric Condensers. 
By Prof, F. T. Trovuton, F.R.S., and Mr S. Russ. 


March 22nd, 1907. 
Meeting held at the Royal College of Science. 
Prof, J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
W. D. Burcuer, E. RurHerrorp, and W. Tuomson. 


The following Papers were read :— 

l. Experimental Mathematics. By Mr Pocum. 

2. Logarithmic Lazytongs and Lattice-work. By Mr Braxeszer. 
Mr R. J. B. Rossrts exhibited a Compensating Micro-manometer. 
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April 26th, 1907. 
Meeting held at the Royal College of Science. 
Prof, J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
T. Ayres, A. Buacxis, Jun., F. L. Horwoop, 8. Russ, 
and W. A. Sconie. 


The following Papers were read :— 
1. Electrical Conduction produced by Heating Salts. By Mr A. 
E. Garrett, 
2. The Influence of Pressure upon Convection Currents. By 
Mr W. S. Tucker. 
Mr W. B. Crorr exhibited some Solenoids which are turned by 
the Earth’s Magnetic Ficld, and some other Electrical Apparatus. 
Mr J. A. Tomkins exhibited a Simple Apparatus for mechanically 
illustrating the tangent and the sine laws. 


May 10th, 1907. 
Mecting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


The following Paper was read :— 


Stereoscopy with long Base-line. By Dr T. C. Porter. 
The effects were illustrated by examples on the screen. 


May 24th, 1907. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
Mrs Herta Ayrron and A. E. Hopason. 
The following Papers were read :— 


i. The Measurement of Mutual Inductance by the aid of a 
Vibration Galvanometer. By Mr A. CAMPBELL 
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2. The Rate of Decay of the Active Deposit from Radium. By 
Messrs. W. Witson and W. MAKOWER. 

Mr S. G. Brown exhibited an apparatus for Relay Working of 
long Submarine Telegraph Cables. 


June 14th, 1907. 
Meeting held at University College. 
Mr H. M. E cover, Vice-President, in the Chair. 


The following Paper was read :— 

Observations on the Electric Arc. By Mr W. L. Upsoy. 

Dr J. A. FLemine showed experiments upon the Poulsen Are as 
a means of producing electrical oscillations. 

Mr R. Apprerarp exhibited a Direct-Reading Conductivity- 
Bridge for rods. 


June 28th, 1907. 
Meeting held at the Central Technical College. 
Prof. W. E. Ayrton, F.R.S., Past-President, in the Chair. 


The following Candidate was elected a Fellow of the Society :— 
O. V. Tuomas. 


The following Papers were read :— 

1. A Cosine Flicker Photometer. By Mr J. S. Dow. 

2. Some Phenomena in Colour Vision. By Mr J. S. Dow. 

3. The Production of Sand-Ripples on the Sea-shore. By 
Mrs AYRTON. i 

Mr J. T. IrwIN gave a demonstration of his Hot Wire Oscillo- 
graphs and Wattmeters. 


October 25th, 1907. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair, 


The following Papers were read :— 

1. The Use of Variable Mutual Inductances. By Mr A. 
CaMPBFLL. 

2. Magnetic Oscillators as Radiators in Wireless Telegraphy. 
By Dr J. A. Fremine, F.R.S. 
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November 8th, 1907. 
Meeting held at the Royal College of Seience. 
Dr C. Carer, F.R.S., Vice-President, in the Chair. 


Tho following Candidate was elected a Fellow of the Society :— 
J. M. Gorpon. 


The following Papers were read :— 
1. A Graphic Method for Stream Lines and Eyuipotential 
Surfaces. By Mr L. F. Ricnarpson. 
2, The Lateral Vibration of Bars supported at two points with 
one end overhanging. By Dr J. Morrow. 


November 22nd, 1907. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


Mr Skinner exhibited specimens of Singing Sand. 
Mr L. Bairstow exhibited a Micromanometer. 
Prof. C. V. Bors, F.R.S., showed a Diabolo Experiment. 


Prof. H. A. Witson, F.R.S., exhibited a Gyroscope illustrating 
Brennan’s Mono-railway. 


December 13th, 1907. 
Meeting (informal) held at the Royal College of Science. 


An Exhibition of Apparatus was given by the following firms :— 
Messrs. R. & J. Beck, Ltd. ; The Cambridge Scientific Instrument 
Co., Ltd.; Casella & Co. ; Crompton & Co.; Elliott Bros. ; Everett 
Edgcumbe & Co.; Evershed & Vignoles; Clark Fisher & Wade. 
worth ; Gambrell Bros.; J. J. Griffin & Sons; A. Gallenkamp 
& Co. ; A. Hilger Ltd.; Leslie Miller; Nalder Bros. & Co.; Nalder 
Bros. & Thompson ; Newton & Co.; R.W. Paul; James Pitkin 


€ Co.; Ross Ltd. There was also an Exhibit by the Meteoro- 
logical Office. 
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January 24th, 1908. 
Meeting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 


Tho following Candidates were elected Fellows of the Society :— 
J. G. Howarrs and R. S. SurrE. 


The following Paper was read :— 
Recalescence Curves. By Mr W. RoseNnsars. 


Annual General Meeting. 
February 14th, 1908. 
Mceting held at the Royal College of Science. 
Prof. J. Perry, F.R.S., President, in the Chair. 
The following Report of the Council was read by the Secretary :— 


Since the last Annual General Meeting, thirteen ordinary Science 
Meetings and one informal Meeting of the Society have been held. 
Of these, twelve were held at the Royal College of Science; one, 
that on June 14th, was held at University College, by invitation of 
Prof. J. A. Fleming, F.R.S., and one, that on June 28th, at the 
Central Technical College, by invitation of Prof. W. E. Ayrton, F.R.S. 
The average attendance at the Meetings has been 58 as compared 
with 50 during the preceding year. 

The third Annual Exhibition of Apparatus by Manufacturers was 
held on December 13th, when the attendance of Fellows and 
Visitors amounted to about 200. 

Light refreshments are now provided before the Afternoon 
Meetings and after the Evening Meetings. This innovation appears 
to be appreciated, and it is hoped that the opportunity thus afforded 
will enable Fellows to become personally acquainted with each 
other, and to interchange opinions more readily than has been 
possible hitherto. 

The number of ordinary Fellows now on the roll, as distinct 
from Honorary Fellows, is 437, an increase of -11 on the number 
last year; 27 new Fellows have been elected, two Fellows have 
been reinstated, and two Honorary Fellows, namely, Prof. Gabriel 
Lippmann and Prof. Simon Newcomb, have been elected. There 
have been 11 resignations, the names of two Fellows have been 
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struck off the List for non-payment of subscriptions; and the Society 
has to mourn the loss by death of 6 Fellows, namely, one Honorary 
Fellow, P. J. C. Jules Janssen, and 5 ordinary Fellows, namely, 
Lord Kelvin, Sir W. Perkin, J. R. Brittle, J. MacFarlane Gray, and 
J. W. Kearton. 


The Report of the Council was adopted, 


The Report of the Treasurer and the Balance Sheet were pre- 
sented and adopted. 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—C. Curre, Sc.D., LL.D., F.R.S. 


Vice-Presidents who have filled the Office of President.—Prof. 
G. C. Fosrer, F.R.S.; Prof. W. G. Apams, M.A., F.R.S.; Prof. R. 
B. Crirron, M.A., F.R.S.; Prof. A. W. Rerrxnorp, M.A., F.R.S. ; 
Prof. W. E. Ayrton, F.R.S. ; Prin. Sir Artraur W. Rtcxer, M.A., 
D.Sc., F.R.S.; Sir W. pe W. Anney, R.E., K.C.B., D.C.L., F.R.S. ; 
SueLrordo BıipwELL, M.A., LL.B., F.R.S.; Prin. Sir OLIVER J. 
Loper, D.Sc., F.R.S. ; Prof. S. P. Thompson, D.Sc., F.R.S.; R.T. 
Grazesrook, D.Sc., F.R.S.; Prof. J. H. Poynrine, M.A., D.Sc., 
F.R.S. ; Prof. J. Perry, F.R.S. 


Vice-Presidents —W. Duper, F.R.S.; H. M. Evper, M.A.; 
Prof. J. A. Ew1na, E.R.S.; W. Watson, D.Sc., F.R.S. 


Secretaries.— W. R. Coorrr, M.A. ; Prof. W. Cassin, M.A. 
Foreign Secretary.— Prof. S, P. Tuomeson, D.Sc., F.R.S. 
Treasurer.—Prof. H. L. Cattenpar, M.A., LL.D., F.R.S. 
Librarian.—W. Watson, D.Sc., E.R.S. 


Other Members of Council.—A. Camrsert, B.A.; W. H. Eccres, 
D.Se.; A. Grirrirus, D.Sc. ; J. A. Harker, D.Sc.; Prof. C. H. LEES, 
D.Sc., F.R.S.; T. Marugr, F.R.S.; A. Russert, M.A.; S. Skinner, 
M.A.; S. W. J. Surrn, M.A.; Prof. L. R. WILBERFORCE, M.A. 


Votes of thanks were passed to the Auditors, to the Officers and 
Council, and to the Board of Education. 


Prof. J. Perry, F.R.S., the retiring President, then vacated the 
Chair in favour of Dr C. Carer, F.R.S., who delivered his 
Presidential Address. 
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TREABURER’S REPORT. 


THE position of the Society this year shows a deeided improve- 
ment. There are more new members than usual, and subseriptions 
have been paid more punctually. The balance in bank has 
increased by nearly £240, more than £100 of which, however, 
is due to composition-fees and recovered income-tax. The value 
of the securities has declined somewhat owing to the general 
depression, but this is probably of a temporary nature. There 
are no outstanding liabilities, and the income shows a healthy 
tendeney to excoed the expenditure. 


HUGH L. CALLENDAR, 
Hon. Treasurer. 
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Tus losses of the Society by death since the last general meeting 
have been few, but they include two most distinguished Fellows, 
Lord Kelvin and Sir W. H. Perkin. Both joined the Society in 
1875, Perkin in January, Kelvin in June. The work with which 
Perkin’s name is generally associated was chemical, and does not 
call for prolonged comment here. It must have been a great 
satisfaction to all who knew him, that he lived lung enough to 
receive the remarkable international tribute which but shortly 
preceded his death. Lord Kelvin was one of our earliest presidents. 
During his lifetime British Physicists had the satisfaction of 
feeling assured that amongst their number was one who was 
universally recognised as the foremost man in his department of 
knowledge. There have already appeared several obituary notices 
of Lord Kelvin by old pupils and others having much more 
intimate knowledge of him personally than I possess. Especially 
would I refer to an article by Prof. Ayrton in the ‘Times, 
possessing that touch of the imagination which is essential to a 
life-like portrait. Lord Kelvin was active in a great variety of 
fields, appealing to very varied types of mind, and to difterent 
classes of the community. The fact that he, au eminent pure 
scientist, was the inventor of electrical and nautical instruments 
of the highest practical utility, has been, I think, a most potent 
cause In impressing the value of science on the average English 
mind—I] say English advisedly. It is one of the chief reasons 
why English physicists are recognised by their countrymen and 
countrywomen as having some claim to be regarded as useful units 
in the population. Another side of Lord Kelvin’s activity also 
appeiled strongly to the public imagination. I refer to his 
fonduess for formulating theories as to matters of general interest, 
such as the internal state or age of the earth, or the supply of 
solar heat. These I regard rather in the light of scientific poetry. 
It is considered the privilege of the young to dream dreams, and 
Lord Kelvin’s mind was always young. Without imagination we 
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should lose most of the pleasures of life, and the imaginings of a 
mind like Lord Kelvin’s, even in subjects where facts are still 
sadly deficient, are likely to possess interest for all future workers 
in the field. But apart from what appeals to the popular mind, 
Lord Kelvin’s writings contain a vast amount of solid and most 
original work. He made substantial contributions to Hydro- 
dynamics and Thermodynamics, to Heat, Electricity, Magnetism, 
Elasticity, and Optical Theory. Of the subjects he has dealt 
with, Elasticity is the one on which I am most qualified to speak. 
The prominent feature in his work in that department is the 
tendency to give theory a form leading to concrete practical 
applications. When it was absolutely necessary, Lord Kelvin 
carried out intricate mathematical calculations of considerable 
length; but whilst he was undoubtedly an able analyst, analysis 
seemed with him always a means to an end. Once the end was 
reached, the perfection of the analysis, or its extension so as to 
reach results of greater symmetry or more generality, did not 
seem to appeal to him. Not infrequently, indeed, he did not take 
the trouble to publish the analysis at the time. The reason was 
certainly not mental inertia, quite the contrary. It was due, I 
think, to his intense mental activity. He had a constant flow 
of new ideas, one treading on the heels of another; and before 
any one idea had received a long exposure on the stage of his 
mind, another was pressing to take its place. Lord Kelvin 
almost at once obtained the recognition which his powers merited. 
He was not exposed when young to a lack of appreciation such as 
sometimes serves to sour those to whom distinction comes late in 
life. But allowing for all this, the generosity with which he 
recognised the value of the work of younger and unknown men 
was a very pleasing feature of his character. 

Turning to the question of the progress of the Society, I learn 
from Mr. Cooper that since 1903 our membership has increased 
by 30, or fully 7 per cent. With the increased number of persons 
concerned directly or indirectly with Science, one would naturally 
expect an increase in the membership of Societies such as ours ; 
but this tendency is opposed by increased specialisation and the 
consequent rise of new Societies. Considering modern tendencies, 
one class of the community from which I think we might 
reasonably have expected substantial support has accorded it but 
slightly. Ladies are freely admitted to our membership, but for 
sume reason they have not hitherto shown much eagerness to 
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avail themselves of this opportunity. Asan additional encourage- 

ment to them, I might refer to a recent departure, viz., the supply 
of tea and other light refreshments at the meetings. Tea at the 
Royal Society affords an opportunity for many valuable conver- 
sations, and I see no reason why tea at the Physical Society 
should not prove similarly useful. This departure is due, 1 think, 
in considerable measure to the more optimistic attitude which our 
Treasurer finds himself able to take with regard to our financial 
position. 

Another domestic occurrence I wish to refer to is a resolution 
of the Council intended to encourage speakers, especially the 
authors of papers, to be reasonable in the demands which they 
make upon the bank of time. The resolution runs: “ That with 
the object of facilitating discussion, the reader of a paper already 
printed and distributed should be invited to limit himself to 
20 minutes or to such time as the Chairman may think desirable, 
and speakers on the discussion to 10 minutes.” 

When there are several papers of some length down for reading, 
it is obviously impossible for all the authors to go into minute 
details unless the duration of the meeting is unduly prolonged. 


Papers of importance are usually in type and proofs are obtainable 
before the meeting. 


Those who are specially interested in the 
subject would most naturally derive details from the proof. The 


course most likely to be generally useful is for the author, after 
a brief resumé of previous knowledge, to give an outline of the 
leading new principles or results which he has reached, in a form 
intelligible to those who are not specialists. Such a statement, 
especially when accompanied by afew experiments or lantern-slides, 
will supply the average hearer with all he is likely to assimilate. 
The discussion after the paper is read should afford specialists the 
opportunity of criticising or of seeking explanations on specific 
points. It is obvious that if many Fellows wished to speak for 
10 minutes, the time available for discussion would soon be 


exhausted. But all that most speakers have to say on a paper can 
usually be said in 5 minutes or less. It will be my object when 
in the chair to give effect to the spirit of the resolution; but its 


success must depend largely on the reasonableness of individuals, 
and I trust that Fellows will not be found lacking in this pos- 
session. Before leaving the subject, I would express a hope that 
more of our ex-presidents may find it possible to put in an 
occasional appearance. Their intervention in discussions would, 
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I am sure, be generally appreciated, and prove an encouragement 
to those contributing papers. 

I propose now to give a brief resumé of the results of some 
work which bas occupied a good deal of my attention during the 
last two or three years. The National Antarctic Expedition of 
1901-4 was supplied with magnetographs, and the reduction and 
discussion of the curves was entrusted to the National Physical 
Laboratory. The work is still in progress, and when finally 
completed the results will appear in the official volumes of the 
Expedition. It occurred to me, however, that a preliminary 
account of some of the outstanding phenomena, on an occasion 
such as this, might serve a useful purpose; and this view, I am 
glad to say, recommended itself to the authorities of the Roval 
Society and the Director of the National Physical Laboratory. 

When referring to any British national undertaking, such as a 
war or a scientific expedition, one is expected to apologise for a 
greater or less amount of preliminary muddle. Perhaps as a 
variant I may be allowed to say a few words as to what should in 
my opinion be done when the next National Scientific Expedition 
is being prepared. Supposing the physical programme as extensive 
as in the late expedition, comprising subjects so large and diverse 
as Terrestrial Magnetism, Atmospheric Electricity, Auroral 
observations and determinations of Gravity, there ought to be at 
least two physical observers. These ought to be men of first-class 
University attainments, having a thorough knowledge of general 
physics, assuming that such men can be got who are at the same 
time strong, hardy, and persevering. Before the expedition sets 
out they should devote at least 6 months—better 12—to a special 
study of the subjects they will have to deal with, so as to obtain 
at least a general knowledge of the leading phenomena on which 
it is hoped that the expedition will throw further light. They 
should also make themselves thoroughly competent as observers. 
All the apparatus for the expedition should be ready and 
thoroughly tested at least three months before the expedition sets 
out, and the observers should use this apparatus sufficiently to 
become entirely at home with it. A programme should be drawn 
up, and the observers practised in its execution. To give 
confidence to the public, and represent different interests, it is 
probably necessary on such an occasion that committees of a 
somewhat unwieldy size should be nominated; but these com- 
mittees should delegate the construction of the programme for each 
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subject to one or two men who have an intimate knowledge of its 
recent developments, the general body contenting itself with seeing 
that the programme is based on common-sense as well as on special 
technical knowledge. The programme should be drawn up in 
ample time to admit of the observers being practised in its 
execution. Such a programme is not to be regarded as a cast- 
iron statute, because no one can foresee exactly what is going to 
happen; but it ought to make absolutely clear what are the 
physical aims of the expedition, and what are the most likely 
ineans of attaining them. The necessity for a programme would 
no doubt be lessened if the expedition were under the command 
of a Physicist of resource and ripe experience. But if—as is 
most likely—it is under the command of some one whose know- 
ledge of physical science is very limited, it is eminently desirable 
that some authoritative instructions should exist which will ensure 
that opportunities for promoting the scientific objects of the 
expedition shall be utilised to the utmost. It might also serve a 
useful purpose—though in so hurried an era as ours the idea may 
appear quixotic—if, on the return of the expedition and after a 
general examination of its results, something equivalent to a 
scientific court-martial were held by a competent judicial body 
whose expressions of approval or blame would carry weight. As 
matters stand, the observer who confines himself to purely scientific 
work—however efficient—can heve no assurance that he will not 
be entirely overshadowed by the doers of exploits which appeal to 
the popular imagination. 

Returning now to the ‘ Discovery’ 1901-4 Expedition: at the 
start the fates were most unpropitious. First one and then a 
second physicist was laid aside, and within a very short time of 
the date when the Expedition was due to sail there was no 
physical observer; whilst the magnetographs, which had been 
ordered in Germany, had not yet reached this country. Fortune 
then began to change. The Expedition secured the services 
of Mr. Bernacchi, who had but recently returned from the 
‘Southern Cross’ Expedition, which was the first to spend 
a winter in the Antarctic. The ‘Discovery’ sailed, leaving 
Mr. Bernacchi to follow with the pendulum apparatus and the 
magnetographs, after obtaining such practice as time might allow. 
The magnetographs then turned up at Kew, though not until I 
had left on my annual holiday. They proved to be of a type 
absolutely strange to all at Kew, and requiring more delicate 
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handling than the ordinary Kew pattern. Fortunately the 
services of Dr. Harker and Mr. F. E. Smith were available, and 
they succeeded in erecting the instruments and getting them to 
work. Mr. Bernacchi, however, had only a few days’ experience 
of them before he had to set sail. On returning from my holiday, 
I was somewhat perturbed to be met with high encomiums of the 
magnetographs on the ground of their sensitiveness. They had 
shown the wickedness of the electric trams, then a burning topic, 
in a particularly effective manner. I should have been still more 
perturbed if I had known that the quartz-fibre which carried the 
horizontal-force magnet when at Kew was the stoutest of the 
large number supplied. Such, however, proved to be the case, 
and as that fibre was broken ere the Antarctic was reached, it fell 
to Mr. Bernacchi to replace it by a succession of fibres giving the 
instrument a sensitiveness four or five times that customary in 
Europe. The natural result was a not infrequent loss of trace, 
and a lot of extra trouble to the observer and to those who have 
had to reduce the curves. The sensitiveness of the declination 
magnetograph—regarded as a measurer of angles—was little over 
half that of the Kew magnetograph ; but in the Antarctic, where 
the horizontal force was only about a third of that in England, it 
had as a measurer of force a sensitiveness some 50 per cent. 
greater than that of the Kew magnetograph at Kew. If the 
sensitiveness of these two instruments had been a fifth of what it 
actually was, it would have been agreat improvement. The third 
instrument—recording vertical force—as used in the Antarctic 
did not err in the direction of over-sensitiveness—rather the 
opposite, but it had unfortunately a very large temperature 
coefficient. This coefficient can be determined satisfactorily only 
under the conditions of actual use. To have determined the 
coefficient at Kew, where the vertical force is opposite in sign to 
that in the Antarctic, and only three-fifths. as large, would have 
been futile. In the Antarctic, unfortunately, a direct determina- 
tion was not found feasible, and not the easiest of my labours 
during the past year has been to extract the necessary information 
from the Antarctic curves themselves. Thanks to the excellent 
behaviour of a sensitive self-recording metallic thermometer inside 
the vertical-force magnet box, and to the nature of the tem- 
perature changes experienced, the problem has I think been 
successfully dealt with; but the labour of reducing the vertical- 
force records has been at least trebled. It will, I hope, be clearly 
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understood that the previous remarks have no bearing on the 
question of the suitability of the type of magnetograph for use 
under normal conditions. They are directed solely to explaining 
wherein the exceptional conditions of the Antarctic had not been 
provided for. Without some explanation of this kind, it would 
have been impossible for you adequately to realise the difficulties 
with which Mr. Bernacchi had to contend, difficulties for which he 
was in no way responsible, and which no one I think could 
have encountered with unvarying success. I would take this 
opportunity of acknowledging the valuable assistance given by 
Mr. Bernacchi throughout the whole reduction of the magnetic 
curves. At the start he spent some months at Kew arranging 
the material, and he tabulated a large proportion of the declina- 
tion curves. Subsequently the tabulations were carried on by 
two junior assistants, Mr. Maudling and Mr. Gendle, who both 
proved most expert and discriminating tabulators, and did 
excellent work. 
I shall now show some Jantern-slides, for which I am indebted 
to Mr. Hugo, of the National Physical Laboratory, which will I 
hope give a general idea of the principal results derived from the 
magnetic curves. Asa preliminary, I shall show a slide of Kew 
declination curves (fig. 1), as being of a type more suited to explain 
the general character of magnetic records. To economise photo- 
graphic paper, two successive days’ records are taken on the same 
sheet. There are thus two curved lines, each with its correspond- 
ing straight base line. The upper curved and the upper base line 
refer to the first day. The paper is wound round a drum turned 
by clockwork. The base line is produced by light reflected from 
a sixed mirror, the pencil of light being interrupted for a few 
minutes at two-hour intervals, so as to mark the time. The curved 
line arises from ligk* reflected from a mirror carried by a freely 
suspended horizontal magnet. The magnet alters its direction as 
the declination alters, the mirror turning with it, and the reflected 
light moves across the paper, thus altering the ordinate of the 
curved line, 2. e., its distance from the base line. 

In this case, the positive direction answers to increasing westerly 
declination, a change of 1 cm. in ordinate meaning a change 
of 8-6 in declination*. The equivalent of 1 cm. depends on the 
distance between the photographic paper and the magnet. If the 


* The curve is reproduced here on a reduced seale, 1 cm. representing 
approstimately 18° of declination, 
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: hed. the base line should answer to a 
ment remains untouched, is determined by refer- 
ain constant declination, a a unifilar magneto- 
a aaceaaer naar ne that the absolute declination 
ter. Suppose, for ia ie 16° 30' W., and that the curve 
served at a certain timo Then the base-line value is less 
cdinate at this hour is + 5 cm. l 1e b : 
han the observed value by the equivalent oon spunea x 
s15 47° W. From this known value of the base line, and 
known equivalent of 1 em. of ordinate, we can now iy ne 
Aechination at any speci fied instant. Fig. 1 represents ae = 
magnetic conditions. The large regular increase of or saad ae 
the start answers to the swing of the magnet to the west in the 
forenoon and early afternoon, which is the most conspicuous 
feature of the diurnal variation in England at all seasons of 
the year. l 
The next slide (fig. 2) represents magnetic curves actually taken 
in the Antarctic. They present many conspicuous differences 
from the Kew curves. In the Eschenhagen instrument all three 
elements—declination, horizontal force, and vertical force—are 
recorded on one drum. On the other hand, only one day’s curves 
are recorded on each sheet. The curve for each element has its 
own base line, and in each the trace is interrupted once an hour. 
In the figure, D, H, and V indicate the Declination, Horizontal 
Force, and Vertical Force curves respectively, D,, H,, and V, the 
corresponding base lines. T indicates the temperature of the 
metallic thermometer inside the vertical-force magnet-box. It 
has the same base line V, as the vertical-force curve. The day 


sclected, strange as it may appear, represents an unusually quiet 


state of matters for the Antarctic, The declination and horizontal- 


foree magnets were practically never at rest, and the incessant 
disturbances render it dillicult to recognise the ch 


aracter of the 
regular diurnal variation. 


It will be noticed that the D and H 
curves nearly interfere, and at first one may feel disposed to reflect 
on the observer for having the traces so near each other. 
the traces separate was, however, only one of the objects he had to 
aim at; a still more important thing was to keep all on the sheet 
It was thus prudent to have the traces near the centre of thë 
sheet during quiet times. 


Keeping 


The next slide (not reproduced) 
exceptional disturbance. T 


nearly 5° of declination, bu 


shows a day of by no means 

he full width of the sheet answered to 

t the declination trace on this occasion 
b2 
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actually crossed from side to side in about 20 minutes. A curious 
interrelation is visible between the vertical-force and temperature 
traces, the one coming down the sheet when the other went up. 
This really arose from the large temperature coefficient of the 


vertical-force magnet. 
When driven at the normal speed, the drum carrying the photo- 


graphic paper rotated completely in 25 hours. If the observer 
Fig. 3. 
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allowed a longer interval than this to elapse between starting and 
stopping, a second day’s trace began to superpose itself on the 


first. 
for the exigencies of the Antarctic. 


A margin vf one hour in the day proved somewhat narrow 
In particular there were 


occasional wind storms of such violence that it was too dangerous 
to venture as far as the magnetic hut, and the observer had to 


wait until the worst of the storm was over. 


Exactly the same 
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rouble, it may be mentioned, was experienced by the recent 
American (Ziegler) Polar Expedition in Franz Josef Land. On 
the rare occasions when a blizzard delayed Mr. Bernacchi’s visit 
to the magnetograph, there was considerable superposition of the 
traces, and their disentanglement has not always been found 
possible. 

I pass now to the data for the diurnal variation of the magnetic 
elements, as derived from the curves. To deduce the regular 
diurnal inequality for a given month or season, one measures the 
curve ordinate at every hour, finds the mean value for each hour of 
the 24, and finds the difference between this and the corresponding 
mean for the entire day. It will again be convenient to illustrate 
this first by reference to Kew results. Fig.3 shows the nature of 
the diurnal inequality of declination at Kew, at midsummer (June) 
and midwinter (December). The horizontal line OO answers to the 
mean value for the day. The positive direction in the ordinate 
signifies that the north end of the magnet is pointing to the west 
of its mean position. The curves are really drawn to different 
scales, so chosen as to give the sume mean length of ordinate for 
each. If drawn to the same scale, the June curve would have a 

range nearly 24 times that of the December curve. 

It will be seen that the curves, though differing slightly in the 
time of the westerly maximum, still closely resemble one another 
during those hours of the day when the changes of declination 
are most rapid, but they differ notably in the early morning. 


The next slide (fig. 4) is intended to assist in trasferring the 


imagination to the Southern hemisphere. The curves all show 


declination, and in all a positive ordinate represents movement of 


the north pole towards the west. The stations are selected so 


that pairs possess nearly equal north and south latitudes. Thus 
Toronto and Hobarton have latitudes about 43°, Colaba and 
Mauritius about 20°, Trevandrum and Batavia about 7°. As 
regards climate, the difference between December and June 
is more marked in high than in low latitudes, but this is not 
the ease as regards the type of the declination curve. Looking at 


either the June or the December curves, one can see a gradual 


transition from Toronto to Hobarton. Certain inconspicuous 


features of the midwinter curve in one hemisphere are cases 


apparently of arrested development, answering to prominent mid- 


summer features in the other hemisphere. But the principal 


point calling for atiention is the nature of the difference between 
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the June curve at Toronto and the December curve at Heobarton ; 
t. e., the midsummer curves at the extreme stations. They are 
almost the exact opposites of one another. When the needle at 
Toronto moves to the west, that at Hobarton moves to the east. 
In other words, if we drew these two curves so that up the sheet 
meant movement to the west at Toronto, but movement to the 
east at Hobarton, they would closely resemble one another. It 
night thus be expected that in dealing with declination in the 
Antarctic, the positive direction of the ordinate would be taken as 
answering to movement of the north end of the magnet to the 
east. There is here however a little difficulty, which figure 5 will 
explain. 


Fig. 5. 


The ‘ Discovery's’ “ Winter Quarters” were to south-east of 
the south magnetic pole, so that the declination needle ns (n being 
the “north ” pole) oriented itself as shown relative to the geogra- 
phical meridian NS. If, following the usual practice, we define 
NOn as the declination (easterly), then an increase of easterly de- 
clinatien really means a movement of n towards the geographical 
west. In such a topsy-turvy state of matters one does not know 
what to expect the magnet todo. It has thus appeared simplest to 
take the positive direction of the ordinate as answering to increase 
in the declination angle NOn. 

The two slides now to be shown (not reproduced) represent the 
regular diurnal variation of declination at Winter Quarters for 
each month of the year. To get smooth curves one would of 
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course require a good many years’ data, but in every case the 
general character is quite clear, The range is 5 or 6 times as 
large as that at Kew. From May to July the sun was con- 
tinuously below the horizon, but the diurnal range remained large, 
at least double that at Kew at midsummer. Another remarkable 
fact, the small seasonal change in the type of the diurnal varia- 
tion, will be better seen in the next shde (fig. 6), which gives mean 
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results for 3 seasons :— Midwinter (May to July), Equinox (March, _ 
April, September, October), and Midsummer (November to 
January), as well as for the whole year. 
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arves pass through or close to all the observation points, 

they are remarkably smooth. The way in which the 
weal?? irregularities —z. e., the disturbances which either 
> period or a very long period—cut out is truly extraordinary. 
ne Arctic stations, observers have described a fundamental 
ence of type between the diurnal inequalities derived from 
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all and from quieter days. At “ Winter Quarters ” the regular 
diurnal mequality shows a decidedly reduced range on the 
quieter days, but the difference in type appears small. At Kew 
and in temperate latitudes generally, as figs. 3 and 4 show, the 
changes of declination during the day are conspicuously larger 
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and more rapid than those during the night. At “ Winter 
Quarters” there is no such conspicuous difference. Also the 
hours at which the extreme positions are reached, about 9 A.M. 
and 7 P.M., are so totally different from those customary, that it is 
difficult to say exactly wherein the Antarctic declination curves 
resemble and wherein they differ from those of temperate latitudes. 


Fig. 8. 
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Vig. 7 illustrates the diurnal inequality of the horizontal force, 
¢. e., the variation in the intensity of the force directed along the 
local magnetic meridian. The positive direction of the ordinate 
means an increased value of the force; the unit, 1 y, represents 
-00001 C.G.S. The horizontal force at ‘ Winter Quarters” was 
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little over a third of that at Kew, but the range of the diurnal 
inequality at Winter Quarters is at least 50 per cent. greater 
than that at Kew, whether at midwinter or midsummer. The 
type of the inequality again varies but little with the season, and 
is quite unlike that at any temperate station. 
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Fig. 8 illustrates the diurnal inequality of the vertical force. 
The unit again 18 l y, and the positive direction of the ordinate 
answers to increasing force. The vertical force of course in the 
Aeee pulls the south pole of a dipping needle downwards. 
The range is on the whole slightly less than in the case of the 
horizontal force, but quite double that at temperate stations in 
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Europe. It should, however, be mentioned that at “ Winter 
Quarters” the vertical force is fully 10 times the local horizontal 
force, and more than 69 per cent. larger than that at Kew, so 
that compared to the size of the element the range of the vertical 
force at ©“ Winter Quarters ” is not so noteworthy. 

There is some little apparent difference in type in the vertical 
force diurnal inequalities at different seasons. The kink, however, 
in the early morning part of the midsummer curve may be at least 
in part “accidental,” as it occurs during those hours of the day 
when disturbances were most prominent. For most months of 
the year one had records for two years 1902 and 1903, but for the 
three midsummer months practically only from one year. 

Fig. 9 illustrates the diurnal changes in the inclination as 
calculated from the corresponding changes in horizontal and 
vertical force. Increasing positive ordinate answers to increase 
of (Southerly) dip. The“ Winter Quarters” was at no very great 
distance from the S. magnetic pole. The daily range however in 
the dip is by no means abnormally small, being in fact over 50 per 
cent. larger than at Kew. Whether the bend near 6 a.m. in the 
curve for midsummer is really representative, or is merely the 
product of ‘accidental ” disturbances, it is difficult to say. 

The last group of slides are of a different type. They are what 
are called “ vector diagrams.” Fig. 10—copied from the Phil. 
Trans. A, vol. 204, 1905—gives side by side vector diagrams for 
Kew (thicker lines) and Falmouth (thinner lines), for each of two 
midsummer months. The object of showing the curves for the 
two places is to emphasise the fact that the type of a vector 
diagram does not under normal conditions vary rapidly with 
longitude. Kew an inland station and Falmouth on the sea-coast 
differ notably in the diurnal variation of meteorological elements 
such as temperature (near the earth’s surface), but so far as changes 
of terrestrial magnetism are concerned the differences are small. 

Leaving now the Falmouth curves alone, let us concentrate our 
attention on the Kew curves, taxing say for illustration that for 
June. The line drawn from the origin—where the north-south 
and east-west coordinate axes cross—to say the point 12 on the 
curve represents in magnitude and direction a disturbing force 
which would account for the observed departures in the horizontal 
components of the magnetic force at the hour 12 (noon) from 
their mean values for the day. Supposing, for instance, that the 
diurnal inequality were entirely due to electric currents in the 
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atmosphere, this line represents the horizontal component of 
the magnetic force exerted by these currents at noon at the earth’s 


Fig. 10. 


le 


surface. N.S. and E.W. represent the geographical north-south 
and east-west directions, the line to M the local magnetic meridian. 
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The hours are counted from 0 (midnight) to 23. The disturbing 
force, it will be seen, goes right round the compass in 24 hours, 
travelling in the direction of the hands of a watch. The forve is 


Fig. 11. 
M N 


OCTOBER 


NOVEMBER DECEMBER 


much larger, and changes its direction much more rapidly, by day 
than by night. The season chosen is that when the curve is most 
symmetrical, but even at midsummer its asymmetry is consider- 
able. The next slide (fig. 11) shows the October, November, and 
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Fig. 12. 


Midsummer. 
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December vector diagrams, again for Kew and Falmouth. If the 
Falmouth diagram did not serve to corroborate, one might well 
hesitate to accept the Kew diagram for December as bearing even 
a distant resemblance to the actual facts. As we approach mid- 
winter, a loop appears in the part of the diagram answering to the 
night hours. This really arises from the fact that the diurnal 
inequality has at most places an important 12-hour component, 
and at Kew this is able to assert itself prominently at midwinter. 
The scale of force is exactly the same in figures 10 and 11. The 
distances of the points marked N, E, S, and W from their corre- 
sponding origin represent in all cases 10 y. 

This will help to bring home the fact of the great increase in 
the intensity of the forces to which the regular diurnal inequality 
at a temperate station is due as we pass from midwinter to mid- 
summer. | 

The next and last slide (fig. 12) gives vector diagrams for 
“Winter Quarters” for the whole year and the same three 
seasons as in figs.6 to 9. As in fies. 10 and 11, NS and EW 
are drawn in and perpendicular to the geographical meridian. 
MM’ represents the magnetic meridian, the north pole of the 
magnet pointing towards M. The distance from the origin to 
N, E, S, or W is 10 y. The hours 0 to 23 are counted from mid- 
night. IT will at once be seen that there are remarkable differences 
from the phenomena at Kew and Falmouth. Seeing that we are 
dealing in fig. 12 with a station in the Southern hemisphere, the 
fact that the direction of motion is anti-clockwise is not to be 
regarded as an anomaly, though it might have been an unsafe 
@ priori conclusion. But, for one thing, there is much less 
a-symmetry than in England. Again, the diagrams for the 
different seasons differ but little in type; and the differences, 
as regards amplitude and rate of motion of the radius vector, 
between the “day” and “night” hours are relatively incon- 
spicuous. From a mathematical standpoint the most striking 
peculiarity in the diurnal inequality in the Antarctic in all the 
elements is the large size of the fundamental or 24-hour Fourier 
“ Wave ” as compared to the harmonics of shorter period. 
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SESSION 1908-1909. 


February 28th, 1908. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Caren, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. Contact Potential Differences determined by Null Solutions. 
By Messrs. 8S. W. J. Smita and H. Moss. 

2. An Experimental Examination of Gibbs’s Theory of Sarlac 
Tension as the Basis of Adsorption, with an Application to the 
Theory of Dyeing. By Mr. W. C. M. Lewis. 


March 13th, 1908. 
Meeting held at the Imperial College of Science and Technology. 


Dr. C. Cures, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
A. E. GARRETT, A. E. Harr, and W. R. Wituiams. 

The following Papers were read :— 

1. The Distribution in Electric Fields of the Active Deposits of 


Radium, Thorium, and Actinium. By Mr, S. Russ. 
VOL. XXI, & 
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2. A Note on certain Dynamical Analogues of Temperature 
Equilibrium. By Prof. G. H. Brrax. 


March 27th, 1908. 


Meeting held at the Northampton Institute, Clerkenwell, by the 
kind invitation of the Governing Body and the Principal. 


Dr. C. Career, F.R.S., President, in the Chair. 


The following Papers were read :— 

1. Notes on the Plug Permeameter. By Dr. C. V. Drrspats. 

2. The Use of Shunts and Transformers with alternate-current 
measuring Instruments. By Dr. C. V. Dersmare. 

3. Wattmeters, By Dr. C. V. DRYSDALE. 

An Experimental Demonstration of Alternate Current Wave 
Propagation in a Helix was given by Dr. C. V. Dayspats. 


April 10th, 1908. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curre, F.R.S., President, in the Chair. 


i Fellows of the Society :— 
The following Candidates were elected 
iii NERE D. Cuatmers and E. N. LADLER. 


llowing Papers were read :— Sia 
b ge tie Sse Investigation of the nature of Gamm 
MADSEN. l à 
Prof. W. H. Brace and Mr. T 
u smt ah on Artificial Fulgurites. By 
BUTCHER. ea 
3. Short-Spark Phenomena. By Mr, W. Dep 
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The following Papers were read : 

1. A Modified Theory of Gravita 

2. An examination of the Form 
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May 8th, 1908. 
Mecting held at the Imperial College of Science and Technology. 
Dr. C. Curre, F.R.S., President, in the Chair. 


The following Papers were read :— 
1. A Modified Theory of Gravitation. By Dr. C. V. Burron. 
2. An examination of the Formule for Grading of Cables. 


Mr. C. S. WHITREEAD. 
3. Illustrations of Geometrical Optics. 


By 


By Mr. R. M. ARCHRR, 


May 22nd, 1908. 
Meetings held at. the Imperial College of Science and Technology. 
Dr. C. Corer, F.R.S., President, in the Chair. 


A Special General Meeting was held at which the following 
Resolution was passed :— 

Resolution: —“ That the Articles of Association contained in 
the printed document submitted to the Meeting, and, for the 
purpose of identification, subscribed by the Chairman thereof, be, 
and the same are hereby adopted as the Articles of Association of 


the Society.” 
An Ordinary Meeting of the Society was then held. 


The following Papers were read :— 

1, The Spectrum Top. By Mr. F. P. Sexton. 

2. The Coefficient of Diffusion. By Mr. R. W. Crack. 

3. The Production of Small Alternating Currents of Variable 
Frequency. By Mr. B. S. Conen. 


June 12th, 1908. 
Meetings held at the Imperial College of Science and Technology. 
Dr. C. Curee, F.R.S., President, in the Chair. 


A Special General Meeting was held at which the following 


Resolution was confirmed :— 
Resolution :—‘‘ That the Articles of Association contained in 
the printed document submitted to the Meeting, and for the 
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purpose of identification, subscribed by the Chairman thereof, be, 
and the same aro hereby approved; and that such Articles of 
Association be, and they are hereby, adopted as the Articles of 
Association of the Society.” 


An Ordinary Meeting of the Society was then held. 


The following Papers were read :— 

1. Experiments on a Directive System of Wireless Telegraphy. 
By Messrs. E. Bettini and A. Tost. 

2. The Lateral Vibration and Deflection of Clamped-Directed 
Bars. By Dr. J. Morrow. 

3. The Resistance of a Conductor of Uniform Thickness whose 
breadth suddenly changes, and on the shape of the Stream-lines. 
By Prof. C. H. Less. 

4, The Inductance of two Parallel Wires. By Dr. J. W. 
NICHOLSON. 

- 5. Homogeneous Secondary Radiation. By Dr. C. G. Barxta 
and Mr. Saver. 

6. Note on the amount of Water in a Cloud formed by ex- 
pansion of moist air. By Prof. W. B. Morton. 

7. An Elementary Treatment of the Motion of a Charged 
Particle in a Combined Electric and Magnetic Field. By Prof. 
W. B. Morton, 


October 23rd, 1908. 


Meeting (informal) held at the National Physical Laboratory, by 
' the kind invitation of the Director, Dr. R. T. GLAZEBBOOK, 
E.R.S. 


The laboratories were thrown open for inspection, and demon- 
strations were given by Mr. Bairstow, Mr. Campbeil, Dr. Harker, 
Mr. Jeffcott, Mr. EEO Dr. saj ner, Mr. Rosenhain, Mr. poeton, 
and Mr. Stanton. - = 

A largo number of Fellows and Visitors were pat 
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November 13th, 1908. 


Meeting held at University College by the kind invitation 
of Prof. F. T. Trovron. 


Dr C. Curre, F.R.S., President, in the Chair. 


The following Candidate was elected a Fellow of the Society :— 
B. J. PALMER. 


The following resolution of condolence on the death of Prof. W. 
E. Ayrton was moved by the President, supported by Prof. Carey 
Foster and Prof. S. P. Thompson, and unanimously adopted :— 


“ This Meeting of the Physical Society desires to record its 
sense of the great loss sustained by Physical Science and 
by the Society through the death of their Past-Prřesident, 
Professor Ayrton, and to express their sincere sympathy with 


Mrs. Ayrton and the other members of Professor Ayrton’s 
family in their bereavement.” 


The following Papers were read :— 


1. The Photo-electric Properties of Potassium-sodium Alloys. 
By Prof. J. A. Fremine. 


2. The Recombination of Ions in Air. By Dr. P. PHILLIPS. 


3. The Influence of a Magnetic Field on the Photographic 
Patterns produced by the Electric Spark. By Prof. A. W. Porter. 


4. The Rate of Growth of Viscosity in Congealing Solutions. 
By Mr. A. O. RANKINE. 


5. The Isoneres of Adsorpti i . 
rption by Solid Surfaces from Solutions. 
By Prof. F. T. Trovrow, 


Prof. A. W. Porrer showed an Experiment illustrating the 
Anomalous Effect of Lagging thin Wires. 


November 27th, 1908. 
| Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curge, F.R.S., President, in the Chair. 


_ The following Candidate was elected a Fellow of the Society :— 
R. L. Jones. 


` The following Papers were read :— 


1. A Graphic Method ie ws i , 
of Dealing with Refracting Surfaces. 
By Mr. H. S. ALLEN. j 5 
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2. An Accurate Method of Measuring Moments of Inertia. By 
the late Prof. W. Cassrr. 

3. The Diffusion of Actinium and Thorium Emanations. By 
Mr. S. Russ. 

4. Elliptic Polarization. By Mr. J. WALKER. 

5. An Experimental Investigation of Gibbs’s Theory of Surface- 
Concentration, By Mr. W. C. M. Lewis. 


December 11th, 1908. 


Meeting (informal) held at the Imperial College of Science 
and Technology. 


An Exhibition of Apparatus was given by the following firms :— 
Messrs. The Cambridge Scientific Instrument Co.; C. F. Casella & 
Co.; A.C. Cossor Ltd.; G. Cussons Ltd.; J. H. Dallmeyer Ltd. ; 
Elliott Bros.; Everett, Edgcumbe & Co. Ltd.; A. Gallenkamp 
& Co. Ltd.; Gambrell Bros.; J. J. Griffin & Sons; A. Hilger 
Ltd.; India Rubber, Gutta Percha & Telegraph Works Co., Ltd. ; 
Hans Knudsen; Marconi’s Wireless Telegraph Co. Ltd.; Nalder 
Bros. & Thompson Ltd. ; Newton & Co.; R. W. Paul; Pitkin & Co.; 
Siemens Bros. & Co. Ltd. ; Snell & Tinsley ; Strange & Graham Ltd.; 
Swift & Son; Alexander Wright & Co. Ltd.; Carl Zeiss Ltd. 


January 22nd, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Curer, F.R.S., President, in the Chair. 


The following Candidates were elected Fellows of the Society :— 
H. Banister, H. Bruns, F. P. Futter, T. Harris, 
W. WıirLines. 


The following Papers were read :— 

1. The Effective Resistance and Inductance of a Concentric 
Main. By Dr. A. RusseLn. 

2. Luminous Efficiency of a Black Body. By Dr, C. V. Drys- 
DALE. 

3. The Use of the Potentiometer on Alternate Current Circuits. 
By Dr. C. V. DRYSDALE. 
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Annual General Meeting. 
February 12th, 1909. 
Meeting held at the Imperial College of Science and Technology. 
Dr. C. Cures, F.R.S., President, in the Chair. | 


The following Report of the Council was read by the Secretary :— 


Since the last Annual General Meeting, ten ordinary Science 
Meetings, two informal Meetings, and two Special General Meetings 
of the Society have been held. Of these, eleven were held at the 
Royal College of Science; one, that on March 27th, at the North- 
ampton Institute, by invitation of Dr. R. M. Walmsley ; one, that 
on Oct. 23rd, at the National Physical Laboratory, by invitation 
of Dr. R. T. Glazebrook, F.R.S.; and one, that on Nov. 13th, at 
University College, by invitation of Prof. F. T. Trouton, F.R.S. 
The average attendance at the Meetings has been 61 as compared 
with 58 during the preceding year. 

The Fourth Annual Exhibition of Apparatus by Manufacturers 
was held on December 11th, when the attendance of Fellows and 
Visitors amounted to about 300. Greater advantage is now being 
taken of this event by exhibitors, and the attendance this year was 
much larger than hitherto. 

Certain alterations to the Articles of Association have been intro- 
duced, more particularly in regard to the election of the Council. 
A copy of the revised Articles has been forwarded to every Fellow 
of the Society. 

The number of Ordinary Fellows now on the roll, as distinct 
from Honorary Fellows, is 430, a decrease of 7 on the number 
last year; 12 new Fellows have been elected. There have been 
five resignations ; the names of three Fellows have been struck off 
the List for non-payment of subscriptions; and the Society has to 
mourn the loss by death of two Honorary Fellows, namely, 
H. Becquerel and E. Mascart; also one of their Past Presidents, 
Prof. W. E. Ayrton, one of their Secretaries, Prof. W. Cassie, and 
nine other Ordinary Fellows, namely, Lord Blythswood, Mr. S. Hall, 
Prof. A. S. Herschel, Mr. S. Joyce, Mr. F. J. M. Page, the Earl of 
Rosse, Capt. J. H. Thomson, Mr. J. F. Walker, and Dr. W. 
E. Wilson. 
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The Report of the Council was adopted. 


The Report of the Treasurer and the Balance Sheet were pre- 
sented and adopted. ' | 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—C. Cares, Sc.D., LL.D., F.R.S. 


Vice-Presidents who have filled the Office of President.—Prof. 
G. C. Foster, F.R.S.; Prof. W. G. Apams, M.A., F.R.S.; Prof. R. 
B. Currron, M.A., F.R.S.; Prof. A. W. Rernotp, M.A., F.R.S.: 
Sir Arraur W. Ricker, M.A., D.Sc., F.R.S.; Sir W. pe W. ABNEY, 
R.E., K.C.B., D.C.L., F.R.S.; Saetrorp Bipweir, M.A., LL.B., 
F.R.S.; Prin. Sir Over J. Lopez, D.Sc., F.R.S.: Prof. S. P. 
Tompson, D.Sc., F.R.S.; R. T. Grazesroox, D.Sc., F.R.S. ; Prof. 
J. H. Pornrine, M.A., D.Sc., F.R.S.; Prof. J. Perry, D.Sc.; 
F.R.S. 


. Vice-Presidents. —W. DuppeLL, F.RS.; Prof. A. Scuusrer, 
= Ph.D, F.R.S.; S. SKINNER, M.A.; W. Watson, D.Sc., F.R.S. 


Secretaries.—W. R. Coorer, M.A. ; S. W. J. Surra, M.A., D.Sc. 

Foreign Secretary.—Prof. S. P. Tuompson, D.Sc., F.R.S. 

Treasurer.—Prof. H. L. Cattenpar, M.A., LL.D., F.R.S. 
‘Librarian.—W. Watson, D.Sc., F.R.S. 


= Other Members of Council.—A. Campsg.t, B.A.; W. H. EccLes, 
D.Sc.; A. Grrrritas, D.Sc. ; J. A. Harker, D.Sc. ; Prof. C. H. Less, 
D.Sc., F.R.S.; T. Marner, F.R.S.; A. Russert, M.A., D.Sc. ; 
Prof. E. RuruergrorD, D.Sc., F.R.S. ; F. E. Smitu ; R.S. WurrrLe. 


Votes of thanks were passed to the Auditors, to the Officers and 
Council, and to the Governors of the Imperial College of Science 
and Technology. 


The President then delivered an Address. 
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TREASURER’ Report. 


Arter the temporary boom of 1907 has succeeded another period of 
depression. It has been almost impossible, in spite of strenuous 
efforts, to collect any arrears of subscriptions, the amount under 
this head standing at £4 4s. Od. as compared with £54 12s. Od. in 
1907. Only nine new Fellows have paid entrance fees as compared 
with 27 in 1907, and the amount from composition fees is unusually 
small, In other respects there is little change in the position or 
expenditure of the Society, except that last year’s Printing Bill 
was unusually heavy, and the balance, allowing for liabilities, is 
slightly reduced in consequence. The provision of refreshments at 
the Meetings has entailed a small additional outlay, but the catering 
has been carried out most economically, and the total expense for 
1908 is little more than that for the exhibition of apparatus alone 


in 1907. 


HUGH L. CALLENDAR, 
Hon. Treasurer. 
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Presidential Address to THE Puysican Society oF Lonpoy, 
12th February, 1909. 


C. CHREE, ScD., LL.D., F.R.S. 


- 


§ 1. During the past year our losses have been heavy. Jn 
Prof. Ayrton we have lost an ex-president whose services to 
technical education have been widely recognised. Several notices 
of Prof. Ayrton have appeared by those whose personal knowledge 
of him was much closer than mine; in particular 1 would refer to 
the article by Prof. Perry in “ Nature.” Prof. Ayrton was a not- 
infrequent attendant at meetings of the Society, and when he 
came he had usually something interesting to say on the papers 
before the meeting. Prof. Cassie, our late Secretary, was a 
personal friend of my own, our acquaintance extending back to 
1882 when we were undergraduates at Cambridge. Prof. Cassia 
graduated at Aberdeen University in 1881, taking the first place 
in the examination for honours in Mathematics and Natural 
Philosophy (Physics). He had the distinction of winning the 
Ferguson Scholarship, open to graduates of the four Scottish Uni- 
versities. At Cambridge he was 5th Wrangler and obtained a 
lst Division, 1st Class, in the final part of the Mathematical Tripos. 
He was also the first to be elected to the Clerk-Maxwell Studentship. 
After engaging for some time in University Extension lecturing 
and private tuition, he was appointed to the Professorship of 
Physics at the Royal Holloway College, previously held by Prof. 
Callendar. His energy and efficiency when acting as our Secretary 
will I think be recognised by all who came in contact with him in 
that capacity. | 

Professor Cassie’s death was exceptionally sudden, and happening 
when it did at the end of the Spring Session, it might have led to 
confusion in the secretarial work, but for the public spirited action 
of Mr. H. M. Elder, who put his long experience as Secretary at 
the disposal of the Council. Mr. Elder continued to act as 
Secretary until the appointment in November of Dr. S. W. J. 
Smith. 

§ 2. During the year the Council passed in review the Articles 
of Association, and a variety of small changes were introduced, 
which were approved by statutory meetings of the Society. 
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Probably the most important change related to procedure intended 
to prevent Fellows’ annual contributions falling into arrear. Our 
Treasurer had found that even his powers of persuasion did not 
invariably meet with the success which they deserved. 

As has now been the practice for some years, an exhibition of 
instruments was held in the Autumn Session. Whether regarded 
from the number and interest of the exhibits, or from the number 
of Fellows and Visitors who attended, the exhibition was eminently 
successful. For this the Society is mainly indebted to our Senior 
Secretary, Mr. W. R. Cooper, and to the active co-operation of 
Professor Callendar and the Staff of the Physics Department of 
the Imperial College of Science and Technology. 

§ 3. As vou have only just confirmed the election of two new 
Honorary Fellows, it may perhaps appear premature to refer to 
the subject. Unless, however, the matter is referred to to-night, 
it may be overlooked. I am afraid that eminent unquestionably 
as all our Honorary Fellows are, it is not everv Fellow, perhaps not 
even every member of the Council, who would welcome a virá voce 
examination as to the exact sources of their distinction. Of Prof. 
Julius Thomsen I must confess my knowledge is mainly second- 
hand, as his subject, physical chemistry, is one with which I can 
hardly claim an intimate personal acquaintance. His contributions 
to thermo-chemistry are, however, very numerous, and his 
reputation in that domain is world wide. Dr. René Benoit is the 
Director of the International Bureau of Weights and Measures at 
Sevres. The work of that institution relates primarily to the 
standards of length and mass, but the study of standards of length 
entails minute study of temperature, and has thus brought 
thermometry within the domain of the Bureau International. 
From the point of view of accuracy, the work at Sèvres has 
probably never been excelled. The Committee in supreme control 
of the Bureau International contains representatives from all the 
leading scientific countries, and though these gentlemen are 
usually selected principally with reference to their official position, 
their number usually includes several of the most capable metro- 
logists of the day. The staff at Sévres has also included in 
addition to Dr. Benoit other eminent physicists, notably 
Dr. Guillaume and Dr. Chappuis. Thus the excellence of the 
work done at Sevres must be ascribed to various sources, but 
much is due unquestionably to Dr. Benoit himself, to his skill as 
an observer and his insight in discussing experimental results. 
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§ 4. Leaving now historical matters, I propose giving an account 
of some work in which I have recently been engaged. Last year [ 
described some of the phenomena observed in the regular diurnal 
variation of Terrestrial Magnetism, dealing more particularly with 
the results of the National Antarctic Expedition of 1902-4. 
To-night I intend to discuss some phenomena relating to the 
irregular variations in Terrestrial Magnetism. 

When the National Antarctic Expedition set out, one of the 
items in the programme was a certain scheme of observations 
in which it was hoped that a large number of observatories would 
co-operate. According to this scheme, which originated I believe 
in Germany, there were two pre-arranged term-days a month, 
throughout which hourly readings at exact hours G. M.T. should 
be taken, and in each term-day there was a pre-arranged terin- 
hour, during which it was hoped that the drums of magneto- 
graphs would be rotated at twelve times the usual speed, so as to 
secure a very open time scale. The principal object, presumably, 
was to facilitate tha intercomparison of the records of the 
disturbances, of which in the usual course a considerable number 
would naturally present themselves during the term-hours. 

For the comparison of the records from different stations of 
disturbances of considerable size an open time scale is most 
valuable, as the tines of occurrence of individual phenomena can 
be determined with so much higher precision than in the ordinary 
slow-run curves. When, however, there are no large disturbances, 
quick-run curves lose their advantage to a large extent, and in 
some respects they are even inferior to ordinary curves. 
A difference of 1 mm. in the ordinates of two points catches 
the eye much more readily when their difference of abscissa is 
l cm. than when it is 12 cm. 1902 and 1903, especially 
the former, were years of few sun-spois, and as is usually 
the case near sun-spot minimum magnetic disturbances were 
relatively few, and with one or two exceptions of minor size. As 
it so happened, the selected term-days were all quiet days, and 
there was not a single term-hour in which any but the most 
trifling disturbance presented itself at the co-operating stations. 

§ 5. The term-days having thus failed to supply material for a 
study of disturbances, I made, with the sanction of the Royal Society’s 
Magnetic Committee, an addition to the pre-arranged programme. 
A list was prepared of the days of largest magnetic disturbance 
in 1902 and 1903 for which Antarctic records existed, and this 
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was sent to the directors of the observatories at Christchurch 
(New Zealand), Mauritius, and Colaba (Bombay), with the request 
that they would supply copies of their magnetic curves for these 
days. To the three directors of the above mentioned observatories, 
Dr. Coleridge Farr, Mr. C. T. F. Claxton, and Mr. N. A. F. Moos, 
I am much indebted for their generous response to the request. 
I am similarly indebted to Mr. E. Kitto and the Committee of the 
Falmouth Observatory for the loan of a number of Falmouth 
magnetic curves. Even in 1902 the Kew records suffered per- 
ceptibly from electric tram currents, so that records from a 
second and undisturbed English Station were highly useful. 
The results to which reference will be made to-night are derived 
from the Christchurch, Mauritius, Colaba, Falmouth and Kew 
records, and from those at the ‘ Discovery’s’ Winter Quarters 
in the Antarctic (lat. 77° 51’ S., long. 166° 37' E.). The full 
discussion will form part of the volume still to be published on the 
Antarctic magnetic results. For permission to anticipate to-night 
to some extent the publication of that volume I am indebted to 
the President of the Royal Society and the Director of the 
National Physical Laboratory. 

§ 6. Immediately on the discovery by Prof. Hale of the 
Zeeman effect in light from sun-spot areas, indicating an intense 
magnetic field, several astronomers suggested that the mystery 
of magnetic storms had received its final solution. They seemed 
unaware of the fact that magneticians had not waited for any 
such visible sign before endowing the Sun with electric currents 
and magnetic fields, and that the possibilities of direct magnetic 
action exerted by the Sun had been considered by a succession of 
physicists. It is many years since it was recognised that the size 
of magnetic disturbances constituted a serious difficulty. Lord 
Kelvin, for instance, made a rough estimate of the expenditure of 
energy which such direct action would necessitate during a large 
magnetic storm, and came tothe conclusion that it was inadmissibly 
large. A few weeks ago, Dr. A. Schuster published in “ Nature ” 
an estimate of the possible size of the effect on the Earth of the 
largest of sun-spot areas, endowed with what he considered the 
largest magnetic moment reasonably attributable, and found it 
practically negligible. 

Some years ago Mr. E. W. Maunder in an important series of 
papers advanced evidence from a list of Greenwich magnetic 
storms that these tend to follow one another at intervals of about 
twenty-seven and a quarter days, answering to the revolution 
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period of solar meridians relative to the earth. He postulated 
the ejection from spot areas on the sun of some kind of dis- 
charge, travelling like a water jet, which on reaching the Earth 
set up magnetic storms, the discharge from a single area of the 
Sun persisting sometimes for several rotation periods. Mr. 
Maunder suggested that as the discharge formed only a narrow 
stream, this removed the difficulty raised by Lord Kelvin on the 
ground of the large expenditure of energy required. As I pointed 
out, however, this apparently overlooks the fact that on 
Mr. Maunder’s theory the disturbance on the Sun continues for 
many days or even months, while Kelvin supposed it to last only 
while the magnetic storm was experienced on the Earth. 
Further, as severe magnetic storms usually last for many hours, 
sometimes for several days, the cross section of one of 
Mr. Maunder’s hypothetical jets must be very considerable. It is 
thus by no means obvious that his theory postulates less expendi- 
ture of energy than Kelvin’s estimate. How much energy it 
entails must depend on the nature of the solar discharge, and as to 
that Mr. Maunder makes no definite suggestion. The discharge 
might be electrified particles, as Arrhenius has suggested, Röntgen 
rays, as Nordmann postulates, or kathode rays, as Prof. 
Birkeland advocates, or some entity not yet recognised. 

§ 7. If magnetic storms are due to a discharge of particles or 
ions travelling from the Sun, the paths of these when near 
the Earth are largely determined by the LEarth’s magnetic 
field. According to Stormer’s elaborate mathematical calcula- 
tions, the electric carriers will be confined to spaces near the 
Earth’s magnetic poles. The law of variation of the resulting 
disturbances at different parts of the Earths surface will 
naturally be very complicated. All that can very well be 
inferred is that magnetice disturbances will be less in equatorial 
regions than elsewhere. If, on the other hand, the Sun behaves 
as a magnet, one would expect the phenomena to be relatively 
simple. ‘The distance of the Earth from the Sun is so large 
compared to the Suu’s diameter, and still more so when com- 
pared to the Earth’s diameter, that a magnetic force originating 
in the Sun would be practically constant throughout the Earth 
and its atmosphere if the Earth itself were non-magnetic. 
The Earth’s magnetism of course is a complication, but accord- 
ing to the Gaussian theory the magnetism is internal, and in 
the expression for the potential terms of higher order ara small 
compared to those of the first. It is thus natural to suppose that 
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magnetically the Earth’s material must in the main be fairly 
uniform, or that the magnetic quality may toa first approximation 
be treated as a function only of the distance from the centre. 

In the present state of our knowledge I do not think we are 
justified in regarding direct action from the Sun as an impossi- 
bility. We do find that in at least some storms magnetic changes 
of similar size and character present themselves at very distant 
stations, and in some instances they arise suddenly at times of 
profound quiet. The phenomena unquestionably do suggest the 
entrance of the Earth into a stray magnetic field. It is quite 
conceivable, as I have remarked before, that such fields might 
arise from some source quite other than the Sun. It seems thus 
worth while considering what the consequences would be of the 
existence of an external field, uniform but for the presence of the 
Earth. 

§ 8. If we regard the Earth as a sphere of radius a, having 
uniform permeability u, and if F denote the strength which the 
disturbing field would possess if the Earth were not magnetic, the 
potential V is given by 


SOR e-l EP eoo n.. Cl 
e a a : (1) 


Here r and 0 are polar co-ordinates, the origin being at the Earth’s 
cer:tre, and the initial line 0 =0 answering to the direction of the 
field F. 


A Zu Foos Ue +2) 


In the figure, A P A P' is a section through O the centre of the 
sphere, A’ A being the direction of the impressed field F. 
The force at any point P (a, 0) just outside the sphere may be 
regarded as composed of 
a normal component 3uk cos 6(u4+4+ 2), 
and a tangential component 83F sin 0-—(u +2). 
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If y be the inclination to OA of the resultant force R at P, 
then 
tan Y=(ph—1) gin 20+ §(n+1)+(p—1) cos 20}, e e o œ (2) 


and 


R/F = {3/(u-+2)} {p° — (p? — 1) sin 0} = {3/(u+-2)} {1+ (p —1) cos 7ai4, (3) 


If (u--1)/1 be small, then yp is necessarily small, and R/F can 
differ but little from unity. 

Over the surface, B obviously has its maximum value where 
6=0, and its minim um where 9=7/2, and 


Bios, [Eep 2s) , ie os a 
Rmin. /F=3/(4 +2) 


Rmax. /Rmin. =p: e e e e . ° e . (5) 


The maximum value occurs at the ends of the diameter 6=0, 
where the force is entirely vertical, the minimum at all points on 
the perpendicular great circle, where the force is entirely tangential 
(i. e. horizontal). e 

Clearly, everything turns on the size of p. If p were large, 
R would have a wide range of values, and the disturbing forces at 
different parts of the surface would vary widely in direction. It 
is, however, difficult to believe that p is large. For one thing, 
the earth’s field itself is only of the order 0-5 C.G.S. and a dis- 
turbance as large as ‘01 C.G.S. is very exceptional. Even in the best 
magnetic steel » is low in small fields. Apart from mere theoretical 
considerations, there is the fact that if » were large the horizontal 
(i.e. tangential) component 3F sin 0/(u#+2) would tend to be 
negligible compared to the vertical 3uF cos 0/(p+2) except at 
places for which @ is nearly +/2. Now the tendency is all the 
other way. Vertical force curves at most places are conspicuously 
quieter than horizontal force curves. 

A point worthy of special remark is that B has the same value, 
and the same absolute direction in space, for places whose angular 
co-ordinates are O and m +60; i.e., the disturbing forces are iden- 
tical at any two places on the surface which are diametrically 
opposite to one another. 

§9. As the Earth’s crust is on the whole non-magnetic, it is 
clear that the above simple case cannot be an exact representation 
of the facts. It may thus be worth while glancing at the next 
simplest hypothetical case, in which we have an earth consisting 


so that 
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of a nucleus of radius a and permeability p, with a surrounding 
crust of lesser permeability p' and external radiusa’. In this case, 
supposing the impressed field of strength F as before, we find for 
the potential external to the Earth 


-Freos0+F $ ” 008 8 (MA 2p! pw —1)+ (p-p 2u +1Xa/a') y 
(w+ p2' NE +2) +2 p— pp — Lafe) 

The only ne of practical interest is that in which p'—1 is 
small, ¿+ e. in which the material of the surface layer or crust is 
only slightly magnetic. In this case, assuming a/a’ not to be very 
small, we find the potential approximately given by 

= — Fr cos 0+ F| (u—1)/(p+2)}$a? cos 6/r7, . (7) 

This is identical in form with (1), only whilst a in (1) repre- 
sents the Earth’s radius, in (7) it represents the radius of the 
highly magnetic nucleus. If the external slightly magnetic layer 
be thin, the phenomena are much the same as in the case of 
uniform permeability p. If (a'—a)/a' be considerable, the varia- 
tion of R over the surface is materially reduced. Whether 
(a —a)/« be small or not, the values of R at diametral points are 
necessarily equal. 

§10. Before dealing with the magnetic curves, there is one 
point I had better explain. The most usual procedure is that 
followed at Kew, Falmouth, and Colaba, where movement of the 
photographie trace up the sheet signifies increase in the magnetic 
elements, declination, horizontal force and vertical force. At 
Mauritius, however, movement up the sheet answers to increase 
only in the declination ; in the case of the horizontal and vertical 
forces it signifies decrease. At Christchurch movement up the 
sheet denotes decrease in all three elements. In the Antarctic 
curves it denotes increase for the vertical force, but decrease for 
the two other elements. As the question naturally suggests 
itself why the original curves were not inverted when necessary 
during the reproduction, so as to secure that in all movement up 
the sheet should answer to increase in the element considered, I 
had better mention the reasons for not doing so. The three 
elements in the Antarctic were all recorded on one sheet, and to 
have inverted the declination and horizontal force traces, while 
leaving the vertical force traces unchanged, would have been 
troublesome. Then, it must be remembered that increase and 
decrease in declination are purely relative terms. Declination is 
westerly at Kew, Falmouth, and Mauritius, but easterly at Colaba 
and Christchurch. Thus increase of declination at the two last- 
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mentioned stations means exactly the opposite of what it does at 
the first three. At the ‘ Discovery’s’ Winter Quarters declina- 
tion was easterly, but about 1521°—i.e. the north pole of the 
magnet pointed about 274° to the east of south—thus an increase 
of declination answered to a westerly directed disturbing force. 

At Kew an increase in the horizontal force H means a disturb- 
ing force inclined at 163° to the west of north; at Christchurch it 
means a force inclined at 16° to the east of north ; in the Antarctic 
it means n force inclined at 274° to the east. of south. Then at 
Winter Quarters and Christchurch, where the longitude is nearly 
180° E., the west has nearly the same absolute direction in space 
as has the east at Kew and Falmouth. 

Finally, increase in the vertical force means at Kew, Falmouth, 
and Colaba a force directing the north pole of a magnet towards 
the Earth’s centre, whereas at Mauritius, Christchurch, and Winter 
Quarters it means a force outwardly directed. Taking these 
points into consideration, I decided to invert none of the curves. 

At Falmouth, Colaba, Mauritius, and Christchurch, the magneto- 
graphs are of the Kew pattern, with nearly equal time scales. 
The sensitiveness is also nearly the same for declination and 
horizontal force at the four stations. This greatly facilitates 
intercomparison of the curves. 

§11. I now pass to some lantern-slides illustrating various 
magnetic disturbances recorded in 1902 and 1903. The first 
slide (fig. 1) shows the records of horizontal force on April 5-6, 
1903, at Falmouth, Colaba, Mauritius, and Christchurch, with the 
corresponding declination records from the first and last of these 
stations. The four central curves are the horizontal force ones. 
Corresponding times (G.M.T.) at the various stations come at 
least very approximately in the same vertical line. For some 
hours previous to 11 P.M. on April 5 the curves were very quiet. 
Then suddenly the horizontal force trace begins to go up the 
sheet at Falmouth and Colaba, and down the sheet at Mauritius 
and Christchurch, thus indicating an increase of force at all four 
stations. The time scale of the original curves ® is about 1 hour 
to 15 m. m., thus, rapid as the initial change of force is compared to 
the ordinary standard of magnetic changes, it is by no means 
instantaneous. It occupied in fact about 4 minutes. 

With magnetic curves of the type, time can hardly be measured 
to nearer than 1 minute, so that all one can say is that the 


* The curves are all shown bere on a reduced scale. 
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Initial movements appeared to commence simultaneously at about 
11.25 p.m., G.M.T., on April 5. Such sudden movements are a 
fairly common prelude to large magnetic disturbances, and at a 
particular station they usually have a characteristic type. Thus 
at Kew, the initial change of horizontal force is usually an 
increase. In the present case the initial movement though not 
peculiar to the horizontal force is less marked in the declination. 
Though the Colaba and Mauritius horizontal force curves are, as 
explained, inverted relative to one another, their close resemblance 
will be readily recognised. 

Though there is a fairly close general resemblance between later 
parts of the records from the different stations, the difference in 
details renders it difficult to identify corresponding movements. 
Even at the same station the turning points in the curves of the 
different elements did not appear to occur simultaneously. 

The storm of April 5-6 was hardly worthy of so conspicuous an 
initial movement. At Kew and Falmouth the total range of 
declination was only about 25’. 

§ 12. As already stated, the curves at the co-operating stations 
were very quiet for some hours prior to 11 P.M. on April 5, but 
earlier in the day between 11 A.M. and 5 p.m. there were a few 
rapid though small movements. 

As our next slide (fig. 2) shows, these earlier disturbances 
synchronised with very much larger disturbances in the Antarctic. 
To bring all the more striking of the Antarctic disturbances of 
April 5-6 within the compass of one figure, five or six hours trace 
have been omitted, being represented only by a small gap. It is 
the portion subsequent to the gap that answers to the disturbances 
shown in fig. 1. It should be noticed that whilst Greenwich time 
is used in fig. 1 and the other illustrations of disturbances at the 
co-operating stations, the time employed in all the Antarctic curves 
is the local time (L.T.) of Winter Quarters, which was 11 hours 
7 minutes fast on Greenwich. 

In fig. 2 and the other reproductions of Antarctic curves the 
letters D, H, V denote the declination, horizontal force, and 
vertical force traces, D,, H,, V, the corresponding base lines. T 
denotes the temperature inside the vertical force box. The scales 
and base-line values are shown at the margins. 

The Antarctic curves were practically never quiet, so it is 
dificult to assign a definite beginning or end to a disturbance 
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there. What answers to the sudden commencement at the co- 
operating stations on April 5 is apparently the large sudden 
movement a little to the right of the gapin fig. 2. Commencing at 
the same time, 11.25 P.u. G.M.T. on the 5th (10.32 a.m. L.T. on 
the 6th) it also lasted 4 minutes. But whilst at the co-operating 
stations the initial movement was much more prominent than the 
movements immediately following it, the converse was true of the 
Antarctic. The initial movement there was immediately followed 
by an equally rapid and notably larger movement in the opposite 
direction. A further peculiarity of the Antarctic was that the 
initial movement was a decrease in all three elements. 

§ 13. In this instance I have calculated, from the curve measure- 
ments, the components relative to 3 fixed axes of the disturbirg 
force to which the initial movement may be ascribed. The axes 
were taken one parallel to the Earth’s axis of rotation, and the 
others perpendicular, one being in the meridian containing Kew 
(or to the present degree of approximation Greenwich) and the 
other in the meridian 90° east. The north being taken as the 
initial direction, the inclinations to it of the disturbance vector 
were found to be 68° at Kew, 61° at Winter Quarters, 40° at 
Christchurch, and 11° at Colaba. The azimuths of the meridian 
planes containing these vectors were 224° E. at Kew, 189° E. at 
Winter Quarters, 167° E. at Colaba, and 148° E. at Christchurch. 
There is no very great degree of accuracy possible in the measure- 
ments of the disturbances, as they are small when considered 
absolutely; thus the departure from parallelism between the 
vectors at the several stations is not very striking. On the whole 
these results are by no means unfavourable to the hypothesis of 
direct solar action. The fact that the vertical force nearly 
vanished at Christchurch, where the disturbing force was least, is 
distinctly favourable ; but some of the phenomena point to the 
Opposite conclusion. The values found for the resultant disturbing 
force were 23 y at. Christchurch, 27 y at Colaba, and 45 y at Kew, 
but 102 y at Winter Quarters. On the hypothesis of direct solar 
action this would imply a value of u greater than 4. 

F urther, it will be remembered that on that hypothesis the 
vertical force ought to be largely in the ascendant at stations 
aed be oie force is largest. But at Winter Quarters 

§ i. ical component was less than a third of the horizontal. 

- The next few slides afford further examples of suddenly 
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commencing disturbances. The first (not reproduced) shows the 
declination and horizontal force disturbances at Falmouth on 
December 13, 1903. The main disturbance on this date exceeded 
that on April 5-6, 1903, but though it also possessed a sudden 
commencement, the initial movement was of a somewhat confused 
character. The next slide (fig. 3) shows the horizontal force 
changes at Colaba and Mauritius on December 13, 1903, corres- 
ponding to those at Falmouth just referred to. The initial 
movement, au increase of force—increase in the Mauritius curve 
answering to movement down the sheet—was much more con- 
spicuous than at Falmouth. The initial rise was followed by an 
almost continual fall continuing for about 5 hours, the tofal 
decrease at either station amounting to nearly 200 y. 

In the Antarctic, as the next slide (fig. 4) shows, December 13 was 
highly disturbed. To bring the main movements within the limits 
of one figure, about three hours trace are omitted between 6 and 
10 a.m. L.T. on the 14th. The sharp oscillation in the declination 
trace between 11 p.w. and midnight L.T. on the 13th answers to 
the commencing movement in fig. 3. The largest and most sudden 
movements, however, are those shown on the 14th, subsequent to 
the gap in fig. 4. The declination trace will be seen to traverse 
the full width of the sheet, representing nearly 5°, in about 
20 minutes. It did not, however, prove possible to identify any 
of these large Antarctic movements with movements elsewhere. 

§ 15. The next slide (not reproduced) shows sudden commencing 
movements In horizontal force which occurred on August 20 and 
November 6, 1902, at the co-operating stations. At Winter Quarters 
on August 20, 1902, the declination shows a sudden change 
lasting + minutes and apparently synchronous with the sudden 
commencement elsewhere; but it was immediately followed, as on 
April 5, 1903, by an equally rapid and larger movement in the 
opposite direction. If we take the initial movement, lasting from 
9.6 to 9.10 pw. G.M.T. on August 20, 1902, we find for the 
amplitude of the resultant disturbing force 38 y at Winter 
Quarters, l4 y at Kew, 11 y at Colaba, and 6 y at Mauritius and 
Christchurch. Thus the stations are in the same order, as regards 
magnitude, as on April 5, 1903. Further, the vectors were fairly 
similarly directed on the two occasions. Thus at Kew, the resultant 
vector on August 20 lay in the meridian 214° E., and made an 
angle of 61° with the Earth’s axis, while on April 5 the correspond- 
ing angles were respectively 224° and 68°. 
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§ 16. Attention may be directed fora moment to a phenomenon 
presented by the Falmouth horizontal force curve of November 6, 
1902 (not reproduced). A sudden commencement is recognisable 
at 3.52 P.M., but on looking closely at the initial movement it ts 
seen to be distinctly double. There is first a small decrease, 
lasting only about 14 minute, and the subsequent rise to a 
maximum at 3.58 is markedly checked after it has been in progress 
about 14 minute. The different stations, it may be remarked, 
agree apparently as to the time of commencement, but not as to 
the time of reaching the summit. 

Turning to the Antarctic curves of November 6, 1902 (not 
reproduced), we find a conspicuous oscillation in the horizontal 
force. An increase lasting about 14 minute appears to syn- 
chronise with the short decrease at Falmouth; it is immediately 
followed by a larger increase which went on for six minutes after 
the summit appeared in the Falmouth curve. The other elements 
in the Antarctic were also disturbed. The vertical force, like the 
horizontal, shows a to and fro movement, but the second turning 
point seems slightly to precede that in the horizontal force. 
Owing presumably to the rapidity of the movement, and conse- 
quent faintness of the trace, details of the change of declination 
are partly lost. 

§ 17. The next slide, fig. 5, shows a disturbance having a 
sudden commencement, which though comparatively small is in 
some ways classic. At Falmouth, Colaba, Christehurch and 
Mauritius (the last-mentioned curve is not reproduced) a sudden 
rise of horizontal force began at 11.59 a.m. G.M.T. on May 8, 
1902, introducing a disturbance whose termination a few minutes 
after 8 P.M. is unusually well marked. There is a remarkable 
parallelism between several of the movements experienced at the 
different stations, notably from 2.10 to 2.28 p.m. and from 7.4 to 
7.11 p.m. The commencement, as already remarked, is at or very 
close to 11.59 a.m., and the great eruption of Mont Pelée in 
Martinique which overwhelmed St. Pierre began at about 11.55 aM. 
G.M.T. Dr. L. A. Bauer, now of the Carnegie Institution, 
Washington, noticed the practical agreement between the time of 
the Mont Pelée eruption and the commencement of the magnetic 
storm recorded at American observatories, and he made the 
suggestion that the coincidence might not be accidental, but that 
the magnetic movement might be a consequence of what happened 
at Martinique. It was clearly not a case of mere earthquake 
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tremors affecting the magnetographs, because the interval between 
the two events was too short to admit of even the rapidly 
travelling “ preliminary tremors ” reaching the observatories. 
Further, if it had been a direct seismic effect, it would have 
reached different stations at times growing later as the distance 
from Martinique increased. Thus what Dr. Bauer suggested the 
possibility of was a magnetic effect, arising presumably from dis- 
placement of magnetic matter at Mont Pelée, or from some direct 
influence of the eruption on the Earth’s magnetism. Any sugges- 
tion of Dr. Bauer’s naturally commands attention. I have thus 
gone into the question more fully than I should otherwise have 
done ; but I may say at once that the conclusion I have reached 
is that the Mont Pelée eruption had probably no direct cunnection 
with the magnetic storm. 

Before explaining the reasons for this view, I would first direct 
attention to one feature of the Falmouth horizontal force trace in 
fig. 5. It has been perhaps a little exaggerated by the Assistant 
who traced the curve from which the photograph was derived. 
What the original curve shows is ratner a temporary hesitation to 
rise than a distinct decrease occurring at 12.3. There was, I think, 
a real decrease, but it was somewhat obscured in the original curve 
owing to the size of the spot of light which produced the photo- 
graphic trace. The phenomenon is seen rather more clearly in 
the Kew traces, both horizontal force and declination. At Colaba 
there is only a slight indication of a pause in the horizontal force 
movement. No pause is visible at Mauritius or Christchurch, but 
the photographic copy available of the Chrietchurch curve was 
somewhat fuzzy, and the copy of the Mauritius curve was a 
tracing. Thus the absence of the phenomenon at these two 
stations is by no means certain. 

In the Antarctic, as fig. 6 shows, we have in the declination 
curve a conspicuous double movement, the first peak occurring 
about 12.3 G.M.T, (11.10 p.m. L.T.) on May 8, i.e. at the time 
when the Falmouth curve shows a halt. The second peak in 
fig. 6 occurs 2 or 3 minutes later than the prominent peaks at 
Falmouth and Colaba; but the summits are all somewhat rounded, 
the main part of the movement being over by 12.8 or 12.9 
G.M.T. | 

In the Antarctic, ns elsewhere, there is more than usual 
definiteness both in the beginning and end of the 8-hours 
disturbance. It will be noticed that the movements during the 
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first half of the storm are considerably smaller than those during 
the second half, which occurred hours after St. Pierre was over- 
whelmed. The movements about 7 P.M. G.M.T. (6 am. L.T. on 
the 9th) were at all the stations decidedly the most rapid, 80 that 
the activity of the operating cause would seem to have been 
greatest about seven hours atter the eruption. The rapidity of 
the Antarctic movements at this period led in fact to some loss of 
trace. 

§18. Curiously enough, Colaba, Mauritius and Christchurch are 
pretty nearly equidistant from Mont Pelée, and Winter Quarters 
though somewhat nearer is not very much. Kew and Falmouth 
on the other hand are at only about half the angular distance of 
the first-mentioned three stations. One would expect any 
maguetic disturbance due to a volcanic eruption to be more or 
less symmetrical round the vertical at the spot where the eruption 
occurred, and to decrease rapidly as the distance from this spot 
increases. Thus if the source of the magnetic disturbance’ were 
Mont Pelée, one would expect the magnetic disturbances at 
Colaba, Mauritius, Christchurch and Winter Quarters to be sinall 
compared with those at Kew or Falmouth, and to be roughly 
equal amongst themselves. The vector, however, answering to 
the disturbance from 11.59 to 12.9 was only 19'2 y at Kew as 
compared with 21°6 y at Colaba; while its value at the latter 
station was much larger than the values at Mauritius and Christ- 
church, which were respectively only 11-1 y and 91y. Again, if 
we calculate the vectors answering to the magnetic disturbances 
between 11.59 and 12.3 and between 12.3 and 12.9 separately, we 
obtain at Winter Quarters 28 y for the former and 52 y for the 
latter, ie against 93y and 10:2 y respectively at Kew. The 
commencing disturbance was in short much larger at Winter 
Quarters than at any of the other stations. 

For the vectors answering to the movement later in the day 
from 7.4 to 7.11 p.m. G.M.T. we find for the amplitudes 23-1 y at 
Kew, 19°8 LN Colaba, 7:0 y at Mauritius, and 9'8 y at Christ- 
church, indicating a very similar distribution of force intensity 
to that of the commencing movement. The vectors moreover for 
the two movements were nearly parallel to one another at Kew, 
and still more so at Colaba. 

if the commencing movement on May 8 had been due to so 
exceptionul a cause as the Mont Pelée eruption, one would 
naturally have expected it to take an unusual form. Butit was 
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of a type which showed a close resemblance not merely to the 
movement from 7.4 to 7.11 P.M. on the same day, but also to the 
commencing movements of several other storms which occurred 
in 1902 and 1903. Thus denoting the magnitude of the resultant 
vector by AR, its inclination to the Earth’s rotation axis by 6, and 
the east longitude of the meridian plane containing it by 9, we 
have the following results for commencing disturbances :— 


Kew. Colaba. Mauritius. | Christchurch. . 
Date of 


Storm. AR 0 ọọ | AR 0 ¢ ARG ọ | AR 66) 


May 8, 1902 ...| 192 61 2| 216 A 130} ar 88 1F | di “ 
Aug. 20, 1902...| 144 61 214 | 106 16 203 | 592132: 57 49 13 
April 5, 1903 ...| 45-0 68 224 | 26:8 11 167 a 226 40 148 
Aug. 25, 1903...| 34:6 56 214 | 17-7 11 272 


These results point to the conclusion that the causes in opera- 
tion during the commencement of the magnetic storm of May 8, 
1902, were not of an exceptional kind. 

§ 19. I now pass to what appears at first sight a remarkable 
example of the recurrence of a magnetic storm after Mr. Maunders 
interval of 27 days. Fig. 7 shows an Antarctic disturbance 
occurring about 6 p.m. (L.T.) on July 26,1903. I would specially 
direct attention to the vertical force and declination traces. The 
sensitiveness of the horizontal force magnet was so excessive that 
one is ept to form an exaggerated idea of the relative importance 
of the disturbances in that element. They were in reality usually 
notably less than those in the declination. In fig. 7 the declina- 
tion curve shows a nearly symmetrical movement up and down the 
sheet. During the downward movement in D (i. e. increase of 
the element) the vertical force curve runs up the sheet (also 
increase of the element). During the first movement in D the 
V curve appears nearly level, but indicates in fact a very small 
decrease in force. The to and fro movement in D occupied 
about an hour. The H curve describes a movement similar in 
character to that in D but opposite in direction. Both the D and 
H curves went beyoud the limit of registration, but apparently 
not very far. | 
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The next curve, fig. 8, shows what was happening at Winter 
Quarters on June 29th, 1903, i. e. 27 days earlier. It will be 
observed that the D and V movements between 8 and 9 P.u. L.T. 
in fig. 8, and those culminating about 6 P.M. in fig. 7, present a 
reinarkable resemblance, the chief difference being that the 
amplitude of movement was greater on the later occasion. The H 
movement, however, on June 29th was practically in phase with 

1].:1 31, instead of being in opposite phase as on July 26th. The 
exact interval between the two disturbances was very approxi- 
mately 26 days, 214 hours. 

The next curve, fig. 9, shows the events of June 28th, 1903, 
i. e. the duy immediately preceding that to which fig. 8 applies. 
The D and V movements culminating about 8 p.m. L.T. in fig. 9 
present again a remarkable resemblance to those in fig. 7. We 
have thus a choice between a 28- anda 27-day period. Nor is our 
choice even thus limited, as the next curve, fig. 10, shows. It 
represents a disturbance culminating about 7 p.m. L.T. on June 19, 
or nine davs earlier than the last. 

§ 20. We can hardly suppose that the resemblance between these 
four curves means nothing more than accident. What first caught 
my attention was the resemblance between the curves of June 28 
and 29 (figs. 9 and 8). It recalled the fact that more than one 
previous observer has remarked on the occasional resemblance 
between small declination disturbances on successive days. Re- 
semblances of a kind are practically certain to occur in a long 
series of records, and I am not aware that in any previous case 
satisfactory evidence has been advanced that anything more than 
chance is necessarily involved. I have seen a good many instances 
of apparent repetitions at intervals of nearly 24 hours in the Kew 
curves, but none I think so striking as that afforded by figs. 8 
and 9. 

Perhaps the earliest occasion when the phenomenon was noticed 
was in a discussion of Lisbon curves by Senor Capello. This is re- 
ferred to by Dr. Balfour Stewart in the ‘ Encyclopedia Britannica,’ * 
Balfour Stewart had himself noticed analogous cases at Kew, and 
whilst he apparently reserved his opinion as to the real significance 
of the phenomenon, he suggested a possible explanation, if a true 
physical cause should prove to be involved. The suggested explana- 
tion—which has a surprisingly modern flavour—was to the effect 


* J'e 
9th Edition, ‘ Terrestrial Magnetism’ (under ‘ Meteorology’), Art. 87. 
VOL. XXI. d 3 
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that an area near some meridian on the Earth’s surface or in the 
superincumbent atmosphere might in some way become for several 
days at a time especially sensitive to solar action, so that magnetic 
disturbance would arise on successive presentations of that 
meridian to the sun. 

The fact that the disturbances on June 19, 28, 29 and July 26 
occurred not far from the same hour in the evening suggested to 
me, I must admit, for a moment an explanation of a much more 
prosaic character than that of Dr. Balfour Stewart ; viz., that all 
the disturbances might have been artificial and due to misplaced 
activities on the part of the crew of the‘ Discovery.’ An instant’s 
reflection convinced me that this could not be the true explanation, 
but it may occur to others. I have thus mentioned it so as to give 
it its quietus. When artificial disturbances are set up through the 
proximity of individuals with iron in their possession, rapid 
oscillations are set up in the magnets, which appear as blurred 
portions of trace in the records. Now the movements in figs. 7 to 
10, though rapid, are in no ways blurred, but are quite sharp. 
Apart from these and other general considerations, I have positive 
proof of the genuineness of the disturbances on June 19 and 
July 26. These were days for which I had copies of the Christ- 
church curves, and on both occasions there were prominent 
disturbances there synchronising with those at Winter Quarters. 
Nay, further, it was possible to detect synchronous movements 
even at the other co-operating stations, including Kew itself. 

§ 21. Before indulging in speculations as to the real nature of 
the phenomenon, I examined all the 600 Antarctic curves, and 
found no less than 82 clear examples of a disturbance showing a 
general resemblance to the disturbances of June 19, 28, 29 and 
July 26,1903. ln addition, there were a good many cases in 
which a lesser degree of resemblance presented itself, and others 
in which but for the absence of a vertical force trace one would 
probably have decided that a close resemblance existed. In more 
than half of the 82 occurrences the disturbance culminated 
between 7 and 9 P.M. L.T., and all except 18 took place between 
May and August (7. e. during Antarctic midwinter). The typical 
disturbance may be regarded as possessing two phases. During the 
first the three magnetic elements diminish, during the second they 
increase. In some individual cases, as in fig. 7, the H curve 
behaves oppositely to the other two. but the exceptions are 
comparatively few. On the average, the to and fro movements 
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are nearly equal in D and in H, but the increase in V during the 
second phase is on the average about 34 times the decrease during 
the first phase. The average duration of the second phase slightly 
exceeds 20 minutes, and is about 3 minutes in excess of that of 
the first phase. Taking into account all the examples of the 
phenomenon in which there was no loss of trace, and grouping 
them under the months in which they occurred, I calculated for 
each group the mean amplitudes of the movements during the two 
phases. The mean derived from each group was regarded as 
answering to a single disturbance, and a calculation was made of 
the amplitude and direction of the disturbance vector to which 
each phase of the movement might be supposed due. 

In the following table y denotes the inclination of the horizontal 
component of the vector to the magnetic meridian at Winter 
Quarters (about 1523° E), and x the inclination of the vector 
itself to the horizontal plane. The suffixes 1 and 2 relate to the 
first and second phases respectively, the y angles being measured 


N 


as shown in the figure, in which n represents the north pole of the 

ee ns, N geographical north. A + sign attached 

A x means that the disturbing force acting on the north pole is 
irected upwards, the — sign denoting the contrary. 
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| 
p, Xı | v, | X2 
April & May...... | 71° 2% | —7° 13° | 57° 2 | 421° 45° 
June .occcccccscese. 81 25 —6 33 63 40 426 6 
July acisi uri | TT 22 —5 0 | 73 22 +19 46 
August ooo.. 82 32 -5 6 | 73 4l ! +18 21 
September ......... | 73 29 | —4 59 | 68 16 | +19 35 
Al ET | 75 53 —5 35 | 70 48 ! 49 47 


The similarity of the results from the different groups points to 
a fairly uniform set of conditions and so presumably toa community 
of origin. 

Examining the Kew and Christchurch curves for June 19, 28 
and 29 and July 26, 1903, and the Colaba curves for the last- 
mentioned date, I found disturbances answering in time to the 
conspicuous movements in the Antarctic. I calculated the vectorial 
disturbances for the first and second phases, and in all cases— 
except June 19 at Kew and June 29 at Christchurch—it proved 
that the vector answering to the second phase showed a close 
approach in position to that representing the mean initial 
disturbance on August 20, 1902, and April 5 and August 25, 
1903. In the Antarctic, somewhat curiously, it was the vector 
for the first phase that was nearly parallel to the vector fur the 
initial movement on August 20,1902. The relative amplitudes, 
however, of the disturbances at Kew, Christchurch and Winter 
Quarters showed a marked departure from what obtained for the 
sudden commencements. 


A variety of slides were then exhibited illustrating various types 
of disturbance in the Antarctic, and it was pointed out how the 
comparatively rounded wave-like movements of the evening passed 
into the more irregular and shorter period oscillations of the 
morning. These and a variety of other disturbance curves will be 
included in the volume now under preparation, which deals with 
the magnetic records obtained at the Winter Quarters of the 
‘Discovery’ between March, 1902 and January, 1904. 
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